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Abstract: Considering the problem of the finite time stability analysis of the general nonlinear time-varying system
with its initial time varying in a finite interval of time, the paper proposes the concepts of uniform finite time stability,
uniform contractive stability and uniform contractive stability with fixed settling time, respectively. For a class of linear
time-varying (LTV) systems, by computing the envelope of all of its trajectories, the corresponding sufficient and necessary
decision theorems for its contractive stability, contractive stability with fixed settling time, uniform finite time stability,
uniform contractive stability and uniform contractive stability with fixed settling time are derived respectively. Moreover,
three sufficient decision theorems for the uniform contractive stability and uniform contractive stability with fixed settling
time of the LTV systems are also proposed. Further, the obtained theorems are generalized to the periodic LTV system, and
the generalized results provide theoretical basis for deciding the uniform finite time stability, uniform contractive stability
and uniform contractive stability with fixed settling time of the periodic LTV system with respect to arbitrary initial time.
Finally, four numerical examples and an example about relative motion process of two spacecraft are given to verify the
correctness of the obtained results.
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SO TR KRG, M EORHAEA R AR A X
[B] P A2 IR AR BT P PR R FEARED ] . X B RGEA
— JE J& Lyapunov f2 5& [, T A PR I 8] 2 5E M (finite
time stability, FTS) A%, RIZE R R 48 Wik E R o
H R PPIRASTEAR PRI R AN IS e SR B (> o), W
U e Z1) ) E A PR [] X 1] ) AR B R Gent T Aae v
(ER A

Kamenkov7E 19534 B X3 1A BR B[R] £ 0E 1
MR, 2 HF602 1K R, A PRI A A8 e
FLOHS T KRV ek [7-81WH L T 1IE V)
G PRI AR E M, STHR (91 7T T AR RAT A4
AP R G 00 BRI TR RS e . 1 2 2IA SCHR[10]
HROE AT Iy — A PRI TR RS E P 5 S, SCHR 10142 H 1
A R R R e 1 i SR R 4t A& Lyapunovia & 1Y, 1
TEASCHRIIFTS 8 SR A X — 2K,

B0 4 1 2R 45 1A PR [0 A2 14 40 in) &, H A
SCHRBF T R ECR A T3R5 1) tHERGEITE
R RN, 2) SRARERE & M7 2R IR FEAS
%5\ (differential linear matrix inequality, DLMI)yZ%:!!2];
3) MR e BRIV R R O RS o,
RGBT RGN R R HE T H
BT, BT R s 8 DLMI 5 V45 IR =& 7e 7 461
BT DR FH BB 7 1R, TR I R e V I R B 1
25 HA I 72 7800 %A ELAFE R 18 AH B V 2 BR 50
M. B X AEZRME R G A BRI () A2 e 14 23 B 1) &, ©
T SCHR A 32 R A 38 e e SR 1)V Y ek E i O
TEBS B g 28 VR 78/ AN BLA& . 2571 1R
FRAE T BT R BV RS ek o i R, DA H B A
— & RS YE. I AN SR [14-1618F 58 T & A 1
T 0 R 48 1A PR [0 A2 14 20 AT el L. 0635 I ¥
MLt RS, BTV KA IE S5 Lyapunov R
By v 14 101 By 3 I 4K #5 Lyapunov-Krasovskiii2 B
(7705 g o Y I R 70 43 2 A, BRI LA AN ]
FEBE DR SF 1. BT X & A I R 2 &R 4, %
Wt 577 12 AR G A S R E AN T RGP
JiRU R A S5 IR TR 451, ARSI
K/ANEHAMGS BRI R, & — SR o 1
BEALR SIS B S A R S F kb
R, Eh RGeSV A PR )RS E P23 BT i)
.

SRR R R 8 Ay B R G BRI AR R
AR A RIS A AR E, T H 2k B AT R 1
M RE, T IS 45 B2 5E 1 (contractive stability, CS)[19-20]
N (BRPR A IR By T U 4 s A ) I 47 P AV Af 3 221 1)
X P e SR, RIAEA B a) e e i 2 bt — D 2L
SR E AR oo R FRPIRAS TE A PRI TR] A 7 6 — I 1]
FHGAS BT B E ARy (< o). B, T U 4ifa e
P (R RE 42 A 221 1 2R 35 ) Sl 6 6 A IR BT 1) X T1) P )
HEATA.

KT — AR R G UG Fe s b B RTAE
A EERIE T 2 SR 19200 5 — AR R FH R I R e R )
VY o F3 191 8 Lyapunov ! pf £1201 7 5 25 H A B
TR %A IR L T4y 2 A HR B SR IV AL R BB Ly apu-
nov 4 bR FUES A7 TE e ARG 16 R 3, AS (8T 1F 5 5 AR
HA— 2 MRE.

