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结合灰色预测的动态概率矩阵分解
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摘要: 推荐系统的目标是找出符合用户喜好的物品, 但是用户的喜好和物品的特征是动态变化的, 这种变化会影响推
荐系统的准确性. 很多推荐系统只是简单的使用概率矩阵分解模型, 缺乏对这个问题的有效解决. 本文利用灰色系统理
论中的灰色预测模型对用户和物品的动态性建模, 继而提出了一个基于概率矩阵分解和灰色预测模型的动态推荐系统.
首先, 利用概率矩阵分解模型生成各个连续时间窗中用户和物品的隐式向量. 接着, 利用灰色预测模型得到未来时间窗
中用户和物品的隐式向量, 继而进行推荐. 实验结果说明本文的算法能够有效地对用户和商品的动态性进行建模, 且优
于一些现存的最好的算法.
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Dynamic probabilistic matrix factorization with grey forecast
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Abstract: The goal of recommender system is to find out the items which meet the users’ preferences. However users’
preferences and items’ features change over time that can affect the accuracy of recommender system. Many recommender
systems simply employ probabilistic matrix factorization (PMF) model without addressing this issue. Motivated by the grey
system theory, in this paper, the dynamics of both users and items are modeled by utilizing the grey forecast (GF) model.
Accordingly, a new dynamic recommender system based on probabilistic matrix factorization and grey forecast model
(DPMF-GF) is developed. Firstly, the probabilistic matrix factorization (PMF) model is used to produce user’s and item’s
latent vectors between consecutive time windows. Next, the grey forecast model is used to predict user’s and item’s latent
vectors in the following timestamp. The experimental results show that our model can effectively model users’ dynamics
and items’ dynamics, and outperforms the existing state-of-the-art recommendation algorithms.
Key words: recommender system; probabilistic matrix factorization; grey forecast model

1 Introduction
Recommender system usually makes prediction and
recommendation by analyzing historical records of
users’ purchasing and ratings. Collaborative filtering
(CF)[1–2] is one of the most widely-used forecast technologies especially in personalized recommendation.
The basic idea is that similar users would prefer similar items. But the traditional CF algorithm suffers from
the sparsity problem and imbalance of rating data.
Matrix factorization technique[3] is a popular
method for solving the data sparsity and imbalance
problems. In general, matrix factorization technique
usually learns the latent features of both users and items
from the sparse user-item rating matrix by mapping
both users and items to a joint low dimensional latent

feature space, and then makes prediction according to
user and item latent features. In fact, almost all rating
matrices are imbalance and sparsity. So matrix factorization technique significantly improve the performance
of recommender system. Despite great success, these
methods are not able to model the change pattern of the
user’s preferences and item’s features. However users’
preferences and items’ features would change over time
which would seriously affect the accuracy of recommender system. Due to the uncertainty, there is still
a lack of methods for modeling the evolution of users’
preferences and items’ features.
Grey system theory was originally proposed in
1982[4] . In many real-world practical systems, it is
difficult to understand all their internal structure, param-
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eters and features. Grey system theory mainly focuses on these systems and is widely used for conditional
analysis, prediction and decision making. In this paper,
the change pattern of the users’ preferences and items’
features is regarded as a grey system. Accordingly, we
propose a dynamic recommender system based on probabilistic matrix factorization and grey forecast model
(DPMF–GF). In the proposed method, the probabilistic matrix factorization (PMF) model is used to produce
user’s and item’s latent vectors. And the grey forecast
(GF) model is used to forecast the latent feature vector
of both users and items. The main reasons are as follows. First, the GF model uses accumulated generation
operation to build differential equations, which benefit
from the correlations of the latent vectors in different
time windows. Second, the GF model can achieve satisfactory results even in the case of less data so it can
overcome data sparsity problem.
The contributions of this paper are summarized as
follows:
1) We proposed a dynamic recommender system
based on probabilistic matrix factorization and grey
forecast model (DPMF–GF). Our model can model the
change pattern of the users’ preferences and items’ features.
2) Our work is the first work that utilizes the grey
system theory to overcome the weakness of traditional
recommender system by modeling the change pattern of
the users’ preferences and items’ features.
3) Extensive experiments have been conducted on
several real world datasets and the results show that our
model can achieve great results and outperform the existing recommender systems.

