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Three dimensional path-following control for an under-actuated airship

WANG Xin-xin, ZUO Zong-yu†
(School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China;

The Seventh Research Division, Beihang University, Beijing 100191, China)

Abstract: A new three dimensional path-following control algorithm for under-actuated airships based on guidance

vector field is presented in this paper. Firstly, the vector field theory is described. Nextly the under-actuated airship

dynamic is established based on Newton-Euler equations. Based on this model and the vector field theory, the guidance

vector field is constructed to obtain the desired attitude angles and desired velocity. Then the path-following controller is

proposed by using Backstepping technique and PD control technique. Command filters are utilized to estimate derivatives

of the virtual controls during the controller design progress such that complex analytical calculations can be avoided. The

resultant control system possesses a cascaded structure, which consists of a guidance vector field subsystem, an attitude

stabilization control loop and a velocity tracking control loop. The stability analysis shows that path-following error of the

airship is ultimately uniformly bounded. Finally, simulation results for the airship are illustrated to verify the effectiveness

of the proposed design.

Key words: guidance vector field; path-following; under-actuated airships; backstepping; command filter

1 (Introduction)
, ,

,

,
[1–3].

[4].
[5], [6]

[7] . ,

,

,

.

[8].

: ,

[9–11];
[12–14].

, . [15]

; [16–17]

,

: 2016−05−19; : 2016−09−07.
† . E-mail: zzybobby@buaa.edu.cn; Tel.: +86 10-82339739.

: .

(61673034), (2012CZ51029), .

Supported by National Natural Science Foundation of China (61673034), Aeronautic Science Foundation of China (2012CZ51029) and Aerospace

Support Technology Foundation of China.



1464 33

, [18]

.

,

,

. [19] ,

,

, ,

, [20].

, PD

, ,

. :

.

2 (Preliminaries)
: | · | , ‖ · ‖

, atan2 (·, ·) ,

arcsin(·) , min(·) max(·)
, F(·), G(·), f(·) g(·)

. x ∈ R,

tanhx =
ex − e−x

ex + e−x
sechx =

2

ex + e−x
.

1 α(t) : R+ → R,

α̇ [21–22]:

ˆ̇α =
ω2
ns

s2 + 2ξωn + ω2
n

α, (1)

ξ ωn .

1 ˜̇α = α̇− ˆ̇α .

ωn . (1),

ξ, T > 0, σ > 0,

ωn(T, σ) > 0, t > T , | ˜̇α| < σ.

2 (1)

, .

,

ηp = [xp yp
zp]

T∈R3 η̇p=[ẋp ẏp żp]
T ∈ R

3,

⎧⎪⎪⎨
⎪⎪⎩

ẋp = Vp cosϕ cosχ,

ẏp = Vp cosϕ sinχ,

żp = Vp sinϕ,

(2)

: Vp=
√
ẋ2
p + ẏ2

p + ż2p, χ=atan2(ẏp, ẋp) ϕ=

atan2(żp,
√
ẋ2
p+ẏ2

p)

. ι,

{F (xp, yp, zp) = 0, G(xp, yp, zp) = 0} ,

ε=
√
F 2 (xp, yp, zp)+G2(xp, yp, zp),

ε = 0 .

ι [19]

nc =
1

Mc

⎡
⎢⎣FFxp

+GGxp

FFyp
+GGyp

FFzp +GGzp

⎤
⎥⎦ (3)

ns =
1

Ms

⎡
⎢⎣Fyp

Gzp − FzpGyp

FzpGxp
− Fxp

Gzp

Fxp
Gyp

− Fyp
Gxp

⎤
⎥⎦ , (4)

Mc Ms :{
Mc =

√
(FFxp+GGxp)

2+(FFyp+GGyp)
2+(FFzp+GGzp)

2,

Ms =
√

M2
s1 +M2

s2 +M2
s3,

(5)

:

Ms1 = FypGzp − FzpGyp ,

Ms2 = FzpGxp − FxpGzp ,

Ms3 = FxpGyp − FypGxp .

