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Modified extended state observer: analysis and implementation
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Abstract: A state observer, constructed by the known information of the system, is called a modified extended state
observer (MESO). Firstly, this paper improves the hypothesis of MESO and analyzes the reason that MESO has higher
estimation accuracy than ESO. Secondly, in view of the uncertainty of the system parameters, we propose a modified
extended state observer based on the least square method, and discuss the principle of online system identification via
least square method in detail. Finally, the simulation results are consistent with the theoretical analysis results, and verify
the correctness of the theoretical analysis and the feasibility of the implementation method of the modified extended state
observer.
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1 (Introduction)
└ (active disturbance rejection con-

trol, ADRC) ѿ ף └ ȁ ү

PID (ľ ԍ Ŀ)ȁ
└ [1–3]. ADRC

3ҩ №: № ȁ ץ

,ῒҬ (extended state
observer, ESO) ADRC . ESO ᵬҹѿҩ

ΐ ľ └Ŀץ ῒז [2]. [4] ESO
ԍ , ₮ԅѿ

. [5] ԅ ԅᶏ Ҭ

₮ └ , ῀

Ҭⱴ῀ № , ץ

└ .ᵖ , ’Ҋ

Ḥ Ҍ‰ , Ḥ

. ᶛ ⌠ ⱬ ,ᵖҌ ‰

, ⌠ ᵬ ,ᵖҌ
‰ . , [6] [4–5]

҉, ₮ԅ Ҭ

, ESO .ᵖ ,ҹԅḠ
, [6] └ ῀Ḥ ᾟ

№ ꞉ ᴆ, └Ḥ Ҭ ⱴ ꞉Ḥ ,
ԍ └

Ҍ ל, ᴪ └ .ҹԅ
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ᵞ └ , Ҭ

№ , Ҍ

. , [7–9] ҍ

└ ԍ ץ└ ᾣ

,Һ ҹ: ᾢ ⱴ Ḥ Ҍ

Ḥ

, ץ ₮ ,
҉ └ .

‗ԅ [6] └ ֟

,ᵖ Ҍ ᵀ .

[10] ≠ Ḥ

ӊҹḱ (modi-
fied extended state observer, MESO), ׆ ҉ ₮

ԅMESOҤ . [11–12]
ῤ ꜚ ῀

Ҭ,⁞ ԅ ᵀ ,ᵖ
Ҭ ᵀ ῀ ꜚ .
╠ ’, ׂ

ľMESOᵀ ԍ ESOĿ ҩ ץ

ᴆ.

[10] ᵬ ҉, ԅMESO
Ẋ ᴆ,ᶏ MESO ⌠ ,
№ ԅMESOᵀ .Ṣ [6]

, ₮ԅ ԍ ԋӗ (least squ-
ares method, LSM) MESO , ԅ

LSM . ≠ MESOᵀ
, MESOᵀ Ҭ

ғҌ ԍᾢ ,ҹԅḠ
, ῀ ׆. ҉

ԅ ᾟ ᴆ, ᾧԅ └Ḥ

ᾟ№ ꞉ ᴆ ѿ ┴ . ԍMESO
ԍ ESO PD └ ᴏ ,

: └ ╠ Ҋ,
MESO ᵀ ғ └

└ . ᴏ ҍ № ѿ , ԅ

₮ ԍLSM MESO .

2 ḱḱḱ (Modified extended
state observer)

n ҹ




x(n)(t)=f(t, x(t), _x(t), · · ·, x(n�1)(t))+
h(t, x(t), _x(t), · · ·, x(n�1)(t))+
w(t) + bu(t),

y(t)=x(t),

(1)

Ҭ: u ∈ C(R,R) └ ῀, y
₮, f ∈C(Rn+1,R) ꜚ , h∈C(Rn+1,

R) ꜚ , w(t) ⌠ ,
b └ ғ Ҍ ‰ ,ᵖ b0 ≈ b.

xn+1(t)פ = h(·) + w(t) + (b − b0)u(t), ӈҹ

(1) ꜚ,↕ (1) Ώҹ





_x1(t) = x2(t),
...

_xn(t) = xn+1(t) + f(·) + b0u(t),

_xn+1(t) = _L(t),

y(t) = x1(t),

(2)

ҬL(t) = h(·) + w(t) + (b − b0)u(t).

(2) ꜚ f(·) ῀⌠ESO Ҭ,
MESOҹ






_̂x1(t) = x̂2(t) + εn�1g1(
x1(t) − x̂1(t)

εn ),
...