KT — AR RS PRI (a1 RS e M R s
TEPERF T, R DHOCHER [4-6142 S T — 250 B [H]
FRUE P23 BT I L. T e SR HE ) — B0f PRI (R A e
PESE SR T 3N TAER A [0, to + T) I
RN ZT €to, to +T), RAAE[T, to +T) L HRE
EFE. RtMr — to + TH, KRG RshEZIER T
YRR A Kty + T — 7 — 0, IXRAFFE PRI
MAE SR R, RG AR B s IRITAE I Zilt o M A7
TEfmZE RN WE SR BN HH A S B SRS 2 Uit 7
—SE [RIE] X (8] Ty AR AL, IRt EARF=2E TR R 5
(1) BIR B 1) A 1 s i A s PR O T IX 1R T 1R
BRI Zlt o — 0 i L DRk, Gnfer & B % i R ¢
() — BT PELIN 1) A 5 PR A — B0 i R sE M 1 T A

R IR RT RS0 BRI (a1 A2 8 P A A 72
TR AV G5B, (B ey 55 2 b %1 ) RS A
BELERF 1) A2 0 P4 O T-HT AR I 2t B — 51, o] B8 74
53 BT RS PR T A2 e PEATY IR A2 75 B4k 22 9T
Y IA) R A BT R 70 SR, AR ST DTk 3 AR
TE3 5 TH:

1) B — AR Ze M A 2 40 A IR I ) A2 14
KTAEA BRIX 8Ty N A4 I aa I 2t o 1) — B n]
FEH T —ECE PR AR e, —ilca e e P DL [H
SE VT I E]— Bolk gaAs e . 5 O e O
AR ZATE T A U RGBS TAERFS2R [A]
KETRFFA.

2) &P X — 28 28 M if 48 (linear time-varying, LTV)
ARG, BT IME RGN L AL BAEIL2 AT
Hl e fase, [ i e e e, —250F TR )
FarE, — B aa e K [ e I8 1B e — B daia e i
e B AR, DA R — SO RS e N[ s 1 T N (] —
HERR e TR 2. Hodb pE 1%k R gl gafa e
P R ] R S () ST A A 1 1 78 b AR T
HEHEIE, B A a2 maesr i, ik
T TV R EH T EB S ER MG R e V L R AL
) PR A

3) MEEFXTLTV RS0 e B S 2 7 LTV
R4, g g A I ALTV R4 0 AR BRI
ZI ) — 20 BRI ) fs e v, —Sollcafa e M A 8 e
i ] —Eofe g ta e YERR A T ER AR,

AR JFEENFZHI T : SB27 45 T ARSI S0
W, IR CEIR AT 5 U B, e 18— AR
LRI AR RGP — B0 TR T A e v, —Euledifa e
AR ] 5 R B[] — B iAo VERE S, IR 25 H T
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ARSCHIE U I IR, LA R B RAR G 5| B 38394
T ZR AR R AR — B BRI IR AR e, (— ﬁl)q&
2 Fe P % T 5 R T e R] (— B0 W e e I e
B BEANTER T SN, KRS T AT %E’JE%T ;
ST T AR

A BN — L5 RERERSHES; RV
n e B TR AR AT
ARV B N (A) R FE AR ORRFAEE; A > 0
FORHRE AR IEE R VMR
2 PR (Preliminary results)
2.1 #HHRAIR (Related knowledge)

SRR TP

1) WA =AT> 0, WAFERFEB =BT > 0, {3

A = B% -
2) WA = AT, Il AfJRayleighf R(x) = CETJ,
Tz

T € Rn, T 7é O/E\‘ﬁlﬁa}—ﬁ m;i())(R(w) = )\max(A>-

2.2 PRI A1 E A (Concepts about finite ti-
me stability)

ST )T — AR 2 1 R S
x(t) = f(t,z(t)), €))
Hr: 2GRELE2(t) = [21 -+ z,)" R, AE
W R xJ -5 R & f(t, o) ERANXEG CR"
x JA T, BXTAEEA FHED CG, fAE—AT]
FARREM (t), 615 | f (¢, @) || <M (¢)FED W JLF- 44k
BayASlE

EEXPARERME R GE(1), T K — B0 PRI (] F2
BV — Bl e M A T TR — Sl i fe e
PEIE S BV SR 22 T RS0 A FRET H]
#2 %2 1 (finite time stable, FTS)+ i 4 £ %2 14 (contrac-
tively stable, CS) % [ 2 18 % i 1) e 4 e 5 7 (contrac-
tively stable with fixed settling time, CSWFS)iX 3™ i
=, NT NEMSEENE, X B XY,

EX 1 EARTAER X E [, to + T) L, H
EP: to, T > 043 BTN TAEWILE (5 3B 2 A TAE R

SRS RE, IAGERED = T > 0, A =AT > 0, #&
%é}i(l)*ﬁﬂ?? TE IS

£ PR B 18] £ s (FTS) B> 12. 192200 Jidipn st 44
ERSHN AT, AT t),0 < X< A, X FITIEY)
BaI Zilto, FT g g < MIia™ (t) Ax(t) < A, %
Vit € [to, to + T|OL.