ι, Mc > 0[21]

∂f

∂ι
× ∂g

∂ι
= [Ms1 Ms2 Ms3]

T �= 0,

Ms > 0. nd

nd = −nc tanh(κε) + 
 nssech(κε), (6)

: κ > 0 , 
=±1 nd

. η̇d
p = [ẋdp ẏdp żdp]

T,

η̇d
p = Vpnd. (7)

Lyapunov

Lε =
1

2
ε2. (8)

(8) (5)

L̇ε = εε̇ = −VpMc tanh(κε). (9)

Vp>0, Mc>0, κ > 0, ε�0⇒ tanh(κε) � 0,

L̇ε � 0, Lyapunov

(7) , ε .

(2) ϕd

χd⎧⎨
⎩ϕd = atan2(żdp ,

√(
ẋdp

)2
+

(
ẏdp

)2
),

χd = atan2(ẏdp, ẋ
d
p).

(10)
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3 (Under-actuated airship

model)
,

, , 1

. , Oy ,

{T, μ}
Oy ,

, δR {δEL, δER}
. {T, μ, δR, δEL, δER}

, 6 ,

.

1

Fig. 1 Airship structure sketch

O

(body reference frame, BRF)Oxyz, Ox ,

Oz Ox .

Og (earth reference

frame, ERF)Ogxgygzg, Ogxg , Ogzg

. η = [x y z]T ERF ;

ζ =[φ θ ψ]T BRF ERF ; v = [u

v w]T BRF ; ω = [p

q r]T BRF .

3.1 (Kinematics equations)

[17] :

η̇ =⎡
⎢⎣
cθcψ sθcψsφ − sψcφ sθcψcφ + sψsφ

cθsψ sθsψsφ + cψcφ sθsψcφ − cψsφ

−sθ cθsφ cθcφ

⎤
⎥⎦v �

gRb (ζ)v. (11)

ζ̇ =

⎡
⎢⎣

1 tθsφ tθcφ

0 cφ −sφ
0 sφ/cθ cφ/cθ

⎤
⎥⎦ω � Wζω. (12)

: s(·) � sin(·), c(·) � cos(·), t(·) � tan(·).
3.2 (Dynamics equations)

Ā

[
v̇

ω̇

]
= N̄ + Ḡ+ B̄

[
uF

uδ

]
, (13)

Ā, N̄ , Ḡ B̄ :

Ā =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

m+ ρ∇k1 0 0 0 mzc 0

0 m+ ρ∇k2 0 −mzc 0 0

0 0 m+ ρ∇k2 0 0 0

0 −mzc 0 Ix 0 −Ixz
mzc 0 0 0 Iy + ρ∇k3 0

0 0 0 −Ixz 0 Iz + ρ∇k3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

N̄ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

(m+ ρ∇k2) (vr − wq)−mzcpr +Xa

(m+ ρ∇k2)wp− (m+ ρ∇k1)ur −mzcqr + Ya

(m+ ρ∇k1)uq − (m+ ρ∇k2) vp+mzc
(
q2 + p2

)
+ Za

(Iy − Iz) qr + Ixzpq +mzc (ur − wp) + La

(ρ∇k3 + Iz − Ix) pq − Ixz
(
p2 − r2

)
+mzc (vr − wq) +Ma

(Ix − Iy − ρ∇k3) pq − Ixzqr +Na

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Ḡ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

(B −G) sin θ

− (B −G) cos θsinφ

−(B −G)cos θcosφ

−zcGcos θsinφ

−zcGsin θ

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, B̄ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0

0 0 QCY4 0 0

0 1 0 −QCZ4 −QCZ4

0 0 0 QCL4 −QCL4

zt−xt 0 −QCM4−QCM4

0 0 −QCN4 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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: m ∇ , G B

, zc BRF

, {k1, k2, k3} , {Ix, Iy,
Iz} Ixz , Q = ρV 2∞/2

V∞=
√
u2+v2+w2 , {CL4,

CM4, CN4, CY4, CZ4} , {Xa, Ya, Za}
{La,Ma, Na} BRF

, [23]. (13) , uδ� [δR
δELδER]

T, uF � [FT,x 0 FT,x]
T, FT,x = 2T cosμ,

FT,z = 2T sinμ. uF {T, μ}
:

μ = atan2 (FT,z, FT,x) ,

T =

⎧⎪⎪⎨
⎪⎪⎩

FT,x

2 cos μ
, cos μ �= 0,

FT,z

2
, cos μ = 0.

(14)

1 ,

G ≡ B[7].

