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Adaptive control of pure-feedback nonlinear systems with
input unmodeled dynamics

ZHANG Tian-ping!, GE Ji-wei, XIA Xiao-nan
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Abstract: Based on dynamic surface control (DSC) method and using Nussbaum function property, two adaptive DSC
schemes are developed for a class of pure-feedback nonlinear systems with state and input unmodeled dynamics as well
as unknown control gain sign in this paper. Normalization signal is designed to restrict the input unmodeled dynamics,
and the disturbance produced by it is effectively suppressed. Dynamic signal is introduced to deal with the dynamic
uncertainty caused by unmodeled dynamics. By adding the normalization signal to the whole Lyapunov function and
using the defined compact set in stability analysis, all the signals in the closed-loop system are proved to be semi-globally
uniformly ultimately bounded (SGUUB). Numerical simulation verifies the effectiveness of the proposed approach.
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o ¢ 1 gn () :
- dc. 4
w e Y b P [N (G) + 1 -
HHAR 2 E e E T A, V, TS N 1 a?
2 Py n>\H§n( )H + PrH.+ k2 + 2 (71)
s _ 2a2 2
‘/Sn — 7|gn(xn717 oS, + Bn)|> "
2 TE X Lyapunovl%li&ﬁlﬂ:'
Hro € (0,1). XV, [t ERT, WG
. < & et V= ZV +Z 5 +—A2+/\ +—, (72)
Vi, = =5+ s 2 A4(t 2,7) x DRI ’
|gn ()] i=1 Hrfys > 02 EIHHEEL
—1/= o PRV A] 3
jlaa‘gn (xn—alaasn +Bn)’d0+ /ann + /TEX/%;%K )
0 i ()] Q. ={E g Ao m":V<ICR", (73)
2 fl =1 0g, (Tn1, 080 + B) PTG T
ss| o Z B X A A RIERE, p, = 2n + 2.
=t / LSRN B R TR R, x Qg FRIER KA NM,;,
(Tj41 + Fj(Z5,241))do — i=1,---,n,nfEEEN, x QL1 & KENM,;,
G, fl i 1 o 65) 1=2,--,n. ‘
0 |gn(Tn-1,05, + b))l SEF 2 EIEHKH ARG BHIH68)-(69).
RTINS, 515 F & N A8) A R P R 48, A ABk 1, 3T Az, N
(@) o AL 2 SR S LV (0) < T, 17753 Kk, 7,
V, < n d .
jgaa)] 1)+ daul s v, 0 ST PR 00 4 — B AT T,
2 _ : NE
ﬁksn\lfn(Zn)HQ+snsn(Zn)+%" < EPkZ,l/TZ,aO{WEéZDT:#
2 () ki>z+?05i:1727"'7n7
2 Sn T
A()+4+|gn(x)|dA8U+ 1>5+@i:12m ; (74)
1 a2 7_2 4 2 M ) )]
503 ASullén(Za) P +5nen(Z0) +55 (66) ap < min{ér, v101, 6}
o iE & fLyapunovig#V H=0(72)HiE .
I _ MV < J W, X Lyapunov BRIV 3R T IR i (68)—
w(Zn) = (69) T3
fu(@) + s flanzlmg” @Fn-1, 080+ Bo)l . ﬂ:L 9 nl 1 5
|9n ()] Joo i3 dz; V<- le(kz ——)si — Z:l (7_ 4)3/@2+1 + uy —
1 i= i=1 Tit1
_ Pn2© @y (v + Dy) < _
1+ Fy(Z,x;41))do + — PRI n
(15]-&-1 ](‘T] 517j+1)) g |gn(ﬂf)! (712 . ?an [’g Ei;,dAN(C") + 1]Cn _
5 fl 1 da+pn1(llﬂfH) N
"o Tgn @t 050 4 B Jgal@)] 70“69(% 1Y), 75
n n—1 1 0 1, n » ﬁq:l
5= (0 42 P Mgy d mna = n
= x; o= X o X M+ Y M
n— 0 =1 =1 =2
San (IIﬂfHHSan oay'(v+ Dy). (67) 2
=4 =N ' LN
it - 1
1 Tp1,V) = 2 oa; (v+ Dg) +
= NG + s (2, @ G T e
! . v (1)
bu= kst oA €D (69) & Pa e +=0

2a2 "
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B (T4HRNA(TS), AT
V< —agV 4+ +Q(fn_1,v) -
gn( )

