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Active disturbance rejection dynamic surface control of
time-delay system

HUANG Dong, SUN Guo-fa†
(College of Automation Engineering, Qingdao Technological University, Qingdao Shandong 266520, China)

Abstract: This paper aims at the control of high-order time-delay systems with both uncertainty and unknown input

time-delay. Considering the complexity problem of control signal, on the basis of dynamic surface control method, ac-

tive disturbance rejection control (ADRC) is introduced to design active disturbance rejection dynamic surface controller.

Backstepping method is employed to develop dynamic surface control signal. Using tracking differentiator (TD) to filter

the virtual control signals, the “complexity of explosion” problem of controller is eliminated without duplicate derivative

of virtual signal. Disturbance rejection term is added to the actual control signal, which is obtained by extended state ob-

server (ESO). Real-time control signal is ensured, while the controller structure is simplified for practical application. In

the closed-loop stability proof, Lyapunov theory is employed for detail analysis. Numerical simulation results validate the

efficiency of the proposed control scheme.

Key words: active disturbance rejection control; dynamic surface control; extended state observer; time-delay system;

nonlinear system
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2 (Problem description)
:⎧⎪⎨

⎪⎩
ẋ1 = f1(x1) + x2,

ẋi = fi(x̄i) + xi+1,

ẋn = fn(x̄n) + u(t− τ),

(1)

: f1, fi, fn(i = 2, · · · , n− 1) ,

u , y = x1

.

1 (1) . ,

,

(1) . ,

, (1)

,

.

1 ,

(1),

, y

xr, e1 ,

. ,

, y

.

1

Fig. 1 System block diagram

1 (RBFNN)

f(X) : Rq → R,

f(X) = θTΦ(X) + ε, (2)

: X = [X1 X2 · · · Xq]
T ∈ R

q

, θ ∈ R
q ,

Φ(X) = [Φ1(X) Φ2(X) · · · Φq(X)]T ∈ R
q

; ε |ε|
< ε̄, ε̄ .

, θ̂

θ , θ̃ .

3 (Controller design)

:

e1 = x1 − xr, ej = xj − αj−1, (3)
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: αj−1(j = 2, · · · , n)
.

1 (1) (2)

ė1 = ẋ1 − ẋr =

f1(x1) + x2 − ẋr =

f1(x1) + α1 + e2 − ẋr, (4)

α1 1 .

xr ,

: ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ż1 = v1,

v1 = −λ1|η1| 23 sgn η1,
ż2 = v2,

v2 = −λ2|η2| 12 sgn η2,
(5)

λ1, λ2 .

(5) , :{
η1 = z1 − xr,

η2 = z2 − v1.
(6)

[16], (5){ |η1| � μi1	1,

|η̄i2|� μi2	
1
2
1 ,

(7)

: η̄i2 η̄i2 = zi2 − α̇i, μi1 μi2 , 	1
, |zi1 − αi−1| � 	1.

,

α1 = −c1e1 − f̂1(x1) + z2, (8)

: c1 , f̂1(x1)

f1(x1) .

f1(x1) ,

1 f1(x1) . ,

(8) α1

α1 = −c1e1 − θ̂T1 Φ1(X1) + z2. (9)

(9)

˙̂
θ1 =Γ1(e1Φ1(X1)− σ1θ̂1), (10)

: Γ1 , σ1 .

(9) (4), 1

e1

ė1 = −c1e1 + e2 − θ̃T1 Φ1(X1) + ε1 + η̄2, (11)

ε1 η̄2
.

i (1) (3)

ėi = ẋi − αi−1 =

fi+1(x̄i+1) + xi+1 − α̇i−1 =

fi+1(x̄i+1) + αi + ei+1 − α̇i−1, (12)

αi i .

αi ,

,

,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
żi1 = vi1,

vi1 =−λi1|ηi1| 23 sgn ηi1,
żi2 = v2,

vi2 =−λi2|ηi2| 12 sgn ηi2,
(13)

λi1, λi2 .

, {
ηi1 = zi1 − αi−1,

ηi2 = zi2 − vi1,
(14)

αi−1 (i = 1, · · · , n) .

