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Three dimensional path-following control for an under-actuated airship
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(School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China;
The Seventh Research Division, Beihang University, Beijing 100191, China)

Abstract: A new three dimensional path-following control algorithm for under-actuated airships based on guidance
vector field is presented in this paper. Firstly, the vector field theory is described. Nextly the under-actuated airship
dynamic is established based on Newton-Euler equations. Based on this model and the vector field theory, the guidance
vector field is constructed to obtain the desired attitude angles and desired velocity. Then the path-following controller is
proposed by using Backstepping technique and PD control technique. Command filters are utilized to estimate derivatives
of the virtual controls during the controller design progress such that complex analytical calculations can be avoided. The
resultant control system possesses a cascaded structure, which consists of a guidance vector field subsystem, an attitude
stabilization control loop and a velocity tracking control loop. The stability analysis shows that path-following error of the
airship is ultimately uniformly bounded. Finally, simulation results for the airship are illustrated to verify the effectiveness

of the proposed design.
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2 Fi#& &9 (Preliminaries)

TEASCH: | - |FoRbRERIZEGHE, || - || FoRAER
R L HAF 5L, atan2 (-, -) R s V0 R R I 1E V) 65 5,
arcsin(-) Fs RAIEZEREL, min(-) Mmax(-) 707
W MER R, Floy, Gy, fo)Rlgo 3R R m 5

I3 K Beon T AR DRAG TS BE. X T8 B8 Bcas(1),45 % fLJE
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E 2 ROBTEH ARG HOT R AR ()i
ATASTE, IXRERRT DL e A (T T
XA AN E s i, Fohr B R AR R
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T ER I, = [, Gy 5)T € R, WAL
PR Esl ] LR
T, =V}, cos pcosy,
Up = V,, cos psiny, (2)

Zp = Vpsing,

Hor: V= /22 + 92 + 22, x=atan2(g,, ,) Mo =
atan2(2,, \ /42 4-42) 73 5 2R L T 67 £ A A 1
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3.1 3% )5 2 (Kinematics equations)
AR SR (1717745 CER Y I
M BIBBFITREN
1'7 =
CHCy SPCySey — SyCy SPCyCe t+ SySe
CoSyy SOSySp + CyCy SPSyCe — CySep | U e

—Sp CoS4 CoCo
gRlo () v. (11)
B ITEN
1 tesgy  tgce
C=|0 ¢y —s5 |WEWw. (12)
0 sglcg  cylcy
Horr: £5s) £ sin(+), ¢y £ cos(+), t) = tan().

3.2 ZdeJ%?:Tﬁ(Dynamics equations)
Fig. 1 Airship structure sketch B .
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(body reference frame, BRF)Oxyz, Ox 5 &, A v —N+G+B|Y , (13)
Ol L F O fiE I F Jr. YA T 13— [ 2 “ 0
2 Og A5 BT M THT 1B 12k AL B 3R (earth reference A, N, GRI BIIZE AT
[m + pVky 0 0 0 MZe 0 i
0 m + pVks 0 —Mmze 0 0
i 0 0 m+pVks O 0 0
0 —mze 0 I 0 Lo |
maze 0 0 0 I, + pVks 0
0 0 0 —I, 0 L+pVk)
I (m + pVks) (vr — wq) — mzepr + Xa i
(m+ pVka) wp — (m + pVk1) ur — mzeqr + Ya
N | (mFpVk)ug—(m+pVke)vp+mz (¢* +p°) + Za
(Iy = I,) qr + Lpq + mzc (ur — wp) + La ’
(pVks + I, = 1) pg — L, (p* — %) + mze (or — wq) + M,
I (Ix — Iy — pVks) pqg — Ixzqr + Na .
(B—G)sing | (10 0 0 0
— (B — G) cosfsin ¢ 0 0 QCyq4 0 0
G —(B — G)cos fcos ¢ B 0 1 0 —QCy4 —QCyz4
—z.Gcos fsin ¢ ’ 0 0 0 QCrs —QCra|’
—2.Gsin 0 z—xy 0 —QCwms —QChya
i 0 ] 0 0 —QCxs 0 0 |
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5 = cos u#0,
T COS [ (14)
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2 p=>
BRig1 KREH AL T PR RS, B
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(21 N2 0 Qnuaz Qnuss up
0 0 Qnus Qnuzs — Qnyos s £ N, + 7,
| 0 om0 Qnuar Qnuar (15)
Np1UT + Np2WP + Np3qT + Npapq + Nps5La + NpeNa + np7Ya + npgCosy
w= nq1(wg — vr) + nga(p? — 12) 4+ ngspr + ngaMa + 15 Xa + 1qg80 +
| U + npgwp + ne3qr + neapq + as La + 16 Na + 107 Ya + niegCosg
[ 0 0 Qnuir Qnuiz — Qnui2 ur
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Fig. 2 Controller structure diagram
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4.1 HISmES T £ % (Guidance vector field sub- R 2 JE ik S A o A R A o A ) 45
system) Hl, RS E{o, v, wy E &I WA, B {¢,u, w}