W45 R (CS)B 19200 B txt F-45 58 B8 (), A,
6, AT, t),0 < e <\ <A, ST LAEVIUREZ,,
BT, = Ty(to, A, )W 2T, < T, H7 il Ty <
Mthia™ (t) Az (t) <A, XTYte [ty, to+ T)EAL; H
T (t)Az(t) < €, TVt € (to + Ty, to + T)HOL.

fi] 5 A 45 B 1) SO 46 A 2 (CSWRS) =201 Rl g1

MFHEMNSEN A e, T, AT ty,7,),0< e< A <
A, X TAERIIRIN Zlto, 7o € [0, T) 46 E B I 5
B, el Dy < A3 (1) Az (t) < A, XTVt €
[to,to + Tor; Ha™(t) Ax(t) < e, 5Vt € (to + 7,
to + T)HOL.

A BRI 1) AR (FTUS) ST BT An SRA; 2 4T PR
I B RS 1 R SRS A

1 AIERRa e, [ U e e
FRAE T — M A 7.

11 9 RIS TR AR e A A e T = .
JXI () Ax(t)

PEE

lo Lo+ T

(a) A PRI TAIREE 1

JXT(O)Ax()

1 ty i T, totT
(b) Witz e 1t
K1 A BRI (Rl AR e M S iieae e s K
Fig. 1 Sketch map of FTS and CS

IR FERIARIN Zlto AEA BRI R X 18] T (10 € Th) £

A A BRI TRI RS 2 PR AR < IR, S T — 20
B AN B0 RS E 1, — EAe e A g P[] 5 89 I ) ) —

Flente e R E X
EX 2 AR TARR X (L, to + T).F, 3
ity € Ty, To = [Ton, Too] C R, T > 0730 5lIF% N L
1’E%)JZIS(E'£JJ)H?‘?'J, TAERI AR Z1 X (8] 76 FEl A0 T A+
BRI AHCRE, BRI =TT > 0, A = AT > 0, ¥
%é}‘c(lﬁﬁﬁ?é TERISE T 2
— B FR B 18] #2 %€ (uniformly FTS, UFTS): B[l 411
B TFHESHN AT AT, T,), 0 <\ <A XT
EEVILER Zty € Ty, Tzl Mey < M3 H2T (1) A
x(t) < A, XVt € [tog, to + T
— B4 #2 5E (uniformly CS, UCS): R XS T4
EBHN A e, [ AT, Ty), 0 < e < A< A, XFAE
B LAEVIGEI 2ty € Ty, FAAEMSL T, MT, = T, (A,
€) €10,T), Al Hal INeo < M HaT (t) Az (t) < A,
XV €to, to + T|HOL; Ha™ (t) Az(t) < e, X TV
€ (to + Ty, to + T]EOL.



488 e E w5 M H

35 %

Ié5] 5 YA 9 Bk 18] — B0 46 #2 58 (uniformly CSWFS,
UCSWES): Bl 5% T 45 € S8 (N, A, e, I, A, T, Ty,
7). 0 < e <A< A, 7, € [0, T) IR 5E R 2 1178
6], SR LARRISEI Zty € Ty, Al Ha) ['ey < MF
Ha® () Ax(t) < A, X TVt € [to, to + T) A% SL; H
b (t)Ax(t) < €, X[ TVt € (to + 75, to + T

2 xHIREEE RN R, —Bolkira e
P % [ s R B ) — U i R ) 2 8 SCTE A RS ] X (1]
O R IR, SRR AT BRI TR 1.

2.3 a8 3R (Problem formulation)
F I8 (Q)FRIMILTV R4t
x(t) = A(t)z(t), )
Hp &L Ex(t) € R, RGUHFEAG) MT—LER
a;; (€) ¥R RT I (Rl () 7y B S S ik 4, HAE T =
HARAXE FAFRHEZO AR N AES N, K
i,j=1,---,n.

3 BT T EERA X E, RS

IR AT e — g 23],

FEIX R
20 = {mo € R"| xg I'wo<p} 3)
gl
E, ={=z(t) e R"| =" () Az(t)<p(t)*}, @)
H D =T" >0, A= A" >0, % ¥p, > 0,
p(t)A—HEBREL, Wi p(t) > 0, Vi to, Hp(ty) =

Poy/ Aman (D2 AT ),
FE 4 TR RS RS R A2 T A5

max mgfmo = p%)\max(l“fé/lff%).
xoESf2

T2 AR SC BT AT P A ) R

M MNEEREQKMERSHN A e, T, A,
T, to, Ty, I, IR BITEAT A T REQ)—HH
PR [A) AR E, (— B0 WA AR € S ] 58 o 49 1 1] (— 20
Wit e .
2.4 %5 ¥ (Related lemmas)

SIFR 111221 e R 48(2), Wto N TAERIUGEES
Z, BRI ESx (to) = 20 € 20, TAEFREERFIAINT, N
z(t) € Ey, t € [to, to + TR LI N