, (11)

( (15)). (15) nkj , nkg, nuij

(k = u, v, w, p, q, r; i = 1, 2; j = 1, 2, · · · , 7)
.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v̇ =

⎡
⎢⎣ nu1(wq − vr) + nu2(p

2 − r2) + nu3pr + nu4Ma + nu5Xa + nugsθ

pw + nv1ur + nv2qr + nv3pq + nv4La + nv5Na + nv6Ya + nvgcθsφ

−vp+ nw1uq + nw2(p
2 + q2) + nw3Za + nwgcθcφ

⎤
⎥⎦+

⎡
⎢⎣nu21 nu22 0 Qnu23 Qnu23

0 0 Qnu24 Qnu25 −Qnu25

0 nu26 0 Qnu27 Qnu27

⎤
⎥⎦
[
uF

uδ

]
� Nv + τv,

ω̇ =

⎡
⎢⎣np1ur + np2wp+ np3qr + np4pq + np5La + np6Na + np7Ya + npgcθsφ

nq1(wq − vr) + nq2(p
2 − r2) + nq3pr + nq4Ma + nq5Xa + nqgsθ

nr1ur + nr2wp+ nr3qr + nr4pq + nr5La + nr6Na + nr7Ya + nrgcθsφ

⎤
⎥⎦+

⎡
⎢⎣ 0 0 Qnu11 Qnu12 −Qnu12

nu13 nu14 0 Qnu15 Qnu15

0 0 Qnu16 Qnu17 −Qnu17

⎤
⎥⎦
[
uF

uδ

]
� Nω + τω.

(15)

3.3 (Control objectives)
(27)

l3: {f(x, y, z)=0, g(x, y, z)=0},
{T, μ, δR, δEL, δER}, :

1) ,

;

2)

.

4 (Controller design)
2 , 3 :

.

, ,

, PD

.

2

Fig. 2 Controller structure diagram
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4.1 (Guidance vector field sub-

system)
(3) (4) , l3:

{f(x, y, z) = 0, g(x, y, z) = 0}
σc σs

σc=
1

Nc

⎡
⎢⎣ffx + ggx
ffy + ggy
ffz + ggz

⎤
⎥⎦ , σs=

1

Ns

⎡
⎢⎣fygz − fzgy
fzgx − fxgz
fxgy − fygx

⎤
⎥⎦ ,

(16)

:

Nc =√
(ffx + ggx)

2 + (ffy + ggy)2 + (ffz + ggz)2,

Ns =√
(fygz−fzgy)2+(fzgx−fxgz)2+(fxgy−fygx)2.

v̄d = [ud wd]
T,

φd{
ud = Vdβ, wd=Vd

√
1− β2, β ∈ (0, 1) ,

φd = atan2 (v, wd) ,
(17)

Vd > 0 .

2
, {φ, u, w} , {φ, u, w}

→ {φd, ud, wd}.
2 , (11)

⎧⎪⎪⎨
⎪⎪⎩

ẋ = Vg cos γ cosψ,

ẏ = Vg cos γ sinψ,

ż = −Vg sin γ,

(18)

:

γ = θ − atan2 (v sinφ+ wd cosφ, ud) � θ − γp,

Vg =

√
u2d + (v sinφ+ wd cosφ)

2.

η̇d=[ẋd ẏd żd]
T

ε=
√

f2(x, y, z) + g2(x, y, z) � D(x, y, z),

(4) (5) , σd

η̇d{
σd=−σc tanh(Vgκε)+
σssech(Vgκε),

η̇d = Vgσd.
(19)

,

⎡
⎢⎣ẋdẏd
żd

⎤
⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

−Vg(ffx + ggx) tanh(Vgκε)

Nc
+

−Vg(ffy + ggy) tanh(Vgκε)

Nc
+

−Vg(ffz + ggz) tanh(Vgκε)

Nc
+



Vg(fygz − fzgy)sech(Vgκε)

Ns



Vg(fzgx − fxgz)sech(Vgκε)

Ns



Vg(fxgy − fygx)sech(Vgκε)

Ns

⎤
⎥⎥⎥⎥⎥⎥⎦

(20)

(10) , (19) (20)

θd ψd:{
θd = atan2(−żd,

√
(ẋd)2+(ẏd)2)+γp,

ψd = atan2(ẏd, ẋd),
(21)

γd = θd + γp, η̇d

⎧⎪⎪⎨
⎪⎪⎩

ẋd = Vg cos γd cosψd,

ẏd = Vg cos γd sinψd,

żd = −Vg sin γd.