530 3) A @) 48, 7T BLAS 240 B i 45 1
{f(z,y,2) = 0,9(z,y, z) = O} 5 AL B ] B 3
o ML A E o

1 ffx+ 99« 1 fygz_fzgy
Uc:ﬁc ffy-l-ggy aa's—ﬁs J29x — fx92 |
Iz + 99 fxgy_fygx
(16)
/\q:'.
N, =

(Ffe+99)° + (Ffy + 99¢)2 + (ff2 + 992)%,

= 2=
[

(fygz_fzgy)2+(fzgx_fxgz)2+(fxgy_fygx)Q-
SE AR ©q = [uq wq) T, B AR
Fefipal

— {¢d, ua, wa}.
BRI 264 F, RA DAL Bigsh 2y fE ]
EEES]
T = Vg cosycos i,
y = Vg cosysin, (18)
z = —Vgsinvy,

o
v = 6 — atan2 (vsin ¢ + wq cos ¢, uq) = 0 — yp,

Ve = \/uﬁ + (vsin ¢ + wq cos ¢)°.

S SOPR BN g = [2q ga 2a) T AIERIRERER
REe=\/f*(z,y,2) + ¢*(2,y,2) = D(2,y,2), 5
(D F(G)FAL, HCFLAL 1 3 7] T 70 g MUY
P g

ug = Vg, wa=Va/1 =32, B €(0,1), (a7 o4=—0tanh(Vyke)+ pogsech(Vyke), (19
¢q = atan2 (v, wq), Na = Vgoq.
HrhVy > 07 CHEHHERIZ Bid 2. H—P,
[ —Va(f fx + g9x) tanh(Vgke) . QVg(fng — fagy)sech(Vgke) 7
Tq Ne Ns
| | =Ve(ffy + g9y) tanh(Vgke) Ve (f29x — fxgz)sech(Vyke) 20
Ya| = N +o0 N (20)
Z4 —Ve(ff2+ 9g.) tanh(Vyke) n QVg(fng — fygx)sech(Vyke)
i N, Ng i

5102, s 19)MF(20) 7T LS A D
F0a PR AR g
{Gd = atan2(—Z4, v/ (£4)2+ (9a)?) +7p,
Ya = atan2(yq, 4),
MWvg = g + ~p, BBl BB L T8 B g A1 R 4035
IR RN

tq = Vg cosyq cos 1y,

21

Ya = Vg cosya sin iy, (22)
24 = —Vgsinq.
SESIABEESMACy = [pa 04 va]t, &
Ge= ¢ — Pd, 0o = 0 — ba,
e = —ta, o = [ b V],
FALF3K(8), 1EH Lyapunov FR %L
L. = —¢7, (23)

L =— VN, tanh(Vyke) cos 0 cos the+
2al(f fxt99x)cw+(f fy+99y)sy] sin O+
(f fx + 99x) sin gy /v? + w} sin go—
(f fy + 9gy) cos ¥y /v? + w3 sin ¢+
(ff2+ 992)%a cos b (1 — costhe) —
(f fx + 99x)9d cos O sin e+
(ffy + 9gy)ta cos O sin the—
(ffz+ 992) \/Msin 0. (24)
B3 {|oel, (0], [ve| i

1
{’d)e| ; ‘96| ; W}e’} < a'rCSIHE £ Vg,
T
Vs € (0,5).