P(t) > M(tvt(JapO)a
HA M (t,to, po) £ poAY2 (X (L, t0)), F3XFIL, HAE
BEX (¢, to) NHRER Y T FE(S) .
DX (¢, t0)
0t

= (AD)A()(AZ) 71X (t, 1)+
X(t,t0)(A2)A(t)T(A2)L, D)

1

X(to,to) = A2 "' A3,

HX (8, to) BAAEARG) FR:

X(t,to) = (A2)D(t, to) [ DT (¢, o) (AZ).  (6)

FES 1) AL SR 1118k [22] 1 LR B
L, ATPEMA L. 2) 51 REQ) I Le = = (1, to,
xo) H LI B & {2 T x| 20 € QO}E’*Jl‘Eﬁwmeaé TNz E
P XAk (3) i At A AU B2 RS () WME S FEIEUE X
Q)W KT E %z (t, to, zo) ML RG QM A
BRI ELLR) S M (¢, to, po)-

SIFE 21N BESH (N A, T AT, ), 0< A
=p3 < A, W R52) A PRI [HFRE 7R o LR N

v < A1/27

Hrpy £ [trrgafT]M(t,to,po), T3 pa U

SIE 3 BARFQNEWT,, > 0N RS, %€
SHNATAT),0< A= p2 <A Fiteg =ty +
Tsys, t017 t02 S Ra I}I\Uﬁ

M(t,to1, po) = M(t + Tuys, toz, po),

SHERL € [tor, tor + T)HOL. UEBH WAL
3 FEZH (Main results)

T g HHE RF Q) B BREAIFRE  (—F0
e i R [T R N ) (— B0 YR AR R E 1) 78 20 22
JE B, XL g B PTAR R A L) 5 X, 456 5| BRI 5
H245 HIIEH].
3.1 74 E A 5 B (Sufficient and necessary

decision theorems)

EF1 AESHN A e, AT 1), 0< X =
pd < Ale < X, MIRG Q)W A FEE A 53 0 22564
R W TFHILE Zto, B pm < AY?, BAFERE— I Zit*
€ [to,to+T), {515

M(t,t < €
(tgili?-i)-(T] ( ) 07p0) €

TEWI UL A2,

EH2 AN A e, IAT ty,7,),0<\
=pt < Ale <\, 7, €10,T), WARSLQ)E & 18T}
YA i A 78 [ 78 0 B SR Dy 0 TR I Z o, 7
o < A”Q,E

max M(t,tg, < €2
(to+T7s,to+T] ( 0 /00)

IEARALE R, I 2.

FE 6 EmAEM AR A RS Q)
F (B 2 VA 5 R M R MR B T . B R T
IrAL(S) B H ARSI M (1, t0, po), FIHLHE 52 B 1R E B2
2, BIVAT ELHEA 5 3R 1 5 e e ez P

EH3 HESHNATLATT),0< A=
pg < A, W FRGEQ2)— B0 FRIN A E () 783 B A
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N X FATRMILE Zt € Ty, B < AV2 IEHISK
UEEE, B2

EE 4 AESHNA e, IAT,T)),0<\ =
pg < Alce < X\, MARGEQ)— B4 ta € 178 70 b 2
FAF N W TATBHILER Zt € Ty, Apm < AY2, H.
AFAERE I At = (A, €, t0) € [to, to +T), Wi EL"
— to AL T to, fH15

max M (t,tg, < e
(i M (o, o)

IERARAUERE L, 125,

EBIES SN Ae AT, T, 1),0<
A= p2 < Alce < A\, MR GE(2) 1 5 17 A R] — 2l
AT T b B N o TR AIUER %t € Ty,
ﬁpM < A1/2, H

max M(t,to, < €2
(to+7s,to+T] ( 0 ,00)

UEPAZRALE B L, WS 25,

7 EE3. ERARERS S RINHE R Q) HAE—
B PR a0 A2 e v, A (] 2 PR A Ta)) — S0l e e R 4
TR HEAYE. BIXT3HAN € To, i a5 2 it 42
M (t,to, po), # SINFANTH FEAH B2 H 1) 2% HRRI AT 45 H AH B
8.
3.2 7435 e F (Sufficient decision theorems)

EEXT RS (2), N4 H H— Bl e A [ e i
T[] — Bl e 1 78 43 A e e B

EI 6 HESHNA e, [LAT, T, 0 <e<
A=ps <A, T>0, WHRGEQ)—FUditae 7857
RIABELAE Iy AEAEHHE >0, W& > (VAle — 1)/
In(1 4 T), 50 TAEBERIE %ty € To, A
max _ poAY2 (Y (t,1)) < A2,

tefto, to+T] max

H: Y (t,to) = f(t,t0) X (t,to), X(t,t0)F(6), H
XETAERL > to, BRELS (¢, t0) = ha(t, to), Hhi(t, to)
=¢&In(1 4+t —to) + 1. UEHIILHRAS.

it 1 T35 A e, ILAT, Ty, 7.),0 <€
< A=pi <A, 7.> 0, W RGN & 15 A — 2
Wi e B T8 NS AFAERELE > 0, W2
€ > (VAle — D)In(1 + 1), 4530 FAE BT 46 1 %)
toeTy, A

