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Backstepping sliding mode control for continuous cast mold oscillation
displacement system driven by servo motor
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Abstract: In this paper, a backstepping sliding mode controller based on the double power reaching law and extended

state observer (ESO) is designed for the problems of the machining error of reduction ratio, the initial deviation of the ec-

centric shaft mechanical zero and load torque disturbance, which exist in oscillation displacement system of the continuous

casting mold driven by servo motor through the eccentric shaft linkage. Firstly, for the non-uniqueness of the nonlinear

inverse relationship from the position angle of eccentric shaft to the displacement of continuous casting mold, the corre-

spondence nonlinear mapping function from the displacement of mold to the position angle of eccentric shaft is established

by piecewise function. Secondly, for the non measurable machining error of reduction ratio and the load torque distur-

bances the ESO is designed to weaken the influence of disturbance on the system tracking performance. Finally, double

exponential reaching law with second-order sliding mode characteristics and finite time convergence characteristics is used

to improve the convergence speed and weaken the chattering. The Simulation results show that the controller designed

in this paper can achieve asymptotic tracking to the displacement of continuous casting mold and have robustness to the

disturbance of system.

Key words: servo motor drive; continuous casting mold; displacement system of oscillation; extended state observer;

backstepping sliding mode control; double power reaching law
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(Mathematical model of the mold oscillation

system and problem statement)
1

. [17]

,
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ẋp=3(
2π

60(i+Δi)
n) cos(

� 2π

60(i+Δi)
ndτ+D),

ṅ =
1.5pψf

J

60

2π
iq − B

J
n− 60

2π

TL

J
,

i̇q = −2π

60
pnid − Rs

L
iq − pψf

L

2π

60
n+

uq

L
,

i̇d = −Rs

L
id +

2π

60
pniq +

ud

L
,

(1)

: xp ; n ; Rs

; p ; ψf ; B ;

J ; L ; TL

; ud, uq d, q ; id, iq
d, q ; i ; Δi

; D

.

1

Fig. 1 The generator of the continuous casting simulation
shaker system driven by servo motor
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:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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θ̂1 = arcsin
xp(t)

3
, 0 � t � tp1,

θ̂2 = π − arcsin
xp(t)

3
, tp1 < t � tb1,

θ̂3 = 2π + arcsin
xp(t)

3
, tb1 < t � tp2,

θ̂4 = 3π − arcsin
xp(t)

3
, tp2 < t � tb2,

...

θ̂k+1 = kπ + (−1)k arcsin xp(t)

3
, tpi < t � tbj,

...

(2)

: tpi, tbj i j

, i ∈ N
+, j ∈ N

+; xp(t) =

3 sin(θ + 2πς); k ∈ N, k 0, |xp(t)| =
3 , k 1.

g(xp(t)) xp(t) θ̂ :

θ̂ = g(xp(t)), (3)

θ̂ = g(xp(t)) [0,∞) .

2

Fig. 2 The conversion process of the eccentric shaft angle

τ , |xp(t)|
= 3 , k

,

xp(t) ,

θ̂ . ,

θ̂ ,

θ̂ .

, (1)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̂
θ =

2π

60i
n+ ḋ(t),

ṅ =
1.5pψf

J

60

2π
iq − B

J
n− 60

2π

TL

J
,

i̇q = −2π

60
pnid − Rs

L
iq − pψf

L

2π

60
n+

uq

L
,

i̇d = −Rs

L
id +

2π

60
pniq +

ud

L
,

(4)

: d(t) =
� −Δi

i(i+Δi)

2π

60
ndτ +D

, ḋ(t) =
−Δi

i(i+Δi)

2π

60
n

.

3
(Design of the back-

stepping sliding mode controller of the mold

displacement system based on the ESO)

, (4)

.

3.1 (Design of the ESO)
(4)

, (4) 1 2 ESO[6]

ESO1 :⎧⎨
⎩ż1 = z2 − β1fal(ε1, α1, δ1) +

2π

60i
n,

ż2 = −β2fal(ε1, α2, δ2).
(5)

ESO2 :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ż3 = − 60

2π

z4
J
− β3fal(ε2, α3, δ3)+

1.5pψf

J

60

2π
iq − B

J
z3,

ż4 = β4fal(ε2, α4, δ4),

(6)

fal(·) ,

fal(ε, α, δ) =

{
|ε|αsgn ε, |ε| > δ,

sgn ε, |ε| � δ,
(7)

sat(ε) =

{
ε/ς, |ε| � ς,

sgn ε, |ε| > ς.
(8)

: β1, β2, β3, β4 ; α1, α2, α3, α4

; δ1, δ2, δ3, δ4 ; ε1 = z1 − θ̂,

ε2 = z3 − n.

(5) ESO1 (6) ESO2

ḋ(t) z2=
ˆ̇
d(t)

z4 = T̂L.

3.2
(Design of the backstepping sliding mode con-

troller of the mold displacement system)
,

eθ = θ̂ − θ∗, (9)

: θ̂ θ , θ∗ .

,
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ėθ =
2π

60i
n+ ḋ(t)− θ̇∗. (10)

,

S = eθ + k1
� t

0
eθdτ. (11)

Ṡ = −η1 |S|1−ξ
sgnS − η2 |S|1+ξ

sgnS, (12)

ξ ∈ (0, 1).

,

(12) 2 ,

, ,

(12) 1 , Lipschitz

,

. ,

S = 0 Ṡ = 0, ,

, ,

.