2 Related work
Non-negative matrix factorization (NMF)[5] , fast
maximum margin matrix factorization for collaborative
prediction (MMMF)[6] and probabilistic matrix factorization (PMF)[7] are some widely used matrix factorization algorithms. The goal of these algorithms is to
learn latent feature vectors from the sparse rating matrix. Many variants have been developed to improve the
quality of recommendation, e.g., factored item similarity models for top-n recommender systems (FISM)[8] .
However, all the above methods have not considered the change of users’ preferences and items’ features over time. There are only a few recommendation
algorithms for addressing this issue. In [9], changes in
user purchase interest are taken into consideration by
computing the time weights for different items in a manner that assigns a decreasing weight to old data. But
some users may have long-term interest which can’t be
well modeled by decreasing weight. In [10], Xiong et
al. proposed a novel method called Bayesian probabilistic tensor factorization, in which the user-item-time ten-
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sor factorization is developed to model temporal effects.
The downside of this method is like[11] pointed that the
time dimension is a local effect and should not be compared cross all users and items. In [12], Sun et al. proposed an extension to probabilistic matrix factorization
(PMF) by using Kalman filter. But their method have
time-dependent and user-supplied transition parameters. It is impractical to specify such parameters for
all users at all time points. In [13], Koren presented the
first temporal model for the matrix factorization method
by introducing time-variant biases for both users and
items. But the model does not summarize the underlying pattern for the changes of biases in different windows. In [14], Zhang et al. modeled user dynamics by
introducing and learning a transition matrix for each user’s latent vectors between consecutive time windows.
However, the transition matrix is time-invariant.
Inspired by the previous studies on probabilistic
matrix factorization and grey system theory, this paper
proposes a recommendation algorithm which combines
probabilistic matrix factorization and grey forecast to
model temporal dynamics of both user and item which
can model the change pattern of the users’ preferences
and items’ features.

3

The proposed algorithm

In this section, we will describe in detail the
proposed recommendation algorithm, which integrates
probabilistic matrix factorization and grey forecast to
model temporal dynamics of both users and items.
3.1 Probabilistic matrix factorization
The probabilistic matrix factorization (PMF)[7]
model firstly maps both users and items to a joint low
dimensional latent factor space. Then ratings are computed as inner products in that space.
In our algorithm, this model is extended to the dynamic case by introducing a timestamp factor as follows. A user-item rating matrix Rt = [rijt ]m×n is used
to represent the rating information between m users and
n items at time window t. Each entry rijt in row i
and column j denotes the rating of user i to item j at
time window t. The PMF model factorizes the useritem rating matrix Rt = [rijt ]m×n into two matrices
Ut ∈ Rm×l and Vt ∈ Rn×l , with l-dimensional row
vectors Uit and Vjt representing latent feature vectors
of user i and item j at time window t respectively. As
in [6], the conditional distribution over the observed ratings is defined as
m ∏
n
∏
p(Rt Ut , Vt , σ 2 ) =
[N (rijt |Uit VjtT , σ 2 )]Iijt ,
i=1 j=1