Pe =

Pe =

max  po A2 (Y (t,ty)) < AY2,

t€to,to+T] max
He: Y (t,to) = f(t,to) X (t,to), X(t,t0)F(6), H
XPTAEREL > to, BRELS(E, to) = ha(t,to), Hhy(t,t0)
= ¢In(1 +t —to) + 1. IEBHRUE H6, K25
EEB7T AESHNA e TATT)),0< e<
A=p2 <A A>de, T > 1, MARGQ)— A2
TE W T > AN KAy AFAE T L > 0, L € >

In(v/ Ale —1)/InT’, fEAFX TAEEHIIEI %ty € Ty, H
max  poA2 (Y (t,ty)) < A2,

telto,to+T] max

H: Y (t,to) = f(t,to) X (t,t0), X(t,t0)F(6), H
XFATRL > to, BB (L, t0) = ha(t, to), Hho(t, to)
= (t —to)¢ + 1. LB WP A4

#iL2 AESH(ONA e, AT, T),7.),0 <e
<A=pi< A A>de, 7o > 1, WARGQ)ME E T
I 8] — B i A 8 I A5 AN b B AT A AEAEH B
> 0, L€ > In(V/Ale — 1)/Inr,, 155 TAEE I
W%ty € Ty, A

)\1/2 Y (t.t A1/2
wefmax | podmax (Y (t: t0)) < AT,

H: Y(t,to) = f(t,to) X (t,to), X(t,t0)F(6), H
XFARREL > to, RELf(t,t0) = halt, to), Hha(t, to)
= (t —to)* + 1. UEMISRMUEHT, B8 2.

SEPR6 5 E HLT 43 % | RGN K AN
T B ok KSR R R S 16 T, B LTV R G5
2RI 51 2 2 R 24 RG] 1 —Fh
STYE AT AR BRI, T4 i) e B8 2
ARGV AR BN 51N 2 H— Bl i 2 R 78
oAt

EES8 AESHNA e, AT, T),0<e<
A=pi <A, T>0 MARGEQ) B data € 75
AN B A AFAE T HE > In(Ale) 2T, AFLFHHE
BRIt € Ty, A
max _ po A2 (Y(t, 1)) < A2,

t€to,to+T] max
HH Y (8, t0) = hs(t, to) X (t,t0), X (t,t0) I 3L (6),
hs(t,to) = e*(=t0) JER HLFHSEAS.

HIL3 LESHNA T AT, T)),0<e<
A= p2 < A, 7, >0, W RSGHQ)E & a2l
FiFaE I8 N B N TEAEHHRE > 0, WAL E
> In(Ale)/2r,, FEFHMERVILERZt, € Ty, B
(Y(t,ty)) < A2,

Pe =

Pe =

Pe =

1/2
max poA
tE(to,to+T) max

Hop Y (t, o) = hs(t, to) X (t, 1), X (t,t0) [[ 38(6),
hs(t,to) = eX(—t0) JERAZRAIEHES, g 2.
HESE(A e, T, ty), B

A =04, e=0.05,

T =10, ty =0,

& = (VAle = 1)n(1+17),

&, = In(v/Ale — 1)/InT,

& = In(A/e)/(2T),
MRy (¢, t0), hao(t, to) BAS s (t, to) XS bl SR an &2 By
S

Pe =
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X e — I3 AL B SE R (N, A, 6, T, A, T, o)
I A ; AW RE R, MR (N, A, e, T, A, T, Ty)
3 S T [ R R B W LR 1, S0 TSR s R
< 4 _ TR US4 16
33— B2 R Sk e
o 2F .-- o —
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Fig. 2 Comparison of hy, ho, hs in Theorem 6, 7 and 8

i 2 AT 0, e ER6, B 7 A E H8 A K T R
GUNLLR AN AR 51X, B R G2k (1388 K5 4531
AN 0 H ek 2, T eR A DL R A B RR U R 1 1 TR,
PRI % 1 FH R AN 5], (B 78 0 AN b B g 3

w1 WRAQNAMARS, HAMT,. >0,
BB\ A e, [ AT, Ty), AT, KR T Ty, M
N FRR A

) RFEQ)FK Tty € To—FA PRIN F A2 € ([fH &
T I () — Bl e .

i) RFEQ)K Tty € R—E0H PRI IFR € 8
I ) 2 — Bl e .

UEBANE 25, FIFH 51 B3 456 — 20F BRI Al e e v
A & TN R — Bl e e SRR A5 .

4 HB5Hr(Examples analysis)

N HEE AN A, LTRSS AEXE S
5, DABSIEAS SCEE HA 34 5 e BRI RPE.

5l 1 AR AfRE A

—141.5cos?t 1 — 1.5sintcost

A(t)= .
(*) —1—1.5sintcost —1 + 1.5sin’¢

ZRGHE SRR [23], 47 ESH(N, A, T, AT,
To),po =1, A =p2, e = 0.12, A =4, T = 10,
r=A=1, T,=[0,x].