{
|ηi1|� μi1	i,

|η̄i2|� μi2	
1
2

i ,
(15)

: η̄i2 η̄i2 = zi2 − α̇i, μi1 μi2 , 	i
, |zi1 − αi−1| � 	i.

, i

αi = −ciei − f̂i(x̄i) + zi2. (16)

fi(x̄i) ,

αi =−ciei − θ̂Ti Φi(Xi) + zi2. (17)

,

˙̂
θi =Γ (eiΦi(Xi)− σiθ̂i), (18)

Γi , σi > 0 .

(17) (12),

ėi =−ciei + ei+1 − θ̃i + εi + η̄i2, (19)

, εi η̄i2 i

(13) .

n (1)

(3)

ėn = ẋn − α̇n−1 =

u(t− τ) + fn(x̄n)− α̇n−1 =

u(t) + d(t)− α̇n−1, (20)

d(t) = (u(t− τ)− u(t)) + fn(x̄n)

.

(n− 1) , αn−1 ,
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⎪⎪⎪⎩
żn1 = vn1,

vn1 =−λn1|ηn1| 23 sgn ηn1,
żn2 = vn2,

vn2 =−λn2|ηn2| 12 sgn ηn2,
(21)

λn1, λn2 .

{
ηn1 = zn1 − αn−1,

ηn2 = zn2 − vn1.
(22)

{
|ηn1|� μn1	n,

|η̄n2|� μn2	
1
2
n ,

(23)

: η̄n2 η̄n2 = zn2 − α̇n, μn1 μn2 ,

	n , |zn1 − αn−1| � 	n.

,

ε1 = ξ1 − xn

: {
ξ̇1 = ξ2 − β1fal(κ1, δ1, ε1) + u,

ξ̇2 =−β2fal(κ2, δ2, ε1),
(24)

: ξ1, ξ2 , ξ2
d(t), fal(κ, δ, ε)

fal(κ, δ, ε) =

{ |ε|κsgn ε, |ε| > δ,
ε

δ1−κ
, |ε| � δ,

(25)

: κ , δ > 0 ,

ε .

κ δ

, fal(·) 2

.

2 κ fal(·)
Fig. 2 Output of fal(·) for different κ

2 3 , ,

, fal(·)
. ,

, . ,

, fal(·) ,

. ,

, ,

, .

3 δ fal(·)
Fig. 3 Output of fal(·) for different δ

,

u=−cnen − f̂n(x̄n) + zn2. (26)

(24)

fn(x̄n),

u=−cnen − ξ2 + zn2, (27)

zn2 (21) 2 .

[16], (24)

{
|ε1|� ι1,

|ε2|� ι2.
(28)

, (27) (20)

ėn =−cnen + εn + η̄n2 + ε2. (29)

[17], (1)

:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

y1 = x1,

ẏ1 = y2,
...

ẏn = ẏn−1 = F (x) + u(t− τ),

(30)

: yi(i = 1, · · · , n) , F (x)

. (1)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ŷ1 = y2 − γ1fal(κ1, δ1, ε0),
˙̂yj = ˙̂yj+1 − γ2fal(κ2, δ2, ε0),

...
˙̂yn = ˙̂yn+1 + u(t)− γnfal(κn, δn, ε0),
˙̂yn+1 = −γn+1fal(κn+1, δn+1, ε0),

(31)

: γ1, · · · , γn+1 , ε0
.
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(31) ,

ε0 ,

.

,

, . ,

,

,

, .

(24)

xn .

,

, . ,

,

.

4 (Stability analysis)

:

1 (1) ,

(27) (9) (11) ,

(10)(18) (28),

(5)(13) (21),

(24), (uni-

form ultimate boundedness, UUB).

:

1 ,

:

V =
1

2

n∑
i=1

e2i +
1

2

n−1∑
k=1

θ̃Ti Γ
−1
i θ̃i, (32)

θ̃ = θ̂ − θ.