(1)
where N (x|µ, σ 2 ) is the Normal distribution with mean
µ and variance σ 2 , and Iijt is the indicator function that
is equal to 1 if user i has rated item j or 0 otherwise
at time window t. We also place zero-mean spherical
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∏
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The log of the posterior distribution over the user and
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∑
∑
1
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∑
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2
it
it
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i=1
j=1
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m ∑
1 ∑
2
2
((
Iijt ) ln σ 2 + ml ln σU
+ nl ln σV
) + C,
2 i=1 j=1
(3)
where C is a constant which does not depend on the
parameters. Our goal is to find the values of Uit , Vjt
that maximize the log-posterior which is equivalent to
minimizing the sum-of-squared errors objective function with quadratic regularization terms:
m ∑
n
1∑
E=
Iijt (rijt − Uit VjtT )2 +
2 i=1 j=1
m
n
∑
λU ∑
∥Uit ∥2Fro + λ2V
∥Vjt ∥2Fro , (4)
2 i=1
j=1
2
2
where λU = σ 2 /σU
, λV = σ 2 /σV
, and ∥ · ∥2Fro denotes
the Frobenius norm.
After learning the latent feature vectors of users and
items at each time window t, we can use this information to forecast users’ and items’ latent feature vector in
the future.
3.2 Grey forecast model
Grey forecast (GF) is an application of grey system
theory which was originally proposed in 1982[4] . According to grey system theory, although the behavior of
a system is hazy and its data is complex, the data is orderly in term of time and the system have overall function. The basic idea of GF is to find out law from the
clutter and then make a prediction. In detail, the significance of the accumulated generating operation used in
GF is to weaken the randomness and enhance the regularity. In our algorithm, the change pattern of the users
preferences and items features is regarded as a grey system. And the GF model is used to forecast the latent
feature vectors of both users and items. One representative GF model is called GM(1, 1) which indicates the
model is first order and only contains one variable[4] .
The GM(1, 1) model is widely used in dynamic forecast and has been shown to achieve great results. So we
adopt the model in this paper. The general procedure
for the GM(1, 1) model is derived as follows:
Step 1 In order to guarantee the feasibility of the
method, it is necessary to do the inspection and preprocessing of the original data. Assume the original data
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(0)
sequence is xi ,
(0)
(0)
xi = {xi (t)}, t
(0)
where xi (t) corresponds to

= 1, 2, · · · , w,
(5)
the i-th dimension of latent vector at time window t and w is the length of the
sequence. From Eq. (5), we can compute the level ratio
of the original sequence as follows:
λi = {λi (t)}, t = 2, 3, · · · , w,
(6)
(0)
(0)
where λi (t) = xi (t − 1)/xi (t). If all λi (t) ∈
2
2
(0)
(e− w+1 , e w+2 ), the original sequence xi can be directly used in the GM(1, 1) method. Otherwise, we
need do shift transformation for the original sequence:
(0)
(0)
yi = {xi (t) + c}, t = 1, 2, · · · , w,
(7)
(0)
such that the level ratio of sequence yi must be in the
2
2
range of (e− w+1 , e w+2 ).
(1)
Step 2 A new sequence xi is produced by the
accumulated generating operation (AGO) as follows:
(1)
(1)
xi = {xi (t)}, t = 1, 2, · · · , w,
(8)
t
∑
(1)
(0)
where xi (t) =
xi (j), t = 1, 2, · · · , w.
j=1

Step 3

Build a first-order differential equation
(1)
dxi
+ az (1) = b,
(9)
dt

where
(1)
(1)
z (1) (t) = αxi (t) + (1 − α)xi (t + 1),

t = 1, 2, · · · , w − 1,
(10)
with α (0 < α < 1) denoting a horizontal developing
coefficient. In our experiments, we set α = 0.5 according to parameter analysis.
Step 4 Solving Eq.(9), we get the forecasting
model
(0)
x̂i (1) (t + 1) = (xi (1) − b/a)e−at + b/a,
(11)
where a is the development coefficient and b is grey action, which are computed
as follows
[ ]
a
= (B T B)−1 B T Y,
(12)
b
where
 (0)


 (1)
xi (2)
−z (2) 1

 (0)
 −z (1) (3) 1
 xi (3) 



(13)
B=
..
..  , Y =  .. 
.