HF AR EEo(A(t) = {—0.25 + 0.25V/7j},
Wt R %R 45 R 0L 15 H RS0 /2E Lyapunovifi i i
SE M, (HSZBR 1% R Gt E Lyapunov AR i [ 123,

Wty =0 € Ty, HITTREG)HHFRIM (L, to, po) WA
37, T EH e 2 1R AT W 22 48 1) PRI AR e 1.

150 T T T T

100 -

M(t9 t()’ pO)

M@, ty, p)

50

10
telt, t,+T1/s
Kl 3 01 RS AALBUE TSR
Fig. 3 Computation result of the envelope of all trajectories of
the system in Example 1

A(t) =

—t—10 ]
0 -1
BEBHN A e, AT, Ty, 1),
po=1, A=p2 e=0.1% A=121,
T=10,=A=1, T, =[0,2], . = 6.
THEATRL, RGNS FERHERE

e70.5t2+0.5t37t+t0 0
¢(t7t0) = l 0 e—t-i-to]
WX (t, to) Tk an R
eft2+t(2)72t+2to 0
X(t,to) = l 0 e2t+2t0‘|

WX (¢, o) IBRORFIEE A pax = €202,

1) F AR 3R 705112 2 St f 18] e 18 1 e 1) i
“ita et

B¢ = In(Ale)/27, = 0.3996, WIS TAT = Wl UG
Zlty € Tp,

= max A2 (Y(t ty)) =
Pe te[to,t0+T]p0 max( ( 0))

max M2 (Y(t,t)) =
tefto,totT] max( ( 0))

max e2£(t7t0)eit+t0 — 1 < A1/2’
te[t07t0+T]

ORIV 3 T 0, 49112 2R A2 ] o 1A T HsF To) — 50U 4
FER.

2) 5w s, MHBUE T HE RS ML AL
IR FUA512 2R G ] s 1 s TR e e 1

1Tt = 0 €Ty, BAZH T M (t, to, po) BUEIT 5

45
/;? _ _AI/Z T
“f - M(ta tO’ pO)
= MoExX gl 7
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6 8 10
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Fig. 4 Computation result of the envelope of all trajectories of

the system in Example 2
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P % R G0 [ e R 1T s Rl — Bl i fa e 1, RN
RASE 1 to = OB IE.

FE 8 FIABUE T VAR 5T R G K — B0 PRI Al
TENE, DL (JE] 5 Y815 I 1)) — Bofe 4 Fa e 11 2 R SR 4k 22 5t
JiTAl.

B3 —SlEfE e

A(t) = sin t.
GESHN A e, 1A T, Ty),
po =02, \=p3, e=0.1* A=0.49,
T=3r,1"=16, A=1,T, = [0,27].

THEATEL, RAEWIRE B HRE N (t,to) =

eeosto—cost W X (¢, to ) T FIR AN R
X(t,to) — eQCostof2cost/16.

1) JeI6ir e B 5 2644,
max  poA2 (X (t,t0))<

te(to,to+T) max

0.05¢? = 0.3695 < 0.7 = A2
(B2, X TAEEL € [to, to +T),

A2 (X (1)) =
gleaT}éte[gl,%ﬁT]po maX( (’ 0))

M=

max0.05 max eSSt

to€To te[t* to+T)
max0.05ecos to—cos(to+T) — 1y55().05e205t0 —
to€ToH to€To

0.05¢% = 0.3695 > 0.1 = 2.

ARG — B IR AR E 1, EA R — Bl dite
STE.

2) AEHty = O, FI BB TH IR R e — 2
WA sE e, M (L, to, po) BUETHHEERAESHR.

0.8 T T T X T T T T T
0.7
0.6
0.5
0.4
0.3
0.2
0.1
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M(t’ tO’ po)

telty, ty+T1/s

K5 B3 RGO RIBE TSR

Fig. 5 Computation result of the envelope of all trajectories of

the system in Example 3
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I'=A=1,T=4r ty,=0,7, = 6.
2 pg =1, A = p2, A =144, e = 1.21,
F=A=10,T=4r ty=0,7, = 2.
HARHASOTE T, BUE RS R an T e
7, ARIE s 2 W, B4 R GEx T4 e MR AL S 503
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Fig. 6 Computation results of the envelope of all trajectories

of the system in Example 4

SR SCHR [19] 7 B4 K 8BRS 404, X T 2824 %
HOZ SCHRAHIE 7T, MR TR 7058 1S E S .

1) MR¥ESCER 191 S, BV () = 0.5x x, k
=ky = 0.5, ks= 1, a = 2, WA LABGIEF14 R GEAH X
Y5 78 RO B & VRIS AE R e 1.

2) HRHESCHR (1917 e H4, BV (x) = 0.5z T, M
AR 2 B4 1) 26 ) i) FT i apy > —1, e > —0.01.