_̂xn(t) = x̂n+1(t) + gn(
x1(t) − x̂1(t)

εn )+

f(·) + b0u(t),

_̂xn+1(t) =
1
ε
gn+1(

x1(t) − x̂1(t)
εn ),

(3)

Ҭ ε ҹ .

[10] Ẋ ᴆαρ<λ3ḱ ҹεαρ≪λ3,
MESO Ẋ ᴆ ҹץҊ4

Ẋ . (2) (3) MESO ҊẊץ

1–4, Ӈ Ḡ MESO ,

x̂i(t) → xi(t), i = 1, 2, · · · , n + 1.

Ẋ 1–4ΐᵣ ҹ:

1 ₱ h(t), w(t) ῒ

,

|u|+ |h|+ |f |+ | _w|+ |
∂h

∂t
|+ |

∂h

∂xi
|6c0 +

n∑

j=1
cj|xj|

k
,

ῒҬ: cj(j = 0, 1, · · · , n) , k .

2 w(t) (2) :

|w| + |xi(t)| 6 B,

ῒҬ: B > 0ҹ , i = 0, 1, · · · , n, t > 0.

3 λi(i = 1, 2, 3, 4), α, βץ
V,W : Rn+1 → Rᶏ

a) λ1∥y∥2 6 V (y) 6 λ2∥y∥2, λ3∥y∥2 6W (y) 6
λ4∥y∥2;

b)
n∑

i=1

∂V

∂yi
(yi+1−gi(y1)) −

∂V

∂yn+1

gn+1(y1) 6

−W (y);

c) |
∂V

∂yn
| 6 α∥y∥, |

∂V

∂yn+1

| 6 β∥y∥,

ῒҬ: y = (y1, y2, · · · , yn+1), ∥y∥ Rn+1Ҭ

₃ .
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4 λ3 : λ3 ≫ εαρ,ῒҬ: ρ f

Lipschitz , ∀t > 0,

|f(t, x1, · · · , xn)−f(t, y1, · · · , yn)|6ρ ∥x − y∥ ,

ῒҬ: x = (x1, · · · , xn)T, y = (y1, · · · , yn)T ∈ Rn.

Ẋ 1–4 ╠ Ҋ, (3) MESO
[10] , ҌῬ .

MESO , ӈei(t) = xi(t) − x̂i(t),
ᴋ ε, MESO ҩ ᵀ

҉ ҹ

lim
t!1

|ei(t)|=εn+2�i Mβλ2

λ1(λ3 − εαρ)
≈εn+2�iMβλ2

λ1λ3

,

(4)

Ҭ M

M = sup
t2[0;1)

|
d
ds

h(·) + _w(s) + (b − b0) _u(s)|s="t,

(5)
ῒҬh(·) ^= h(s, x1(s), x2(s), · · · , xn(s)).

Ҍ≠ (2) Ḥ f(·),פ

xn+1(t) = f(·) + h(·) + w(t) + (b − b0)u(t),

↕ ESOҹ





_⌢x1(t) = ⌢
x2(t) + εn�1g1(

x1(t) −
⌢
x1(t)

εn ),
...

_⌢xn(t)= ⌢
xn+1(t)+gn(

x1(t)−
⌢
x1(t)

εn ) + b0u(t),

_⌢xn+1(t) =
1
ε
gn+1(

x1(t) −
⌢
x1(t)

εn ).

(6)

[10], Ẋ 1–3 Ḡ (6)
ESO . ESO , ӈ

⌢
e i(t) = xi(t) −

⌢
xi(t), Ӈ ᴋ ε, ESO

ҩ ᵀ ҉ :

lim
t!1

|
⌢
e i(t)| = εn+2�iNβλ2

λ1λ3

, (7)

Ҭ N

N = sup
t2[0;1)

|
d
ds

(f(·) + h(·)) + _w(s)+

(b − b0) _u(s)|s="t. (8)

ᾢ (5) (8) : M 6 N . Ῥ
(4) (7) Ὲ : MESO ҩ

ᵀ ҉ Ҍ ԍESO ҉ ,

lim
t!1

|ei(t)| 6 lim
t!1

|
⌢
e i(t)|.