.
.
 . 
(0)
−z (1) (w) 1
xi (w)
Step 5 Inverse accumulated generation operation
(IAGO) is used to convert the prediction on data of
AGO to the original data:
x̂i (0) (t + 1) = x̂i (1) (t + 1) − x̂i (1) (t),
(14)
which can be used to get the forecasted value at the new
time window.
3.3 DPMF–GF
The probabilistic matrix factorization (PMF) model[7] scales linearly with the number of observations and
performs well on large, sparse and very imbalanced
dataset. But in the scenario where users’ preferences
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and items’ features change over time, PMF can’t capture such change which is essential for developing accurate recommender systems. In consideration of the
fact that users’ dynamic preferences and items’ dynamic features can be regarded as grey systems, the grey
forecast (GF) model can be used to forecast the latent
feature vector of users and items.
So we combine PMF and GF to model both users’
and items’ temporal dynamics. Our algorithm has three
main phases including data preprocessing, probabilistic matrix factorization and grey forecast. The detailed
procedure of our algorithm is described as follows:
Phase 1 The original data are user-item rating
records with time stamp. In this phase, all the original rating data are divided into w time windows according to time stamp and a user-item rating matrix
Rt = [rijt ]m×n is generated at each time window t.
Phase 2 In this phase, PMF[7] is used to learn the
latent feature vectors of users and items at each time
window t by minimizing the sum-of-squared error objective function with quadratic regularization terms as
follows:
m ∑
n
1∑
E=
Iijt (rijt − Uit VjtT )2 +
2 i=1 j=1
m
n
λU ∑
λV ∑
∥Uit ∥2Fro +
∥Vjt ∥2Fro . (15)
2 i=1
2 j=1
Phase 3 After the first two phases, we have
learned the latent feature vector Ujt of user j which is
a l-dimensional row vector at time window t. We get
(0)
sequence xi from w time windows by just getting the
value of the ith dimension in latent feature vector Ujt
of user j :
(0)
xi = {ujti }, t = 1, · · · , w,
(16)
where ujti represents the value of the i-th dimension in
latent feature vector Ujt of user j at time window t. For
forecasting the latent feature vector in future, we use the
GM(1, 1) model:
Ûji = x̂i (0) (w + 1) = x̂i (1) (w + 1) − x̂i (1) (w), (17)
where Ûji represents the value of the i-th dimension in
the forecasted latent feature vector Ûj of user j . We
just need to use the same model on every user and l
dimensions to get the forecasted latent feature vectors
Û ∈ Rm×l of all users.
Similarly, we have also learned the latent feature
vector Vjt of item j which is a l-dimensional row vector at time window t. And we can get the forecasted
latent feature vectors V̂ ∈ Rn×l of all items. Finally,
we can calculate the rating by Û V̂ T .

4 Experiments
In this section, we conduct extensive experiments
to evaluate the prediction accuracy of our algorithm by
comparing with the existing state-of-the-art algorithms. We first describe the datasets and evaluation metrics
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used in our experiments. And then parameter analysis experiments have been conducted to show the sensitivity of our method in different parameters. Finally,
the comparison results with other state-of-the-art algorithms are reported.
To show the necessity of considering the temporal
dynamics of both users’ preferences and items’ features,
we also analyze the performances of two algorithms related with the proposed DPMF–GF.
1) DPMF–GF–U: This algorithm is similar to
DPMF–GF, but it only models temporal dynamics of
users’ preferences. That is, when we set V̂ = Vw in
DPMF–GF, DPMF–GF becomes DPMF–GF–U.
2) DPMF–GF–V: This algorithm is similar to
DPMF–GF, but it only models temporal dynamics of
items’ features. That is, when we set Û = Uw in
DPMF–GF, DPMF–GF becomes DPMF–GF–V.
4.1 Datasets
In our experiments, two widely tested real-world
datasets are used, which are FineFoods[15] (food ratings)
and Epinions[16] (product ratings) with time stamp information. We preprocess these datasets by removing
the users with less than 20 ratings as in [14]. Each rating record in these datasets contains [User ID, Item ID,
Rating, Timestamp] and all the ratings range from 1 to
5. The statistics of the preprocessed datasets are shown
in Table 1.
Table 1 Datasets
Statistics
# Users
# Items
# Ratings
Timespan