By = —1, B 3iF 2 friii): jfzﬂl <0<11-1,
B4 i) 7. 1

to+T

Hlap, = —0.01, B 4iF 2% Friv): f by <0, B %
V)AL

B 1IF % A v): f:mwz =-0.06>0.1—1, 1%
AL, bR

W SCER[19] e 34, UV (¢, ) = 0.5z T2l 75
B, FEMEETF RV (L, ).

3) FERFISCHER 2017745 04T, XT38 L S HOTHk
[20]4HF 72, W R TR 72 56 2 20 S5 .

Step1 4t = —7 + 4nfABI4 RFE 1S 2
—sinT + 2 0

0 T—dr —1|°

Step 2 #%Z3CHR 201 51 PRG0N IR 5% AT

1Et € [to, to+ 7] =[0, 2] L, W FEmx(t) € S.(t)
2{z(t)| 2" (H)x(t) < e}, A

[A#®)x(t)]| = Ve =1.1.

A(r) =
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WO T R A2 (t)]] < g1 () ISR H gy (2), 2
g (t)=1.1, Bhif
to+Te
LO 91(5)ds>2.2 > (e — A)/(24/€) = 0.0955,
B SR [20) 595 ZOR 18R Brgy (t) AEAE, DI
B2 AL, STHR [20] 7R AL
Rlga i TAI %, 53R 1915 3CHR [20) 77 1%
X ELgh
1 AT ikt e s
Table 1 Comparison results of methods of this paper
and the paper [19-20]

S AL ER4U0T Epslol Sk 20]

140 CSWFS  JoikflE  CSWFS  R#fSR

24 CSWFS  KHIF KI5 PRy
Bl 5 HIRE AR TR E.

DA (5 B30 4 A0 K 2% 2 A AH X 12 Bl (Lawden /5

TR FE . 2% B8 LIRS 2 5 JUIE

PN R 282w BA, FEBERTR 25 ABX T 25 8008 A S
ST FE 20V LU AT R IILTV R4

2(t) = A(t)z(t) + B(t)u(t), (7)
[0 0 0 1 0 0]
0 0 0 0 10
0 0 0 0 01

Alt) = a6 0 o0 200 @
0 as, 0 —20 0 0
_0 0 Qg3 0 0 O_
0 00100]

Bt)=10000 10|, (8b)
000001

H: K407 M R G5 BE A(t) 793X (8a), 14 il 4 B

B(t) R @b), &M E=2(t) =[xz y z ¢ y 2|7, &
I R R w(t) = [ue uy u,]", HA@)BIFERIT
. n(1+ ecosf)?

0= (1 —e2)32
—2ne(1 4 ecos 0)fsin
- (1— e2)2 ’
. (1 + ecosh)?
as = 02+ 2n27<1 — ey
. (1 + ecosh)?
asy = 0 — n27(1 — 6223 )
L (1+ecosb)
Qg3 = —N 7<1 ey

Hobt: MR 0%, n = \/plas Rl T S
5 PUEAT TR,
Y S SR, =R KL

Hha = 9000 km , FLiE W0 Fe = 0.5, HERF| S5 %
1 =3.9801 x 10° km?s~2, FIUEI ZILEBERT R FAH X
FEHUR B PR (D B AR m/s) Nz, HiFLL
Wz zg < N\, WIREIT R AO(t) = 0.

HESH ty =0s, T=2000s, 7= 600s, A=
2000, po = VA, A = 4000, e = 100, IBEFET =
A = diag{0.1,0.1,0.1, 10, 10, 10}.

il B Ar: W TR AR Tz < NEE BV
MR 2o, BEIFPEREAT R B FRT T AR B8 A B AN
FEH R PIRAS ) B2 (8) 7E [to, to + T] LB 2T Az <
A, TE[to + 7o, to + T LR 2T A2 < e

Hzg I'zo < ANATHL WIAERE 20 & EIHRR
HUEVERE A8 |s|<141.4, |5]<14.14, s = x,y, 2.

EERIARRTIZ ST RE(T), BOHPDIZHIE T :

Us = —kpss — kass,
Hrs = z,y, 2. WEPDIEHIHESHUIT:
(Kpxs kax, kpy, kay, Koz, ka,) =
(0.001,0.25,0.001,0.25,0.001, 0.25).

P17 () 7 31 1 1 53 ) 2 o BEATL AR 1 PR 1000 2.
Y, 2z = FIIAEIRAS RO B RIAR X ), BT 1
BT 5044 B TR 28 AE 6 2 R 2 E BEALVT A6 RS T 1)
BT
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Fig. 7(a) Stochastic generation of 1000 groups of initial values
of the system in Example 5
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:’_S [3] WEISS L, INFANTE E F. Finite time stability under perturbing forces
w 20 and on product spaces [J]. IEEE Transactions on Automatic Control,
2 . 1967, 12(1): 54 - 59.
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t/s Transactions on Automatic Control, 1969, 14(3): 313 —314.
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Fig. 7(b) Computation results of the envelope of all

trajectories of the system in Example 5

5 45 (Conclusions)
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Bt %A1

Lemma 3)

ik E‘H%ﬁ&ﬂﬁltm, to2 €R, Htoz = to1 +Tsys. XTFAE
Bt € [tor, tor + T|H

ik B 5| # 3 (Appendix A1 Proof of

X(t,to1) = X (t + Tsys, to2),

WM (¢, to1, po) = M (t + Tsys, to2, po).
M RZ Q) HPIRE LR (¢, to) FE LAl %
d@(t, t01)

T A(t)P(L,to1), )

[ild
d@(t + Tsys, t02)

dt - A(t Jr Tsys)@(t + TSySa t02), (10)

Hrft € [tor, tor + 1.