3 ԋԋԋӗӗӗ (Least square implemen-
tation method)

(2)Ҭ ӈ ꜚ ꜚw(t)
ῤ Ҍ , └ Ҍ

(b− b0)u(t) Ҍ h . [13] ₮,
ԍ Ҍ , LADRC └ ῀

Ҍ ⱴ . ,ҹԅ └ ,
Ҭ ᵀ b,ᶏ b0

b. [14] ԅ b

, ₮ѿ . ╠

, ᾟ№≠ Ḥ , Ӈ ԍ

ε, MESO ᵀ ᴪ ԍ

ESO. , ѿ ᾢ ╠ Ҋ,
,Ҍֽ

b , Ҍ h

.

ԋӗ (LSM) ѿ ῖ

, ԍLSM MESO ҹ: ᾢ

MESOᵀ ₮ , ≠ MESO ₮

,ᶭ ,ᶏ LSM
, ₮ MESO⌠ף Ҭ

└ ḱ . ҉ ,
. ԍLSM MESO 1 .

1 ԍLSM MESO

Fig. 1 Implementation principle of MESO via LSM

ԍ LSMΐᵣ
Ҋ:

Ẋ ᵀ ₮ № ҹ

x̂n+1 =
1∑

i=1
fi =

1∑

i=1
(

n∑

j=1
θi;jx̂j + θi;n+1u + θi;n+2) =

1∑

i=1
(XTΘi), (9)

Ҭ:

Θi = [θi;1 θi;2 · · · θi;n θi;n+1 θi;n+2]T,

X = [x̂1 x̂2 · · · x̂n u 1]T.

(9)Ҭ, θi;n+2 ӈҹ ף, Ҍ

ԍᾢ , ῀

θi;n+2 ≠ ESOᵀ
,Ḡ . uף

└ , [15] ₮ ╠ ễ PD └

ḱ , (12) .

ҹԅ ‰ , LSMѿ
ᴆ, ,≠ LSM Θ̂i,
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ӊ╠ ⱴ, 1 . 1
ף ⱴ,

, MESO ᵀ Ӟ .

1
Table 1 Least square parameter identification process

LSM

Step 1 d→ f1 + f2 + · · · Θ̂1

Step 2 d− f1→ f2 + f3 + · · · Θ̂1 + Θ̂2

...
...

...

Step i d−
i�1∑
j=1

fj→ fi + fi+1 + · · ·
i∑

j=1
Θ̂j

· · · · · · · · ·

1Ҭ, ԅN , i ҹ





x̂11 · · · x̂1n u1 1
x̂21 · · · x̂2n u2 1

...
...

...
...

...

x̂N1 · · · x̂Nn uN 1









θi;1

...

θi;n

θi;n+1

θi;n+2





=





x̂1(n+1)

x̂2(n+1)

...

x̂N(n+1)




,

(10)
j :

θi;1x̂j1 + · · · + θi;nx̂jn + θi;n+1uj + θi;n+2 =

x̂j(n+1). (11)

Ẋ Ḥ x�(t)ᾣ , Ӈ (11)Ҭ └

ҹ

uj =(
n+1∑

l=1

kl(x
(l�1)�
j+1 − x̂jl) −

n∑

l=1

i�1∑
m=1

θm;lx̂(j�1)l−

i�1∑
m=1

θm;(n+1)uj�1 −
i�1∑

m=1
θm;(n+2))/b0,

(12)
ῒҬkn+1 = 1.

῀ף(12) (11),

x̂j(n+1) =
n∑

l=1

(
b0θi;l − klθi;n+1

b0 + θi;n+1

)x̂jl +

θi;n+1

b0 + θi;n+1

�Kj +
b0θi;n+2

b0 + θi;n+1

, (13)

Ҭ

�Kj =
n+1∑

l=1

klx
(l�1)�
j+1 −

n∑

l=1

i�1∑
m=1

θm;lx̂(j�1)l −

i�1∑
m=1

θm;(n+1)uj�1 −
i�1∑

m=1
θm;(n+2). (14)

ӈΛi = [λi;1 λi;2 · · · λi;(n+2) ]T,ῒҬ

λi;l =






b0θi;l − klθi;n+1

b0 + θi;n+1

, l = 1, 2, · · · , n,

θi;n+1

b0 + θi;n+1

, l = n + 1,

b0θi;n+2

b0 + θi;n+1

, l = n + 2,

(15)

Ӈ (13) i ҹ





x̂11 · · · x̂1n �K1 1
x̂21 · · · x̂2n �K2 1

...
...

...
...

...
x̂N1 · · · x̂Nn �KN 1









λi;1
...