FineFoods
7590
27385
141294
1999.10 − 2012.10

Epinions
14077
96291
470557
1999.3 − 2000.12

On the FineFoods dataset, w = 10 time windows
are created by first partitioning it yearly and then merging several oldest windows into one window. On the
second dataset, we partition it bimonthly to get 10 time
windows. On both datasets, the last three windows for
testing. After we create w = 10 time windows, the
user-item rating matrix can be constructed according to
the rating records at each time window. For each testing
window, we use all the time windows prior to it as the
training set. And we run the experiment five times and
report the average results for reliability as in [14].
4.2 Evaluation metrics
In order to evaluate the quality of the recommendation algorithms, two widely-used evaluation metrics, namely RMSE and Recall@k , are used to measure
the accuracy of the ratings predicted by our algorithm
and other state-of-the-art algorithms. RMSE is the root
mean square error which
√ is defined as
1∑
RMSE =
(rij − r̂ij )2 ,
(18)
T i,j
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where rij denotes the true rating user i gives to item j ,
r̂i,j denotes the predicted rating user i gives to item j
and T denotes the number of tested ratings. Recall@k
for a user i is defined as
|N (k; i)|
Recall@k =
,
(19)
|N (i)|
where | · | denotes the number of elements in the set,
N (i) denotes the set of items rated by user i in the
testing set and N (k; i) denotes the set of items in the
top-k list sorted by their predicted ratings. In order to
show the global view, we report the average value of
the Recall@k over all users in the testing set as in [14].
According to the definitions, the prediction quality of
an algorithm is better when the algorithm has a smaller
RMSE value or a higher Recall@k value.

4.3 Parameter analysis
As we have mentioned in Subsection 3.2, in
Eq.(10), α (0 < α < 1) denotes a horizontal developing coefficient. In order to select a suitable parameter,
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we analyze the impact of different values of this parameter to the result in our algorithm by experiments. In
the experiments of parameter analysis, we vary α from
0.1 to 0.9 while keep k = 300 in the top-k list and the
latent dimensionality l = 20 without loss of generality.
Figures 1–2 plot the results in terms of RMSE as
a function of α on the two datasets. And Figs.3–4 plot
the results in terms of Recall@300 as a function of α on
the two datasets. We observe that the performances of
our algorithm and its related algorithms (DPMF–GF–
U and DPMF–GF–V) are relatively stable according to
the values of RMSE and Recall@300 when different α
values are used. In particular, the value of RMSE becomes slightly larger when we vary α from 0.1 to 0.9.
The value of Recall@300 also slightly changes but not
monotonously when we vary α from 0.1 to 0.9. According to these results, our algorithm and its related algorithms (DPMF–GF–U and DPMF–GF–V) is relatively robust to the parameter α. Therefore, we use α = 0.5
in our experiments without loss of generality.

Fig. 1 RMSE on FineFoods: l = 20, varying α. The three figures from left to right in turn represent three testing windows

Fig. 2 RMSE on Epinions: l = 20, varying α. The three figures from left to right in turn represent three testing windows

Fig. 3 Recall@300 on FineFoods: l = 20, varying α. The three figures from left to right in turn represent three testing windows
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Fig. 4 Recall@300 on Epinions: l = 20, varying α. The three figures from left to right in turn represent three testing windows

4.4 Comparison experiments
In order to show the effectiveness of our recommendation algorithm, we compare the recommendation results with those generated by PMF[7] and
TMF[14] .
In our experiments, the maximum number of iterations MaxIter is set to 80 for all the matrix factorization methods. The criterion of the choice of MaxIter
is these methods’ objective values no longer change.
We set µ = 0.0001, λU = 0.01, λV = 0.01 in PMF, TMF, DPMF–GF, DPMF–GF–U and DPMF–GF–
V, and λB = 0.01 in TMF. Appropriate λU , λV can

prevent overfitting. For the choice of µ, λU , λV , we
pruning based on previously values in [7] and [14].
4.4.1 Comparison on RMSE
Table 2 presents the RMSE of different models on
two datasets. It is easily observed that our proposed
DPMF–GF algorithm is better than PMF and TMF
on the two datasets. Although the improvement is not
so significant, as pointed out in [13] and [14], achievable RMSE values lie in a quite compressed range and
small improvements in terms of RMSE can have a
significant impact on the quality of a few top presented recommendations.