HTA(t) = A(t + Tsys), HP(to1,to1) = P(to2, toz), 1M
D(toz, to2) = D(to1 + Tsys, toz), WM HE T 43 75 F2 MF A7
WE—PERT D X FAERL € [tor, tor + T, FTAEOO)RITTRE(10)
B@ﬁﬁﬁ%*a%, Eﬂ@(t, t01) = @(t + Tgys, toz).

@) A, WAL € [tor, tor +T), &

X(t,tor) = X (t + Tsys, to2)-
FEHM (¢, to, po) FITE X T4

M(t,to1, po) = M (¢t + Tsys, toz, po),

XFAEEL € [to1,t01 + T]EE_TL EER,

Theorem 1)
i Feortk. B TIAE o, Fom < A2, B

max_ M (t,tg, po) < A1/2,
[to,to+T]

WO ALt € [to, to + T, F M (¢, to, po) < AV2EIL.
53, U XGRSl 40, 5 FAE Rt e
[to, to + T), fE g € {xo € RMal I'eo < A}, Azl Az <
ARSSL.
NEAEFE—IZ € [to, to + T), H

max M(t:t07P0) < 61/2,

[t*,t0+T]

UL ER 51 A X (4) 8 AT W TR R 2 € {=o € R
xd Deo< )\, AFEL" € [to, to + T), Az Az < e.

25 b, RIS R e e SO, REE(Q2) RN e 1.

B SR RO

TRBAFAERA € [to, to+T7, FIEM (¢, to, po) = A, N
SIER AT A, AR iz € {xo € R 2 I@o < A}, fH
Bl (t,to, zo)Ax(t, to, x0) > A, 5 RIS E T E!

A bk, 5 TAE Rt € [to, to + T), B M(t, to, po) < A, HI
oM < A2

BRIV € [to, to+T), H max M(t, tg, po) = €'/,

(t*,to+T]

WO T Zt = to + T, B M (to + T, to, po) > 2. Bk, A&
FAEL € [to, to + T), MRS THERL € (%, to+ T), H M (to
+ T, to, po) < €2, X5 RELQ)URLiiFasE T ) !

HUBANEROL, BIAEAERE— I %™ € [to, to + T), 15

max M (t,to, po) < el

(t* to+T)
FROL. DEPERROMEA SR, R

B A3
Theorem 6)

iE ot WA EE > (VAle —1)/In(1+ T), {13

i B %€ 22 6 (Appendix A3 Proof of

1/2 1/2
= max A Y(t,tg)) < A77,
143 t0<t<t0+TP0 max( ( 0))

XHEREIYIIGRR %t € To oL, WA

POA}I/éx(Y(t, tO)) =

togrtngato+T
togrtrgﬁerox\iﬁx(f(t,to)X(t,to)) < A",
&S]
Py = tog;?iggpohlﬁx(x (t,t0)) <
AI/Z/(toggréitré”\/ﬂTto)) <
AY/( min  \/€n(1+t—to) +1) = A2

to<t<to+T

FEEHE > (VAle — 1)/In(1 + T), WH e VA-1E _
<T.
L =t 4+ VADE 1 e € [to, t0 + T), A
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AY2/(En(1 4+t — to) + 1) < €

WFFAERL € (t*,to + T) L.

BIFEAEL" = 7 (A, €, t0,T) € [to, to +T), HAL" — toh
ST o, fH1
1/2

1/2
max_ poAmax (X (t,t0)) < €7,

max M(t7 t07 pO) =
(t*,to+T)]

(t*,to+T)
WO e ERA VT 1, RGue—BUNFeE 1.
DM, FTRAHEINIE I 2 B O A B R A AT
LRBHN A e, [T, To), SPABHN = pf = 1, ¢
=0.81, A=6.25 T=10, Tp = [0,2], [ = A = I, HIL %
SRR

AWM = {—0.25 —-0.5

0 2.5 }

FTARYE B 4, RSB TP IR AT S RGUEN S
(N Ae, I, AT, To) /2751 — Bl datae e X.

Wty =0, #E[to, to+ T) LEUATH A RIM (¢, to, po) I Zk
WE AR,
3.0
2.5
2.0
1.5
1.0
0.5
0.0

0

M(ta tO, po)

te[ty, t,+T1/s

KA1 WM (L, to, po) MIBUETTE S,
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