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Low altitude heavyweight airdrop flight control design using sliding
mode control with gains adaptation

LIU Ri, SUN Xiu-xia†, DONG Wen-han, WANG Dong

(Aeronautics and Astronautics Engineering College, Air Force Engineering University, Xi’an Shaanxi 710038, China)

Abstract: This paper proposes a global sliding mode flight control method with switching gains adaptation for low

altitude heavyweight airdrop operations, in the presence of uncertainties whose bounds are not known. This method uses

the feedback linearization technique to decouple the nonlinear heavyweight airdrop model, thus solving the strong nonlinear

problem of the system. On this basis, a global sliding mode controller with switching gains adaptation is presented. It

guarantees the global robustness of the system and overcomes the influence of the initial errors in the reaching phase of

the sliding mode to the switching gains adaptation process. A modified gains adaptation method is proposed, which solves

the overestimation problem of the switching gains in the sliding phase of the sliding mode. The stability and robustness

properties are proved by using the Lyapunov theory. The control performance as well as the advantage of the proposed

method is evaluated in a number of simulation scenarios.

Key words: flight control; nonlinear system; feedback linearization; adaptive control; sliding mode control

1 (Introduction)

, [1–3].

, ,

. , ,

, .

,
[4–6], [7–11].

, ,

. [7]

, L1

; [12–13] ,

.

,

, . ,

[8], .

, [14]

.

, ,

.

, . ,

,

: 2016−02−16; : 2016−08−11.
† . E-mail: gcxysxx@126.com; Tel.: +86 29-84787726.

: .

(61273141), (20141396012) .

Supported by National Natural Science Foundation of China (61273141) and Aviation Science Foundation of China (20141396012).



1338 33

.

, [9–10]

, ,

; [11]

, ,

, .

,

,

,

. ,

, [15].

[16–17],

.

, ,

[18–19]

, [20–21]

.

, , ,

. , [18–21]

,

, ,

,

. [22] ,

,

.

,

.

,

. ,

, ,

.

.

2 (Aircraft motion

model in cargo extraction)
[11] ,

, oxb ,

1 . : Fcx, Fcz Mc

; D, L, T My

; V , α, γ θ

.

,

V̇ = (T cosα−D −mbg sin γ − Fcx)/mb, (1)

γ̇ = (T sinα+ L−mbg cos γ − Fcz)/mbV , (2)

q̇ = (My +Mc)/Iy, (3)

θ̇ = q, (4)

: mb , q , Iy
.

1

Fig. 1 Graphical representation for airdrop and forces analysis

of the aircraft

D = q̄S[CD0 + CDα(α− α0) + CDδeδe], (5)

L = q̄S[CL0 + CLα(α− α0) + CLδeδe], (6)

My = q̄ScA[Cm0 + Cmα(α− α0) +

Cmq

qcA
2V

+ Cmδeδe], (7)

: q̄ , S , δe , cA
, CD∗, CL∗ Cm∗

.

:

T = Tmδp, (8)

: δp , Tm .

Fcx, Fcz Mc

[11]. ,

:

ac =
dV

dt
+

dΩ

dt
× rc +Ω × (Ω × rc)︸ ︷︷ ︸

ac1

+

2Ω × d̃rc
dt2︸ ︷︷ ︸

ac2

+
d̃2rc
dt2︸ ︷︷ ︸
ac3

, (9)

: ac1, ac2 ac3

, Ω , rc

,
d̃(·)
dt

. ac

:

awx = V̇ + q2rc cosα− r̈c cosα+

q̇rc sinα+ 2qṙc sinα, (10)

awz = −V γ̇ − q2rc sinα+ r̈c sinα+

q̇rc cosα+ 2qṙc cosα, (11)

: awx awz ac

, rc .
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mcawx = Fcx − Fp −mcg sin γ, (12)

mcawz = −Fcz +mcg cos γ, (13)

Fcx = μFcz, (14)

: mc , μ ,

Fp . λ , Fp = mcgλ.

