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Branch-and-price approach for solving the vehicle routing problem
with two-dimensional loading constraints
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Abstract: Oriented to the logistics and distribution scenarios of goods such as furniture and appliances, this study
addresses the vehicle routing problem with two-dimensional loading constraints (2L-CVRP). First, a mixed integer linear
programming model of the 2L-CVRP is constructed. Then, a branch-and-price approach is proposed with a set partition
model to solve the large-scale 2L-CVRPs. By using column generation approach, the relaxed 2L-CVRP at each branch-
and-bound node is decomposed into a linear programming master problem and a pricing problem of the elementary shortest
path with resource constraints and two-dimensional loading constraints. Meanwhile, a labeling algorithm based on the ng-
route relaxation strategy and a tabu-search-based packing algorithm are proposed to effectively solve the complex pricing
problem. Numerical experiments and comparison results show that the proposed approach can efficiently solve the large-
scale 2L-CVRPs, and that the ng-route relaxation strategy can improve the efficiency of the approach. As such, this study
provides an effective approach to solve the large-scale vehicle routing problems with loading constraints.
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Fig. 1 Schematic diagram of error packing pattern
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16: end if
17: end for
18:  end for
19: end for

20: for all L € F(i,q) do &L)" = &(L) + o
21: if&(L)" < 0 then

22: if 7(L) is an element and two dimensional feasible
route then {2 < r(L)

23: end if

24:  end if

25: end for

3.3 fnE NS
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B TE) PSR AR T SO, JoHr 4645 o8 Ui A,
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Table 1 Rules for generating the benchmark instances

EH [ )53 K
|y
Im Wi, Im W, Im Wm
2 [1,2] [04L,09L] [0.1W,02W] [02L,05L] [02W,,05W] J[0.1L,02L] 1[04W,09W]
3 [1,3] [03L,08L] [0.1W,02W] [02L,05L] [02W,04W] [0.1L,02L] [0.3W,0.8W]
4 [1,4] [02L,0.7L] [0.1W,02W] [0.1L,04L] [0.1W,04W] J[0.1L,02L] [02W,0.7W]
5 [1,5] [0.1L,06L] [0.1W,02W] [0.1L,03L] [0.1W03W] J[0.1L,02L] [0.1W0.6W]
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Table 2 Comparison results of 2L-CVRP benchmark instances
I SCEM LIRSS G R KRR
Sl & CH CpLEX  lorig? bRAE B A T U5 Png-routefh A
mE W BRI bR SRR T 7
L T L %% %?ﬂ%% L5 %ﬁ e
ifEls X b % W) Rt/ %