λi;n

λi;n+1

λi;n+2




=





x̂1(n+1)

x̂2(n+1)

...
x̂N(n+1)




.

(16)

X� =





x̂11 · · · x̂1n �K1 1
x̂21 · · · x̂2n �K2 1

...
...

...
...

...
x̂N1 · · · x̂Nn �KN 1




, B=





x̂1(n+1)

x̂2(n+1)

...
x̂N(n+1)




,

≠ LSM (16)

Λ̂i =
(
XT

�X�
)�1

XT
�B. (17)

Ῥ (15) ӈ,




b0 0 · · · 0 −(k1 + λ1) 0
0 b0 · · · 0 −(k2 + λ2) 0
...

...
...

...
...

...
0 0 · · · b0 −(kn + λn) 0
0 0 · · · 0 1 − λn+1 0
0 0 · · · 0 −λn+2 b0









θ1

θ2

...
θn

θn+1

θn+2





=b0





λ1

λ2

...
λn

λn+1

λn+2





.

(18)

X�=





b0 0 · · · 0 −(k1 + λ1) 0
0 b0 · · · 0 −(k2 + λ2) 0
...

...
...

...
...

...
0 0 · · · b0 −(kn + λn) 0
0 0 · · · 0 1 − λn+1 0
0 0 · · · 0 −λn+2 b0





.

(18) ₮Θi:

Θ̂i = b0X
�1
� Λ̂i. (19)

(17) (19)

Θ̂i = b0X
�1
�

(
XT

�X�
)�1

XT
�B. (20)

1 ѿ ’, └ b0ҍ ṿѿ

, θi;n+1 = 0, Ӈ (15) ҹ

λi;l =


θi;l, l = 1, 2, · · · , n,
0, l = n+ 1,

θi;n+2, l = n+ 2,

(21)
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(16) ҹ
x̂11 · · · x̂1n 1

x̂21 · · · x̂2n 1
...

...
...

...
x̂N1 · · · x̂Nn 1




θi;1
...

θi;n

θi;n+2

 =


x̂1(n+1)

x̂2(n+1)
...

x̂N(n+1)

 . (22)

Ӈ, Θi ҹ

Θ̂i = (X̃T
�X̃�)�1X̃T

�B. (23)

(20) (23) , b ԍ ῀ԅ

└ u ⱴԅ .

Ҋ ᶏ LSM
.

1 A ↓ ῏,↕ ATA

.

ᾢ

ATAx = 0. (24)

(24)ңᶷ№≢ ӗxT,

xTATAx = 0. (25)

(25)Ạ , (Ax)TAx = 0, ԍAxҹѿ↓

,

Ax = 0. (26)

A ↓ ῏,↕ (26) (x = 0),
(24) ,↕ ATA . .

Ḡ Θi , Ḡ (20)
XT

�X� (23) ~XT
�

~X� .
1, X� ~X� ↓ ῏, Ḡ

. ≠ 1 ∞≢

MESOᵀ № , ᾧ

[4, 6]
Ҭ └Ḥ Ҭ ⱴ ꞉Ḥ └

Ҋ .

4 ᴏᴏᴏ №№№ (Simulation analysis)
ҹԅ MESO ,№≢ ԍMESO
ԍESO └ ᴏ .

Ҋ :




_x1(t) = x2(t),

_x2(t) = d(t) + bu(t),

y(t) = x1(t) + 0.002n0(t),

(27)

Ҭn0(t)ҹ±1ӊ № . ≠
ᾢ , d(t) № ҹ

d(t) =
2∑

j=1
θjx̂j(t) + θ3u(t) + θ4 = XTΘ, (28)

ῒҬ:

Θ = [θ1 θ2 θ3 θ4]T,

X = [x̂1(t) x̂2(t) u(t) 1]T.

MESOҹ




_̂x1(t) = x̂2(t) + εβ1(
x1(t) − x̂1(t)

ε2
),

_̂x2(t) = x̂3(t) + β2(
x1(t) − x̂1(t)

ε2
)+

XTΘ + b0u(t),

_̂x3(t) =
1
ε
β3(

x1(t) − x̂1(t)
ε2

),

(29)

Ҭ: Ҍ ῀ Ḥ , XTΘ ,↕
(6) ESO.

Ḥ ҹξ(t) = sin t, PD └

ҹ

u(t) =
1
b0

(
3∑

i=1
ki

(
ξ(i�1)(t) − x̂i(t)

)
− XTΘ), (30)

Ҭ: k1 k2 └ , Ḡ s2+k2s+k1

ҹHurwitz . [16] , k1 =ω2
c , k2 =

2ωc, ωc ӈҹPD └ , k3 = 1.