2 ,

V̇ =
n∑

i=1

eiėi +
n−1∑
k=1

θ̃Tk Γ
−1
k

˙̂
θk. (33)

(11)(19) (30),

(10)(18) (28),

V̇ =−
n∑

i=1

cke
2
k +

n∑
j=2

ej−1ej +
n−1∑
k=1

ekεk +

n∑
k=i

eiη̄i2 + enε2 −
n−1∑
k=1

σkθ̃
T
k θ̂k. (34)

[10], Young’s ,

:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ej−1ej �
1

2
e2j−1 +

1

2
e2j , ekεk � 1

2
e2k +

1

2
ε2k,

ekη̄k2 � 1

2
e2k +

1

2
η̄2
k2, enε2 � 1

2
e2n +

1

2
ε22,

−σkθ̃
T
k θ̂k � −1

2
σkθ̃

2
k +

1

2
σkθ

2
k.

(35)

(32)

V̇ � − 1

2

n∑
i=1

Cie
2
i + (

1

2

n−1∑
k=1

ε2k +
ε22
2
) +

1

2

n∑
i=1

η̄2
i2−

1

2

n−1∑
k=1

σkθ̃
2
k +

1

2

n−1∑
k=1

σkθ
2
k, (36)

: C1 = c1 +
3

2
, Cj = cj + 2, j = 2, · · · , n− 1,

Cn = cn +
5

2
.

(7)(15) (23) εi, η̄i2 ε2 ,

(35)

V̇ � − 1

2

n∑
i=1

Cie
2
i −

1

2

n−1∑
k=1

σkθ̃
2
k + γ �

− 2CV + γ, (37)

: C = min{Ci, σkλmin(Γk)} ,

γ =
1

2
nε̄+

1

2

n∑
m=i

μ2
m2	m2 +

1

2
ε22 +

1

2

n−1∑
k=1

σkθ
2
k

.

(35) , V = V (0) ,

, C >
γ

2V (0)
, V̇ (t) � 0.

(35)

0� V (t) � γ

2C
+ (V (0)− γ

2C
)e−2Ct. (38)

, V (31) ,

ek, θ̃k , αk, θ̂k .

.

2 1 ,

xd(0) = x1(0), θ̂k(0) = 0, zk1(0) =

αk−1(0), zk2(0) = 0, ξ1(0) = xn(0), ξ2(0) = 0, k =

1, · · · , n. ,

L∞

‖e1‖∞ �
√

γ

2C
= 	.

,

xd(0) = x1(0)

e1(0) = 0. (39)

,

ej(0) = xj(0)− αj−1(0) = 0, j = 2, · · · , n. (40)

θ̂k(0) = 0

θ̃k(0) = −θk(0). (41)

, (38)–(40), (31)

V (0) =
1

2

n∑
k=1

θTk (0)Γ
−1
k θTk (0). (42)

C γ

V (0)− γ

2C
� 0. (43)
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, (37)

V (t) � γ

2C
. (44)

‖e1‖∞ �
√

γ

2C
= 	. (45)

.

2 , ,

,

.

5 (Simulation example)

1 .{
ẋ1 = f1(x1) + x2,

ẋ2 = f2(x̄2) + v(t− τ),
(46)

{
f1 =0.5x1 + 0.3x2,

f2 = x1x2.
(47)

xr = sin t, τ = 0.5. ,

1 .

1

Table 1 Parameter values of control algorithm

c1 c2 β1 β2 Γ1 Γ2 σ1 σ2

10 9 20 60 2 · I25 2 · I25 0.1 0.02

κ1 κ2 δ1 δ2 λ11 λ12 λ21 λ22

0.15 0.15 0.1 0.1 10 70 8 10

,

1 2 .

,

c1 c2, ,

, ,

.

, ,

. β ,

. fal(·)
2 3 .

2 .

4–8 . 4 ,

. 5–6

1 2 , 7

. 5 6 ,

,

,

. 7

, 8

.

4

Fig. 4 Tracking performance of output signal

5 1

Fig. 5 Filter states of TD 1

6 2

Fig. 6 Filter states of TD 2
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7

Fig. 7 Input control signal

8

Fig. 8 States of ESO

6 (Conclusion)

,

,

.

,

.

,

,

. ,

,

.
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