2

Fig. 2 Forces analysis of the cargo

(10)–(11) (12)–(13)

Fcx = Fp +mcrc sinαq̇ +mcV̇ +

(mcg sin θ +mcq
2rc −mcr̈c) cosα−

(mcg cos θ − 2mcqṙc) sinα, (15)

Fcz = (mcg cos θ − 2mcqṙc) cosα+

(mcg sin θ +mcq
2rc −mcr̈c) sinα−

mcrc cosαq̇ +mcV γ̇, (16)

:

r̈c = V̇ cosα+ V sinαγ̇ + g sin θ − μg cos θ +

μFp sinα/mc + rcq
2 + Fp cosα/mc +

μ(V̇ sinα− V γ̇ cosα+ q̇rc + 2qṙc). (17)

Mc = rc · (Fcz cosα− Fcx sinα). (18)

1 (1)–(18) ,

. ,

, .

[11].

(1)–(8) (15)–(18),

:

ẋ = f(x) + Δf(x) +B(x)u, (19)

:

x = [V α q θ]
T
, u = [δe δp]

T
,

B(x) = [b1 b2] =

[
b11 b21 b31 b41
b12 b22 b32 b42

]T

,

f(x) = [f1 f2 f3 f4]
T
,

Δf(x) = [Δf1 Δf2 Δf3 Δf4]
T,

Δf(x) , fi bij(i = 1, 2, 3, 4; j

= 1, 2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f1 = [−q̄S(CD0 + CDα(α− α0)) + T0 cosα−
mbg sin γ − (Λ1 cosα− Λ2 sinα+ Fp)−
mcrc sinαf3]/(mb +mc),

f2 = [−T0 sinα− q̄S(CL0 + CLα(α− α0))+

mbg cos γ + Λ1 sinα+ (mb +mc)V q+

Λ2 cosα−mcrc cosαf3]/(mb +mc)V,

f3 = q̄ScA(Cm0 + Cmα(α− α0)+

CmqqcA/2V )/Λ3+mcrc[Fp sinα−Λ2−
mbg cos γ cosα+mbg sin γ sinα+

q̄S sinα(CD0 + CDα(α− α0))+

q̄S cosα(CL0 + CLα(α− α0))]/

(mb +mc)Λ3 + rc(Λ2 − Fp sinα)/Λ3,

f4 = q,

(20)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

b11 = −(mcrc sinαΛ4 + q̄SCDδe)/(mb +mc),

b12 = Tm cosα/(mb +mc),

b21 = (mcrc cosαΛ4 − q̄SCLδe)/(mb +mc)V,

b22 = −Tm sinα/(mb +mc)V,

b31 = Λ4, b32 = 0, b41 = b42 = 0.

(21)

Λi(i = 1, 2, 3, 4)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Λ1 = mcg sin θ +mcq
2rc −mcr̈c,

Λ2 = mcg cos θ − 2mcqṙc,

Λ3 = Iy +mcr
2
c −m2

cr
2
c /(mb +mc),

Λ4 = q̄Smcrc(CDδe sinα+ CLδe cosα)/

(mb +mc)Λ3 + q̄ScACmδe /Λ3.

(22)

3 (Feedback linearization

of the model)
y = [y1 y2]

T = [V θ]T (19)

. [23],

(19) i yi, ri y
(ri)
i

,⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

y
(l)
i = Ll

fyi, l = 1, 2, · · · , ri − 1,

y
(ri)
i = Lri

f yi +
2∑

j=1

Lbj (L
ri−1
f yi)uj+

LΔfL
ri−1
f yi,

(23)

Lbj (L
ri−1
f yi) �= 0, L(·)

, yi ri.

y1 = V y2 = θ m n ,

.

V̇ = f1 +Δf1 + b11δe + b12δp, (24)
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θ̈ = q̇ = f3 +Δf3 + b31δe + b32δp, (25)

, r1 = 1, r2 = 2.

(23)–(25) ,

(19) :

[y
(r1)
1 y

(r2)
2 ]T = A(x) + ΔA(x) + E(x)u, (26)

E(x)

E(x) =

[
Lb1

Lr1−1
f y1 Lb2

Lr1−1
f y1

Lb1
Lr2−1

f y2 Lb2
Lr2−1

f y2

]
=

[
b11 b12
b31 b32

]
. (27)

−π/2 < α < π/2 , |b11b32| �
|b12b31|[11], E(x) .

A(x) = [Lr1
f y1 Lr2

f y2]
T = [f1 f3]

T, (28)

ΔA(x) = [LΔfL
r1−1
f y1 LΔfL

r2−1
f y2]

T =

[Δf1 Δf3]
T. (29)

4 (Control law design)
,

, . ,

[7–11].