Lyapunov V1 =
1

2
S2,

V̇1 =S(−η1|S|1−ξsgnS − η2|S|1+ξsgnS) =

− η1|S|2−ξ − η2|S|2+ξ. (13)

n = n∗,

n∗ =
60i

2π
(− ˆ̇

d(t) + θ̇∗ − η1 |S|1−ξ
sgnS−

η2 |S|1+ξ
sgnS − k1eθ), (14)

ˆ̇
d(t) d(t) .

(4)

en = n− n∗. (15)

ėn =
60

2π

1.5pψf

J
iq − B

J
n− 60

2π

TL

J
− ṅ∗. (16)

Lyapunov

V2 =
1

2
e2n, (17)

V̇2 = en(
60

2π

1.5pψf

J
iq − B

J
n− 60

2π

TL

J
− ṅ∗). (18)

, iq = i∗q, q

i∗q =
2π

60

J

1.5pψf

(
B

J
n+

60

2π

T̂L

J
+ ˆ̇n∗ − k2en), (19)

T̂L TL .

(18)

V̇2 = −k2e2n � 0. (20)

(19) ˆ̇n∗ ṅ∗ , (14) ,

n∗ ,

n∗ ,

. [19]⎧⎪⎪⎪⎨
⎪⎪⎪⎩
l̇1 = − l1 − n∗

τ1
− γ1(l1 − n∗)
|l1 − n∗|+ ρ1

,

l̇2 = − l2 − l̇1
τ2

− γ2(l2 − l̇1)

|l2 − l̇1|+ ρ2
,

(21)

: τ1, τ2 ; ρ1, ρ2, γ1, γ2
; l1 n∗ , l2 l̇1 , ṅ∗

ˆ̇n∗.

, ,

i∗d=0, (22)

. ⎧⎨
⎩eq = iq − i∗q,

ed = id − i∗d.
(22)

ed, eq ,

ėq = −2π

60
pidn− Rs

L
iq − 2π

60

pψf

L
n+

uq

L
− i̇∗q,

(23)

ėd = −Rs

L
id +

2π

60
piqn+

ud

L
. (24)

Lyapunov

V3 =
1

2
e2q +

1

2
e2d. (25)

V̇3 = eqėq + edėd =

eq(−2π
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iq − 2π
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uq

L
− i̇∗q)+

ed(−Rs

L
id +

2π
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piqn+

ud

L
). (26)

uq ud

uq = L(
2π

60
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Rs

L
iq+
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pψf

L
n+ˆ̇i∗q−k3eq),

(27)

ud = L(
Rs

L
id − 2π

60
piqn− k4ed), (28)

ˆ̇i∗q i̇∗q , (21)

.

(27) (28) (26)

V̇3 = −k3e2q − k4e
2
d � 0. (29)

:⎧⎪⎪⎨
⎪⎪⎩
V̇1 = −ρSsgnS − rS2,

V̇2 = −k2e2n,
V̇3 = −k3e2q − k4e

2
d,
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V1, V2, V3 , Barbalat ,

lim
t→∞

eθ = 0, lim
t→∞

en = 0, lim
t→∞

eq = 0, lim
t→∞

ed = 0,

(14)(19)(27)–(28)

, .

3 .

3

Fig. 3 The integral block diagram of the control system design

4 (Simulation)

,

.

[17]. : i = 5;

: PN = 20.4 kW, IN = 45 A, nN = 1500 r/min,

L= 4.6mH, ψf = 0.96 Wb, B = 0.004 Nms/rad, Rs

= 0.14 Ω, J = 0.0547 N ·m2, p = 3.

: β1 = 100, β2 = 104,

α1 = 0.5, α2 = 0.5, δ1 = 0.1, δ2 = 0.1, ς1 = 0.05; β3

= 30, β4 = 3× 104, α3 = 0.5, α4 = 0.5, δ3 = 0.1, δ4

= 0.1, ς2 = 0.05.

: ρ1 = 20, ρ2 = 20, τ1

= 1× 10−3, τ2 = 1× 10−3, γ1 = 100, γ2 = 100.

: k1 = 200, k2 = 100,

k3 = 100, k4 = 100, η1 = 2, η1 = 2, ξ = 0.6.

xpr = h sin(ωt−A sin(ω0t)). (31)

θ∗ = ω0t−A sin(ω0t), (32)

: h = 3 mm ; ω0 =
2π

60
f , f =

130 /min ; A =
πα

2 sin(
π

2
(1 + α))

, α = 0.24 .

[17] ,

TL = (5.1335 +

6.4985 sin(ω0t−A sinω0t)) Nm.

,

t = 1 s TL = (5.1335 +

6.4985 sin(ω0t−A sin(ω0t)) + 2) Nm.

. ,

,

±3% , : Δi =3%i;

D = −0.2 rad.

d(t) =
� −Δi

i(i+Δi)

2π

60
ndτ

− 0.2/rad.

,

.

4 :

,

,

,

, 0,

,

; .

(a)
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(b)

4

Fig. 4 The traces and the tracking error curves of

the mold displacement

5 , 0,

.

5

Fig. 5 Sliding mode surface curve

6 :

ḋ(t) TL ,

, .

(a) ḋ(t)

(b) TL

6 ḋ(t) TL
Fig. 6 The observations curves of disturbance ḋ(t) and

the load TL

7 ,

,

. 8 d-q

, , ;

0, .

7

Fig. 7 Motor speed response curve

8 d-q

Fig. 8 Motor current of the d-q shaft response curve

5 (Conclusions)
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