I AN(C) + 1. 76
V< J, U'\Uﬁsn,yn,;\,ﬁ,v,ﬁ”Lﬁﬁ, KA T e #H
FIor AT el 53z, o 5t i ¥8m € Lo, AP, A 5t
RNQ(Zy_1,v) & —NIETOES R, 7,1, vA TT,

FrPhQ(Z,, 1, v) A 5t W RQ(ZT,_1,v) < po, forE—
AARENIEFE. B (78)1F

dalN(Gn) +11¢.
a7
%U?%ﬂ%ﬁ’m‘i@ B
RN dAN (Go) + 1o =T +

Ho + ,U1
&%)

5 FE3 T 41, f |dAN(§n)+1]Cn e=o(t=7)dr,
V() FIC (£)TE [0, tf)ﬁﬁﬁ Tt E R IEH 3, A
( ) —ao(t—)

A f e n(m”dw(cn) 1ée dr, V(t)f
C()FE[0, 00) FA FL. it — B 69w H1, X(THH

+V(0). (78)

AT A L, Epﬁrmmm |[9|”( (gf «
0< V(t) <
M0+M1+M2+[V(0)_H0+M1+M2]e,aot. (79)

(6% (6%
WRYV = JHag > (o + g + p2)1J, %B/ <0. it
—35, RV (0) < J, WAV (1) < J,VE >

R, I RS ETE %%Si,yi,j\,v,ijuﬁ%
— ARG RN, P, ﬂ%“$z, yiH?ﬁJai, u— A&
ZiH

JE 2 SO FI Nussbaum iR 5, ¥ T 5 )43 (68) N
NussbaumZ 4§ [ & R H(69). #E— 25, 768 M2 HEL 74 K R
HrbrnN 1 IENAGAE S, ATERT T I3 R G R .

5 {EZ5 R (Simulation results)
Bl el N B KRB HIE R R 52

‘é — q(t7 Z7y)?
T1 = T2+ Ay,
Ty = fo(w1,22) + go(1)v + Ay,
y=7an (80)
p1 = —2p; — D} + pa,
D2 = —2py + u,
—pa + 10p3
v=p 4+ ————2 o,
b 1+ p3

A
f2($1,$2) =

mylz3 cos xy sin xy

gsimaxTy me + my

2 3
m; COs” 1

l(% mycos2m, . ; 4

m. + my 3
COS T

mc+ml

me + my
m;cosZx; .’

92(391) =
A

3 me + my
q(t,z,y) = =2z 4+ ysin t + 0.5, Ay = 0.5z, 4, =
r12, g = 9.8 m/s* HITINESE, m, = 1 kgrt/NERIR
#,my = 0.1 kg@F MR E, [ = 0.5 mZFH
M. IR Ny = (7/30) sin ¢.

PiEH, m = —§gm + |ul, v = —v +2.5y% +0.6;
WS Ik, = 5,ky = 10,02 = a2 = 0.05, v, =
Yo = 4,0, = 05 = 0.01, 6y = 1.5, 7% = 0.05; ¥MEN
x(0) = [0.05 —0.1]T, 2(0) = 0, p(0) = [0 0],
;\(0) = 1.5, H’(O) = 0.15, m(0) = 0.2,v(0) = 1.5.
ﬁ[’ﬁ]g\

&(Z) =60(Z) -+ &, (Z)]" e RY 1 =10,
(Zi —bij)"( i—bij)]

b
I

§ij(Z;) = exp|— afj , 1o = 20,
Z) =%y = [ 1?2] Zy=[r1 79 89 ,82 U]T,
S$1=Y—Yd, So=To— P2, J=1,--+,1;;1=1,2,
bijr = 0.2k(j — l21) j=1,- 1, k=1,2,
bojr = 0.2k( —%2),]: o, k=1,---,5,
a; =1,7=1,---,1;,i=1,2,

PiEas R 137, WL, 2R 51, A SR it 1
& N RIS PRAE P RGURA RIFHIERERVERE

B2 IR SRR ANIRES R EE S
2l S AR R S

2 =—z+ 0.52%sin(z,t),
3
x
$1:$1+$2+€2+A17
3
. T
To=X3 + ?3 + AQ,
&3 =x12223 + (1 + 0.1sin(0.5z12923) )v + As,
(81a)
Yy =2,
P1=—2p1 — P} + po,
P2 =—2p> + u, (81b)
—ps + 4p3
v =p 4 2 4,
P
A

Ay = 0.1zsint + 0.1sin(x;x0x3t),
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Ay = 0.1zcos(xpx3t),
Az = 0.2zcos(0.5z5t) — 0.52;.
HHEE I ERER ST yq(t) = 0.5sint + 0.25sin(0.5¢t).