HIF(18) VI FRIE IS S RBE3 AT

Ve > \/(U2+wc21) COS e = 3\1/? (vz—l—wg).

(25)
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Th= \/(ffx +99x)°+ (f fy+99y)°s WA fr <N,
ReHLFEHN

— VN tanh(Vyke) cos 0, cos e+

Vg Ne tanh(Vgre) (sin be| + [sin ¢e|) +

Vg Nesech(Vgre) (0| + [¢el) +

Ve fisech(Vgke) o] - (26)
R AR T 2

Mie < N < Mae, f1 < Mse, 27
Horp My FIM, A IEH AL

A3 HT=E

K, T AP g
i) =HEEL:

T =a1w, Yy=aw, z = a3,

Hrraiazag # 0. ATHL

[] P (1 S 7R g 25, 2R AF(Q27)72 7 S i 2
WL I E B AT IS

_r _Z -y _ =
(557?!72) - a1 (137 g(x7yvz) (12 a37
AEN
2 + 1 1
NC: f 2+(f g) aflz 72f2+722
‘11 a2 a3 ay a3
ATHL
M = min{ ! }
= 1 BDE BCRE
' ai’\l a3

1 2 1 2
]\42—1113,)({\/(12—|—a27 a72+a72}7

1 3 2 3
1
M3 = max{ 3> 72}7
1 a3

MMre < Ne < MaeH f1 < Mse.
i) =HEiRfEL:
T =ajcosw, Yy = assinw, z = azw,
Hrraagaz # 0. AJHL
f(@,y,2)
JFH

.z
Y in —,
a

x z
= — — €08 —, g(m,y7z) =
al as as

2 2 1., =z z
Ne = f—z +g—2+—2[fsm — + gcos —]2,
a?  adi a3 as as

29
1=/~ + =.
N=\ata

CIpe
Mlmln{\/i \/7
Mg—max{\/ + 2’\/@ 2}
2
Mg—max{\/7 \/7

MMie < Ne < MaeH f1 < M3e.
FIFZEQT), RQ26)E N
L. <

3
- EVgNC tanh(Vyke) +

Vg Nesech(Vgke) |0e| +
Ve Nesech(Vgke) [1)e| + Ve Msesech(Vgke) |¢e| <

36 tanh(Vgre) — VZNZsech(Vgke)
+ +
4 M,

— VN,
V2ZM.
7g4 352sech(1/lg/<;6) + M3sech(Vyke) |¢e|2 +
L\ sech(V; 6> 2

7 Mesech(Vgre) (0] + [vel")—

1-96
3(4)L%AQtanh(V%R£L (28)

Hrs € (0,1).

I 4 SEBR LvsA— ﬂigﬂﬂamsm
R#{WECOS Vs > 2sin v HIH].
4.2 REFAREI (attitude stabilization control loop)

4.2.1 ZHEXIBFNFT FZS(Attitude kinematics con-
trol subsystem)

1 HY Lyapunov ER £
1
Vi=L.+ §Ac§ce, A > 0. (29)

, H12026)A] %0,

Fe)=¢e —e =2 20),
)
dF
de
XF(0) =0, Fithe® —e ¢

=e*4+e° —

> 2¢, TRHAQ28)HF

2>20. (30)

Mi<—(Ch—1- —)Mﬂ/ze sech(Vyke)+
Mjsech(Vgre) |gel” + M (Wew — Ca)+
§ Masech(Vgre) (62 + [4l?). 31y
ang ULV iy
wi = [pa qa rdl HkeCe + ). (32)
Hr ke >0, CCatt QZLT‘EQ\/)@/EZ%&(I)&?%E’J
T 4Ca = Ca — Co, HRGDIARGDE
Vi <
— kye%sech(Vyke) + Masech(Vygre) |¢o]” +