(26),

.

Vd θd,

e = [e1 e2]
T = [V − Vd θ − θd]

T. (30)

[9–10],

si = e
(ri−1)
i + ci(ri−1)e

(ri−2)
i + · · ·+ ci1ei, (31)

: cij si Hurwitz

, i = 1, 2. s = [s1 s2]
T,

u = E−1(x) [Yd −A(x)− Ce − ηsgn s] , (32)

: Yd=[V
(r1)
d θ

(r2)
d ]T , Ce=

⎡
⎢⎢⎣

j=r1−1∑
j=1

c1je
(j)
1

j=r2−1∑
j=1

c2je
(j)
2

⎤
⎥⎥⎦, η

.

, ,

η > ‖ΔA‖ . (33)

, ΔA

, .

, .

, [11]

, .

, [18–19]

. (31),

u = E−1(x) [Yd −A(x)− Ce − η̂sgn s] . (34)

η̂

˙̂η = Γ · ‖s‖ , (35)

Γ . (35) η̂ =

Γ
� t

0
‖s(τ)‖dτ . , η̂

( s = 0 ,

‖s‖ ) .

, ,

. ,

:

1) ,

, s = 0. ,

. , η̂ = Γ
� t

0
‖s(τ)‖dτ

, (35) .

2) (

(33) ), ,

.

(31) (35),

.
� t

0
‖s(τ)‖dτ

, ,

(31)

.

3 (31)

Fig. 3 Trajectory of the sliding function defined by (31)

, :{
φi(t) = e

(ri−1)
i + ci(ri−1)e

(ri−2)
i + · · ·+ ci1ei,

si = φi(t)− e−ξitφi(0),

(36)

ξi > 0(i = 1, 2) . (36) ,

‖s(0)‖ = 0,

. , (36)
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,

.

, (34) :

u = E−1(x)[Yd −A(x)− Ce + Ż − η̂sgn s], (37)

Z =
[
e−ξ1tφ1(0) e−ξ2tφ2(0)

]T
. ,

,

(35) ,

η̂ = Γ
� t

0
‖s(τ)‖dτ

. (35) ,

:

˙̂η = Γ · ‖s‖ · sgn (‖s‖ − ε) , (38)

: ε > 0, η̂ 0. ‖s‖ < ε , η̂

; ‖s‖ > ε , η̂ . (35)

, (38) η̂ .

2 η̂ 0 ,

β, : η̂ � β, ˙̂η = β,

, η̂ (38) .

1 (26),

(36), (37) (38),

η∗ η̂(t) � η∗, ∀t > 0.

Lyapunov σ1 =
1

2
sTs,

σ̇1 =
1

2
sTs =

sT[A(x) + ΔA(x) + E(x)u− Yd + Ce − Ż] =

sT[ΔA(x)− η̂sgn s] � −(η̂ − ‖ΔA‖) ‖s‖ . (39)

t0 ‖s(t0)‖ > ε, (38) , η̂(t)

. t1(t1 > t0), η̂(t1) � ‖ΔA‖.

, σ̇1 � −
(η̂ − ‖ΔA‖) ‖s‖ < 0, ‖s(t)‖ . ‖s(t2)‖
< ε(t2 > t1) , η̂(t) . t3(t3 >

t2), η̂(t3) < ‖ΔA‖, σ̇1 .

σ̇1 < 0, ‖s(t)‖ η̂(t) ; σ̇1>0, ‖s(t)‖
. ‖s(t4)‖ � ε (t4 > t3) , η̂(t) ,

. η̂(t)

‖ΔA‖ – ,

Γ ‖s‖ , , η∗

η̂(t) � η∗, ∀t > 0. .

2 (26),

(36), (37) (38),

s ε .

Lyapunov :

σ2 =
1

2
sTs+

1

2k
(η̂ − η̄)2, (40)

: k > 0, η̄ � max{η∗, ‖ΔA‖}.