5 10 15 20
t/s
Bl 1 a5 AR R Gy AT Ay,
Fig. 1 Output y and desired trajectory yq for inverted pendulum

system with known gain sign

0.05 T T T
»  0.00 e
-0.05 L L L
0 - 10 15 20
t/s

Kl 2 BRERRZE s

Fig. 2 Tracking error s1

t/s
K3 EflfE S
Fig. 3 Control signal u

XTI RGE AT 5 E ) TR ESE S
O = —v + 0.521 + 0.5; WIS HHCN
o1 =09 =0.1, 7, =13 = 0.01,
a1 = ay = as = 10, §y = 1.5,
ki =7, ky=ks =5, 11 =272 =5;
YHEEY
2(0) =0.1,2,(0) = 0.1, 25(0) = 0.2, 23(0) =0,
;\(0) =2, 52(0) = 53(0) =0.2,
p1(0) = 0.1, p2(0) = 0.1, m(0) = 0.2,
H(0) = 0.5, v(0) = 0.1;

I B4R
Ly =40, I, =13 = 20,

l
b = 0.1k(j — o), j =1, L, k=12,

2
l

boji = 0.1k(j = ), j = L,oo 1l b =1,2.3,
l

b3_]k::0]-k;(.]_ 53)7 j:l’ 7l37 k;:17 767

aij = 1, ] = 1, 7li7 = 1,2,3.
i ELE R El4-6 .

t/s
K 4 RIS CANRIAE RS R Gtk oy MUY Iy
Fig. 4 Output y and desired trajectory yq for pure-feedback

system with known gain sign

7]
702 1 1 1
0 10 20 30 40
t/s
Kl 5 PRERRZ s
Fig. 5 Tracking error s;
T T T
400 - Al
200 | 7
S 0.0 ittt
—200 | .
-400 . ! 1
0 10 20 30 40

t/s
6 1ZEHfE S u
Fig. 6 Control signal u

xR 2w AT 5 ARK): TS ES
o = —v + 0.5z + 0.5; WIFSHHN
g1 = 09 — 001, To = T3 = 001,
a; = a2 = a3 = ].5, (50 = 15,

kl == 7, kz == 5, k?3 :25, Y1 = 10.
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2(0) = 0.1, 2,(0) = 0.1,

25(0) = 0.2, 25(0) = 0, A(0) = 1.5,

B2(0) = B3(0) = 0.2, p1(0) = 0.1, po(0) = 0.1,
m(0) = 0.2, v(0) = 0.1, ¢3(0) = 0.

FREE 2% (BT S ECN

Iy =1y =I5 = 10,

!
mﬂza%u—éyj:anhk:Lz
!
@M:a%g—gyj:Ln,@k:Lz&
!
baji = 02k(j = ), j =1, I, k=1, .6,

aij::l?j:]-a"',liai:1;2;3-
1 H 45 R AN 7-9F~.

0 10 20 30 40
t/s
7 BEARTF T OARANIAL SR R Gkt y AU B By
Fig. 7 Output y and desired trajectory yq for pure-feedback

system with unknown gain sign

w
._02 1 1 1
0 10 20 30 40
t/s
Kl 8 BRERIRZE s
Fig. 8 Tracking error s1
T T T
500 5
s 00 L e i
=500 .
0 10 20 30 40

t/s
K9 =5 Su
Fig. 9 Control signal u

AR — R BA RS F N A AR BN 1 4 = 5t
LMt R Gt, R AR A Bk ol ) i AE LR M R Gu ke
R e A AR St R G, dE—28, R ED
A TR 74, R 28 75 CRAR F0 1 oL, 32
RN B &N R I 5N — e R AR, BRI
TR R AR . T AR ) B pR R 2 N 1
1RSI AR A EH ARG M s A R AR o B2
T I BRI E T A 2 ) EK . R Young s AN SR
3, X HEF AR AN E DU AT 4, A ek #i
22 W % AE 2T 22 H . F F Nussbaum R 1)
PR, AT R ADLEE ) 38 2 155 5 A R ) . 7E R SR ()
FUAE I — D 45 B B B A RS2
WIMAELRNE R S
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