Table 2 RMSE (mean ± standard error) of different models with l = 20. The best performer is in boldface
FineFoods
Algorithm
PMF
TMF
DPMF–GF–U
DPMF–GF–V
DPMF–GF

Epinions

Window 1

Window 2

Window 3

Window 1

Window 2

Window 3

1.2013±0.0008
1.1869±0.0006
1.1858±0.0003
1.1862±0.0004
1.1858±0.0003

1.2480±0.0004
1.2295±0.0006
1.2285±0.0002
1.2286±0.0005
1.2283±0.0002

1.2299±0.0003
1.2003±0.0004
1.1995±0.0005
1.1996±0.0003
1.1995±0.0002

1.1836±0.0017
1.1153±0.0004
1.1143±0.0002
1.1142±0.0002
1.1142±0.0002

1.1654±0.0013
1.1085±0.0002
1.1072±0.0001
1.1071±0.0003
1.1071±0.0001

1.1472±0.0020
1.0906±0.0003
1.0892±0.0002
1.0892±0.0002
1.0890±0.0002

4.4.2 Comparison on Recall@k
Figures 5–8 report the recall performance of different models at three testing windows on the two
datasets. From left to right in turn each column is
a testing window. We vary k in the top-k list from
50 to 500 and fix the latent dimensionality l = 20
as shown in Figs.5–6. And we vary l from 10 to 30
and fix k = 300 as shown in Figs.7–8. According
to the results of Recall@k, we can compare our algorithm with TMF and PMF obviously. Compared
with PMF which does not consider dynamics, our
DPMF–GF algorithm is better on the two datasets.
Compared with TMF which introduces and learns a
time-invariant transition matrix for each user’s latent
vector, our DPMF–GF algorithm is as good as it on
Epinions and performs better on FineFoods. These
evidence suggest that considering the effect of dynamics helps improve the accuracy of recommender

system and the grey forecast model are better than
time-invariant transition matrix for modeling dynamics.
4.4.3 Comparison with both DPMF–GF–U and
DPMF–GF–V
As we can see in Figs.5–8 (higher values are better), although the result of our DPMF–GF algorithm is very similar to its related algorithms (DPMF–
GF–U and DPMF–GF–V), it is relatively stable in
comparison with both DPMF–GF–U and DPMF–
GF–V. According the result in Table 2, it is easily
observed that our proposed DPMF–GF algorithm is
better than its related algorithms (DPMF–GF–U and
DPMF–GF–V) on the two datasets. In addition to the
improvement in the mean error, the improvement in
standard error shows that our DPMF–GF algorithm is
better than its related algorithms DPMF–GF–U and
DPMF–GF–V and more stable on the two datasets.
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Fig. 5 Recall@k on FineFoods: l = 20, varying k. The three figures from left to right in turn represent three testing windows

Fig. 6 Recall@k on Epinions: l = 20, varying k. The three figures from left to right in turn represent three testing windows

Fig. 7 Recall@300 on FineFoods: varying l. The three figures from left to right in turn represent three testing windows

Fig. 8 Recall@300 on Epinions: varying l. The three figures from left to right in turn represent three testing windows

In summary, the proposed DPMF–GF algorithm outperforms previous models and its related algorithms in most cases. There are three reasons for this
improvement. First, compared with PMF which does
not consider dynamics, our algorithm introduces the
grey system theory to model users’ and items’ dynamics and therefore gets better results. Second, although
TMF introduces and learns a time-invariant transition
matrix for each user’s latent vector to model dynamics, yet in many cases, the patterns of the evolution for

users are not time-invariant. Our proposed algorithm
does not need to assume the time-invariant pattern of
the evolution for users and can achieve great results
even in the case of less data due to the characteristics of the grey forecast model. Third, two related
algorithms of our DPMF–GF algorithm only model
the change pattern of users’ preferences or items’ features. But both users’ preferences and items’ features
would change over time which would seriously affect
the accuracy of recommender system.
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5 Conclusions and future work
Recommender system is a very popular research
topic and successfully applied to plenty of real-world
applications. Nevertheless, most of the existing recommender systems don’t consider temporal dynamics
which can affect the accuracy of recommendation.
To address this problem, in this paper, we have
proposed a novel method, which combines probabilistic matrix factorization and grey forecast to model temporal dynamics of both users and items. The
key idea is to model the change pattern of the users’ preferences and items’ features by the grey forecast model. Different from the existing dynamic models, our model introduces the grey system theory and
regards the change pattern of the users’ preferences
and items’ features as a grey system. Experiments on
two real-world datasets namely FineFoods and Epinions show that our method outperforms the existing
methods.
For our future work, we are interested in the cross
domain recommender system with social network.
This is because social network can provide auxiliary
data that is beneficial to extracting features and modeling the change pattern of the features .
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