σ2

σ̇2 = sTṡ+
1

k
(η̂ − η̄) · ˙̂η =

sT [ΔA(x)− η̂sgn s] +
1

k
(η̂ − η̄) · ˙̂η �

‖ΔA‖ · ‖s‖ − η̂ ‖s‖+ 1

k
(η̂ − η̄) · ˙̂η +

η̄ ‖s‖ − η̄ ‖s‖ =

(‖ΔA‖ − η̄) · ‖s‖+ (η̂ − η̄) · (
˙̂η

k
− ‖s‖). (41)

δ > 0, (41)

σ̇2 � (‖ΔA‖ − η̄) ‖s‖+ (η̂ − η̄) · (
˙̂η

k
− ‖s‖) +

δ · |η̂ − η̄| − δ · |η̂ − η̄| . (42)

1

σ̇2 �

− (
˙̂η

k
− ‖s‖ − δ) · |η̂ − η̄|︸ ︷︷ ︸

ρ2

−

(η̄ − ‖ΔA‖)︸ ︷︷ ︸
ρ1>0

· ‖s‖ − δ · |η̂ − η̄| =

−ρ1 ·
√
2
‖s‖√
2
− δ ·

√
2k

|η̂ − η̄|√
2k

− ρ2 �

−min(ρ1
√
2, δ

√
2k) · (‖s‖√

2
+

|η̂ − η̄|√
2k

)− ρ2 �

−min(ρ1
√
2, δ

√
2k) · σ1/2

2 − ρ2. (43)

1 ‖s(t0)‖ > ε, ˙̂η = Γ · ‖s‖.

(44) , k ρ2 0.

, k .

ρ2 = (
Γ · ‖s‖

k
− ‖s‖ − δ) · |η̂ − η̄| > 0 ⇒

k <
Γ · ‖s‖
δ + ‖s‖ ⇒ k < min

‖s‖>ε
[
Γ · ‖s‖
δ + ‖s‖ ] ⇒

k <
Γ · ε
1 + ε

. (44)

ρ2 > 0,

σ̇2 � −min(ρ1
√
2, δ

√
2k) · σ1/2

2 − ρ2 <

−min(ρ1
√
2, δ

√
2k) · σ1/2

2 . (45)

s tF � 2σ1/2
2 (t0)

min(ρ1
√
2, δ

√
2k)

ε .

2 ‖s(t0)‖ < ε, ˙̂η = −Γ · ‖s‖,

ρ2 = (
−Γ · ‖s‖

k
− ‖s‖ − δ) · |η̂ − η̄| � 0.

, σ̇2 . σ̇2 < 0, ‖s(t)‖
; σ̇2 > 0, ‖s(t)‖ , ‖s(t)‖



1342 33

> ε , 1.

, s

. .

3 [18–19] , (35)

, .

(38) (35)

, .

, PID

. Hd Htrim,

PID θd,

Vtrim.

4 .

4

Fig. 4 Framework of control system

5 (Simulation and analysis)
( 24,955 kg) 8,000 kg

, , :

H = 100 m, V = 80 m/s, α = θ =

3.8134◦, δp = 27.1%, δe = 0◦,

25◦, −3.4568◦.

.

(37)–(38)

c11 = 1, c21=2, ξ1=ξ2=5; η̂(0)

= 0.001, ε = 5, Γ = 1, β = 0.0001. PID

Kp = 0.03, KI = 0.02, KD = 0.0005.

:

1 ,

5 ;

2 CL, CD Cm −20%,

5 ;

3 CL, CD Cm +20%,

5 .

5 ,

0.5 m , 5 s

, .

2◦ ,

,

. ,

,

. 6 .

, .
5

Fig. 5 Aircraft response in cargo extraction
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6

Fig. 6 Curves of the elevator and throttle opening

7 (37)–(38), (34)–(35)[18–19] (32)[9–10]

Fig. 7 Control performance comparison of controller (37)–

(38), (34)–(35)[18–19] and (32)[9–10]

(37)–(38)

(34)–(35)[18–19] (32)[9–10] .

CL, CD Cm −20%. (34)–(35)

: c11 = 1, c21 = 2;

η̂(0) = 0.001, Γ = 1. (32) :

c11 = 1, c21 = 2; η = 0.1. 7 ,

, (32) (34)–(35) ,

, ,

. 8

. (34)–(35) 0∼2 s

0.1, .

, 0∼0.001 ,

, 1 .

8 (37)–(38) (34)–(35)[18–19]

Fig. 8 Switching gains comparison of controller (37)–(38) and

(34)–(35)[18–19]

6 (Conclusions)

, :

1)

, ,

; 2)

, ,

,

; 3)

,

.

,

, . ,

,

.
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