(22)

ζd = [φd θd ψd]
T,

φe= φ− φd, θe = θ − θd,

ψe = ψ − ψd, ζe = [φe θe ψe]
T,

(8), Lyapunov

Lε =
1

2
ε2, (23)

L̇ε=− VgNc tanh(Vgκε) cos θe cosψe+

żd[(ffx+ggx)cψ+(ffy+ggy)sψ] sin θe+

(ffx + ggx) sinψ
√

v2 + w2
d sinφe−

(ffy + ggy) cosψ
√
v2 + w2

d sinφe+

(ffz + ggz)żd cos θe (1− cosψe)−
(ffx + ggx)ẏd cos θe sinψe+

(ffy + ggy)ẋd cos θe sinψe−
(ffz + ggz)

√
ẋ2d + ẏ2d sin θe. (24)

3 {|φe| , |θe| , |ψe|}
{|φe| , |θe| , |ψe|} � arcsin

1

10
� νs,

νs ∈ (0,
π

2
).

(18) Vg 3

Vg �
√(

v2 + w2
d

)
cosφe =

3
√
11

10

√(
v2 + w2

d

)
.

(25)
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f1=
√

(ffx + ggx)
2+(ffy+ggy)

2, f1�Nc,

(24)

L̇ε �− VgNc tanh(Vgκε) cos θe cosψe+

VgNc tanh(Vgκε) (|sin θe|+ |sinφe|)+
VgNcsech(Vgκε) (|θe|+ |ψe|)+
Vgf1sech(Vgκε) |φe| . (26)

l3

M1ε � Nc � M2ε, f1 � M3ε, (27)

M1 M2 .

3 , (27)

, :

i) :

x = a1�, y = a2�, z = a3,

a1a2a3 �= 0.

(x, y, z) =
x

a1
− z

a3
, g(x, y, z) =

y

a2
− z

a3
,

Nc =

√
f2

a21
+

g2

a22
+

(f + g)2

a23
, f1 =

√
1

a21
f2 +

1

a22
g2.

M1 = min{
√

1

a21
,

√
1

a22
},

M2 = max{
√

1

a21
+

2

a23
,

√
1

a22
+

2

a23
},

M3 = max{
√

1

a21
,

√
1

a22
},

M1ε � Nc � M2ε f1 � M3ε.

ii) :

x = a1 cos�, y = a2 sin�, z = a3�,

a1a2a3 �= 0.

f(x, y, z) =
x

a1
− cos

z

a3
, g(x, y, z) =

y

a2
− sin

z

a3
,

Nc =

√
f2

a21
+

g2

a22
+

1

a23
[f sin

z

a3
+ g cos

z

a3
]2,

f1 =

√
f2

a21
+

g2

a22
.

M1 = min{
√

1

a21
,

√
1

a22
},

M2 = max{
√

1

a21
+

1

a23
,

√
1

a22
+

1

a23
},

M3 = max{
√

1

a21
,

√
1

a22
},

M1ε � Nc � M2ε f1 � M3ε.

(27), (26)

L̇ε �

− 3

4
VgNc tanh(Vgκε) + VgNcsech(Vgκε) |θe|+

VgNcsech(Vgκε) |ψe|+ VgM3εsech(Vgκε) |φe| �

− VgNc
3δ tanh(Vgκε)

4
+

V 2
g N

2
c sech(Vgκε)

M2
+

V 2
g M3

4
ε2sech(Vgκε) +M3sech(Vgκε) |φe|2+

1

4
M2sech(Vgκε)(|θe|2 + |ψe|2)−

3 (1− δ)

4
VgNc tanh(Vgκε), (28)

δ ∈ (0, 1).

4 νs arcsin
1

10
, (26) ,

cos2 νs > 2 sin νs .