T:W_

1 g
EMgsech(Vgﬁe)(\QeF) + |¢e|2 + 4[| Call*—

1 2
Mk = )G, (33)
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3 M - L, I Y - l
Sty = (fr—1- ﬁwlv;. rmplmsy D . .
Q —cqt C
ol < /2(L - — ¢ 2—. 4
R Il ¢ (Le(0) = Eyeet 428y
3. M S0, R 51 HE 1 AT 0 A] DU I R 2R E AR w, [
4 4M,y (34) L > To > O, [[Cell < v, PBBL3AOL.

1 1
)\(kc — E) > max{Mg, MQ}
m=(33)28 N

Vi < — kye?sech(Vgke) — kal|Col|*+
4Xall?, (35)
Hrp
ko = Mke — 16) max{Ms, — Mz}

4.2.2 REBNIET ZSi(Attitude dynamics con-

trol subsystem)
B A R BR R K we = w — wq, W& B
Lyapunov R %{ 1
Va=Vi+ Jwewe, (36)
Va < — kye%sech(Vgke) — kal|Col|? + 4[| Cal 2+
A Wewe +wa (N + T — Wa) - 37)
Bt R, N
Tw = —Ny +(:)d_WgTCe_
H: k> 0, wert 285 F7 2 PRI (1) 345 1 FEAU
FHL A @y = wq — wa, BREOMARGENHE

Vo < — kiesech(Vgre) — kal|Cell? + 4N Call*—
1 x
(ks = 2 el + G2 (39)
IR HE SR I TRA 3 O, AR 3 ASREOT, HEHL
Lyapunov &%}

kowe, — (38)

4@ s

A 1
= 5S¢0 G+ pwiwe, (40)
RFH 1 1
_ = 2 - 2
L¢ == Mk = 7o)l = (ko = 3)llwel*+
b 1., -~
NICall* + S llwall” < —ecLe +pe, (D)
Hor:
. )‘(kC_i) kw_l
¢ = min{ ="t 6L 22y,
! p 42
= max( 3, 1), g = 4| &al? + 12010
A
H¢ N —cet H¢
Le < (Le(0) = TH)e "+ =, (42)

& &

S wn REIEFST R, B Mwn S TN K w0
+t.
4.3  JHEPEERELIA (Velocity tracking control loop)

H ?ﬁﬁﬁﬂﬁ?ﬂ*ﬁiﬁ?%*%%%ﬁXﬂtﬁﬂﬁ,
HCE FEERERIAR I PDYZ . 8 SCE FEFRER IR 72 0, =

e, we] T = ¥ — g, Jz”éﬂXLyapunov 4
Ly = %'BGT De, (44)
R
Ly =, (v + N¢ — q) , (45)

H ANy, 712 RA5F & L{ Ny, 7 ST
31T, B sl Er N

v = =Ny + vg — kee, (46)
Hrke > 0. BREDIRAXB
Le < —ky||oe]|? < 0. (47)

4.4 F2EMESHT (Stability analysis)

FE1 EZEARAD-15IER K RIS K
FRERSE Y oFTF 0 2 6 (27) BT R AR 15, MR X
(38)FH(46) T iH il e, H 4% 250 2 %A (25)
FI34)ET, AT LABRIIE IR R Gei A -

1) fAE—MEREE T, > Ty, #1524t >
MARERE R e e —EUH St

2) WM RGN AR IR R ZE e LS AR ZE
WA —SUE L, B2 IR AR e T %) 2 50
4,

T,

e 1) H340)—@3)FT R, PE PG K
) EARIR G wy,, (845 258 > Tl Wl 2 %3, Bl
[Cell Swss XA f1 < No, i B12024) R (26) AT A1

L. <
Ve Nesech(Vgke) ([sin ¢e| + [sin e]) +
Ve Nesech(Vgke) [sin i)e| — ZVgNC tanh(Vyke) <
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Fig. 3 3D path-following figure
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