(27) └ ῀ b = 3.95. 1,
(28)Ҭ Θ . (29) MESO

ESO ҹ: ε=0.05, β1 =3, β2 =3, β3

= 1. (30) └ ҹ: ωc = 10. ᴏ
ҹ3 ms. ҹԅ ᵞ

└ ֟ ‖₯,ҹLSM ⱴ҉ᵞ

(low-pass filter, LPF) ῒ . ᵞ
[17],ᴏ Ҭ ԋ ᵞ

W (s) =
ω2

f

(s + ωf)
2 ,

ᴏ Ҭωf = 1.8. 2ҹ ԍMESO ESO
PD └ ᴏ . ℗ ῏s1 s2

№≢ ң ’ ᴏ .

2 MESOҍESO ᴏ

Fig. 2 Comparison simulation schematic diagram between

MESO and ESO

’’’ 1 Ҭ ’, b0ҍ

b ᵌ . ҹ

d(t) =





1.3x1(t) − 1.6x2(t), t ∈ [0, 30] ,

1.3x1(t) − 1.6x2(t) + 1.8, t ∈ [30, 60) .
(31)

LSM N =1000,ᴏ 3–4.
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3 ’1Ҭ ԍMESO ԍESO PD └ ᴏ

Fig. 3 Comparison simulation of PD control systems based on MESO and ESO in Situation 1

4 LSM d(t)

Fig. 4 Identification results of parameters of d(t) by LSM

ӈ emean =
N∑

i=1
|ei|/N, 3

Ҭ , 2 .

2 3
Table 2 Average value of errors in Fig.3

emean
ᵀ

x1 x2 x3 x1 x2

MESO 5.4572e−05 0.0024 0.0481 0.0012 0.0035

ESO 1.7115e−04 0.0102 0.2081 0.0045 0.0065

2 , ᵀ ץ

҉, ԍMESO └

ԍ ԍESO └ . ң └

└ u , ₮ ▲ .
4 , ╠30 sҍ 30 s ’Ҍ ,ᵖ

MESO LSM ‰ ᵀ

.

’’’ 2 b0ҍ b .
b0 = 3,↕ ҹ

d(t) =






1.3x1(t) − 1.6x2(t) + 0.95u(t),

t ∈ [0, 30];

1.3x1(t) − 1.6x2(t) + 0.95u(t) + 1.8,

t ∈ [30, 210).
(32)

⌠ ⱴ, LSM
N = 2000,ᴏ 5–6 . 5–6 ,
LSM ṿ ṿ, ԍMESO

PD └ ᵀ

Ӟ ⁞ .
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5 ’2Ҭ ԍMESO ԍESO
PD └ ᴏ

Fig. 5 Comparison simulation of PD control systems

based on MESO and ESO in Situation 2

6 LSM d(t)

Fig. 6 Identification results of parameters of d(t) by LSM

’ 1 ,
( 3 ) , ԍMESO PD └

└ ᴨԍ ԍESO PD └ .
└ u .

3 5
Table 3 Average value of errors in Fig.5

emean
ᵀ

x1 x2 x3 x1 x2

MESO 6.7639e−05 0.0038 0.5404 0.0017 0.0026
ESO 1.1862e−04 0.0070 0.5797 0.0031 0.0037

№ ҉ ᴏ , Ҋ :

1) ’1 ’2 ᴏ ҍ҉ №

ѿ , ԅ ԍMESO PD └

.

2) ԍ ’1, ’2Ҭ b( θi,n+1)
⌠ԅ ‗,ᵖ ԍ ⱴ

ԅ ,ᶏ ⌠ ṿ

ᵞ, Ҋ .

3) θi,n+2 ᴏ ,
ῒז Ҍᴪ ⌠ ṿ, └

ӞᴪҊ , ᴏ ֞ ԅ ῀

.

5 (Conclusions)

ᾢ ḱ

Ẋ ᴆ , № ԍ

,ḱ ᵀ

. ₮ ԍ ԋӗ ḱ

, ₮ԅ ԋӗ

ΐᵣ . ᴏ ԅ ₮

ԍ ԋӗ ḱ

. ׆ № , ᵀ

└ ╠ Ҋ,ḱ
ε ԍ

ṿ, ԍ ᵞ ҩ └

, ץ

ȁ └ .
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