4.2 (attitude stabilization control loop)
4.2.1 (Attitude kinematics con-

trol subsystem)
Lyapunov

V1 = Lε +
1

2
λζTe ζe, λ > 0. (29)

F (ε) = eε − e−ε − 2ε(ε � 0),

dF

dε
= eε + e−ε − 2 � 0. (30)

F (0) = 0, eε − e−ε � 2ε, (28)

V̇1 �− (
3

4
κ− 1− M3

4M1
)M1V

2
g ε

2sech(Vgκε)+

M3sech(Vgκε) |φe|2 + λζTe (Wζω − ζ̇d)+

1

4
M2sech(Vgκε)(|θe|2 + |ψe|2). (31)

ωd = [pd qd rd]
T = W−1

ζ (−kζζe + ˙̂
ζd), (32)

: kζ > 0,
ˆ̇
ζd ζd (1)

.
˜̇
ζd = ζ̇d − ˆ̇

ζd, (32) (31)

V̇1 �
− k1ε

2sech(Vgκε) +M3sech(Vgκε) |φe|2+
1

4
M2sech(Vgκε)(|θe|2) + |ψe|2 + 4λ‖˜̇ζd‖2−

λ(kζ − 1

16
)‖ζe‖2, (33)



11 : 1469

k1 = (
3

4
κ− 1− M3

4M1
)M1V

2
g .

{κ, λ, kζ}⎧⎪⎨
⎪⎩

3

4
κ− 1− M3

4M1
> 0,

λ(kζ − 1

16
) > max{M3,

1

4
M2},

(34)

(33)

V̇1 �− k1ε
2sech(Vgκε)− k2‖ζe‖2+

4λ‖˜̇ζd‖2, (35)

k2 = λ(kζ − 1

16
)−max{M3,

1

4
M2}.

4.2.2 (Attitude dynamics con-

trol subsystem)

ωe = ω − ωd,

Lyapunov

V2 = V1 +
1

2
ωT
e ωe, (36)

V̇2 �− k1ε
2sech(Vgκε)− k2‖ζe‖2 + 4λ‖˜̇ζd‖2+

λζTe Wζωe + ωT
e (Nω + τω − ω̇d) . (37)

τω

τω = −Nω + ˆ̇ωd −WT
ζ ζe − kωωe, (38)

: kω > 0, ωd (1)

. ˜̇ωd = ω̇d − ˆ̇ωd, (38) (37)

V̇2 �− k1ε
2sech(Vgκε)− k2‖ζe‖2 + 4λ‖˜̇ζd‖2−

(kω − 1

2
)‖ωe‖2 + 1

2
‖ ˜̇ωd‖2. (39)

3 , 3 ,

Lyapunov

Lζ =
λ

2
ζTe ζe +

1

2
ωT
e ωe, (40)

L̇ζ =− λ(kζ − 1

16
)‖ζe‖2 − (kω − 1

2
)‖ωe‖2+

4λ‖˜̇ζd‖2 + 1

2
‖ ˜̇ωd‖2 � −cζLζ + μζ , (41)

:

cζ = min{λ(kζ −
1
16)

cm
,
kω − 1

2

cm
},

cm = max{λ
2
,
1

2
}, μζ = 4λ‖˜̇ζd‖2 + ‖ ˜̇ωd‖2

2
.

Lζ � (Lζ(0)− μζ

cζ
)e−cζt +

μζ

cζ
, (42)

‖ζe‖ �
√

2(Lζ(0)− μζ

cζ
)e−cζt + 2

μζ

cζ
. (43)

1 ωn

t > T0 > 0 , ‖ζe‖ � νs, 3 .

5 ωn , ωn

.

4.3 (Velocity tracking control loop)

,

PD . v̄e=

[ue, we]
T = v̄ − v̄d, Lyapunov

Lv̄ =
1

2
v̄T
e v̄e, (44)

L̇v̄ = v̄T
e

(
τv̄ +Nv̄ − ˙̄vd

)
, (45)

{Nv̄, τv̄} (15) {Nv, τv} 1

3 . τv̄

τv̄ = −Nv̄ + ˙̄vd − kv̄v̄e, (46)

kv̄ > 0. (41) (39)

L̇v̄ � −kv̄‖v̄e‖2 � 0. (47)

4.4 (Stability analysis)

1 (11)−(15)

, (27) l3,

(38) (46) , (25)

(34) , :

1) Ts � T0, t � Ts ,

ε .

2) ε ζe

, ε

.

1) (40)−(43) ,

ωn, t�T0 , 3,

‖ζe‖�νs, f1�Nc, (24) (26)

L̇ε �
VgNcsech(Vgκε) (|sinφe|+ |sin θe|)+
VgNcsech(Vgκε) |sinψe|− 3

4
VgNc tanh(Vgκε) �

VgNc[−3 tanh(Vgκε)

4
+

3sech(Vgκε)

10
]. (48)

G(ε) = −3

4
tanh(Vgκε) +

3

10
sech(Vgκε),
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ε = ε0

G(ε0) = 0⇒ eVgκε − e−Vgκε =
4

5
, (49)

Vg �
√

V 2
d + v2 > Vd, e

1
2 − e−

1
2 >

4

5
,

ε0 <
1

2κVd
.

i) t = T0 , 3 , L̇ε > 0,

ε < ε0, L̇ε < 0. L̇ε > 0 ε ,

Mε < ε0 Ts>T0, t=

Ts , ε = Mε L̇ε = 0, t > Ts , ε �
Mε, Mε T0 , t � Ts, ε .

ii) t=T0 , L̇ε � 0, ε � ε0,

Mε < ε0, t > T0 ε � Mε; ε >

ε0, L̇ε < 0, ε ,

Mε < ε0 Ts > T0, t = Ts , ε =

Mε L̇ε = 0, t > Ts , ε � Mε, Mε

T0 , t � Ts, ε .

, Mε<ε0 Ts>T0,

t � Ts , ε � Mε < ε0 <
1

κVd
. .

2) Lyapunov

V3 = V2 + Lv̄, (50)

(39) (47)

V̇3 �− k1ε
2sech(Vgκε)− k2‖ζe‖2 + 4λ‖˜̇ζd‖2−

(kω− 1

2
)‖ωe‖2−kv̄‖v̄e‖2+1

2
‖ ˜̇ωd‖2. (51)

t � Ts , ε � Mε, Mε < ε0,

eVgκε − e−Vgκε <
4

5
, eVgκε + e−Vgκε < 3,

(51)

V̇3 �− k1
3
ε2 − k2‖ζe‖2 − kv̄‖v̄e‖2 + 4λ‖˜̇ζd‖2−

(kω − 1

2
)‖ωe‖2 + 1

2
‖ ˜̇ωd‖2 �

− cεV3 + μζ , (52)

cε = min{k1
3
, k2, kv̄, kω − 1

2
}, μζ (41)

, (52)

V̇3 � [V3(Ts)− μζ

cε
]e−cε(t−Ts) +

μζ

cε
, (53)

ε ζe

,⎧⎪⎪⎨
⎪⎪⎩
ε �

√
2[V3(Ts)− μζ

cε
]e−cε(t−Ts) + 2

μζ

cε
,

‖ζe‖ �
√

2

λ
[V3(Ts)− μζ

cε
]e−cε(t−Ts) +

2

λ

μζ

cε
,

(54)

cε , , cε

, . .

6 ,

.

5 (Simulation)
MATLAB/Simulink

,

[17].

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x = 500cos
�

500
,

y = 500 sin
�

500
,

h = 20000 + 0.2�,

h , ERF ,

h = −z.

f(x, y, z) =
x

500
− cos

z + 20000

100
,

g(x, y, z) =
y

500
+ sin

z + 20000

100
,

M1 =
1

500
, M2 ≈ 1

100
, M3 =

1

500
.

{β, κ, λ, kζ , kω, kv̄} = {
√
2

2
, 2, 0.1, 0.2, 3, 0.2}.

ωn = 50, Vd =

5m/s.

η0 = [600 0 20000]Tm, v0 = [2 5 2]Tm/s,

ζ0 = [0.1 0.1 0.1]T rad,

.

, [18],

Oxy ,

.

3–4 .

3 3D

Fig. 3 3D path-following figure
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4

Fig. 4 Velocity and attitude tracking figure

5 t>30 s , ‖ζe‖� 1

10
<νs, ωn

; 6 t>50 s , ε<0.05

=
1

2κVd
ε , 1

.

,

ds = min ‖ η − ηr ‖|ηr∈l3 ,

ds = min
√

d2s2 + d2s1 + d2s3,

ds1 = x− 500 cos
�

500
,

ds2 = y − 500 sin
�

500
,

ds3 = h− 20000− 0.2�, � ∈ (0,∞).

�=5 (h−20000) ,√
d2s2+ d2s1+ d2s3=ε,

ds � ε, 6 ε

,

.

5

Fig. 5 Attitude tracking error figure

6

Fig. 6 Path-following error figure
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7 8 ,

,

,

, .

(a)

(b)

7 Oxy

Fig. 7 Oxy plane projection figure

(a)

(b)

8 Oxy

Fig. 8 Local zoomed figure of Oxy plane projection

6 (Conclusions)

.

;

PD

;
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