0101 15 278.73  278.726 273 278.726 7 0 278.726 30 0
0102 15 278.73  278.726 285 278.726 123 0 278.726 104 0
0103 15 284.52  327.178 280 284.519 51 0 284.519 114 0
0104 15 282.59  294.250 288 282.946 32 0 282.946 61 0
0105 15 278.73  286.347 279 278.726 6 0 278.726 22 0
0201 15 33496 334.964 329 334.964 21 0 334.964 13 0
0202 15 33496 334.964 342 334.964 43 0 334.964 32 0
0203 15 352.16  352.159 347 352.159 18 0 352.159 25 0
0204 15 33496 334.964 336 334.964 31 0 334.964 17 0
0205 15 33496 334.964 329 334.964 18 0 334.964 12 0
0301 20 358.40 358.402 351 358.402 14 0 358.402 26 0
0302 20 387.70  393.539 396 387.704 153 0 387.704 1140 0
0303 20 394.72  427.930 387 394.721 919 0 394.721 104 0
0304 20 362.41 368.563 374 362.414 54 0 362.414 138 0
0305 20 358.40 376.958 369 358.402 30 0 358.402 49 0
0401 20 430.88  430.885 423 430.885 2 0 430.885 1 0
0402 20 430.88  430.885 434 430.885 21 0 430.885 24 0
0403 20 430.88 451.494 432 430.885 52 0 430.885 11 0
0404 20 447.37  459.008 438 447.373 49 0 447.373 280 0
0405 20 430.88  435.933 423 430.885 23 0 430.885 5 0
0501 21 375.28  375.280 367 375.280 81 0 375.280 5 0
0502 21 375.28  375.280 380 375.280 73 0 375.280 43 0
0503 21 381.69 460911 373 381.690 66 0 381.690 47 0
0504 21 383.87 392.885 377 383.875 82 0 383.875 48 0
0505 21 375.28 387.543 389 375.280 76 0 375.280 23 0
0601 21 495.85 495.848 488 495.848 127 0 495.848 54 0
0602 21 495.85 498.157 491 495.848 97 0 495.848 82 0
0603 21 497.17  510.773 496 498.157 1201 0.2 498.157 648 0.2
0604 21 49832  565.463 489 498.316 78 0 498.316 93 0
0605 21 495.75  508.559 488 495.848 127 0.02 495.848 32 0.02
0701 22 568.56 568.563 558 — — — 568.563 2085 0
0702 22 725.46  773.724 724 — — — 725.459 7200 0
0703 22 678.75  825.577 698 — — — 678.748 1079 0
0704 22 700.72  1185.08 714 — — — 700.716 4281 0
0705 22 657.77  888.01 742 — — — 657.769 3448 0
0801 22 568.56  568.563 657 — — — 568.563 513 0
0802 22 674.55 760.581 720 — — — 685.062 7200 1.53
0803 22 738.43  881.539 730 — — — 740.848 7200 0.33
0804 22 69247 1141.32 701 — — — 692.474 3278 0
0805 22 609.90 815.163 721 — — — 609.900 1773 0
0901 25 607.65 607.651 609 607.651 12 0 607.651 2 0
0902 25 607.65 607.651 612 607.651 43 0 607.651 32 0
0903 25 607.65 670.019 615 607.651 37 0 607.651 68 0
0904 25 621.23  667.073 626 625.096 363 0.62 625.096 85 0.62
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I SCEMBILE G IR R BAEFE
BBl EP DR CpLEX  lon%® R TE 5 T ng route Ay
GE OB B (RIRRRE SR 1 7
L TR L ;kﬁi%’: 5 B g *ﬁﬁ 5 B
il Xt E/% fiEls Rt EL/%
0905 25 60765 ~ — 609 607651 83 0 607.651 50 0
1200 30 61000 637950 —  610.003 173 0 610.003 66 0
1202 30 61057 @ — — 610570 343 0 610.570 121 0
1203 30 61000  — — 610003 116 0 610.003 72 0
1204 30 61423  — — 614235 162 0 614235 408 0
1205 30 61000  — — 610003 9 0 610.003 27 0
1601 35  698.61 754344 682  698.605 9 0 698.605 153 0
1602 35 69861  — 682  698.605 35 0 698.605 246 0
1603 35 69861  — 682  698.605 10 0 698.605 140 0
1604 35 70335 < — 691 703353 738 0 703353 843 0
1605 35 69861  — 682  698.605 14 0 698.605 55 0
1701 40 86179 1109.06  —  861.787 194 0 861.787 161 0
1702 40  863.66  — — 870856 219 0.83 870.856 102 0.83
1703 40 86179  — — 861787 187 0 861.787 252 0
1704 40 86179  — — 861787 184 0 861.787 71 0
1705 40 86179  — — 861787 162 0 861.787 52 0
1901 50 52461 757653  — — — — 525902 7200 0.25
1902 50 75453 @ — — — — — 759.942 7200 0.71
1903 50 77166 ~ — — — — — 788.116 7200 2.09
1904 50 77587 @ — — — — — 793.527 7200 2.23
1905 50 64459  — — — — — 656.941 7200 1.88

4.2.3 ng-routefa s IR 1 HE 73 B

For, 5T Tong-route A 5t S50 25 BE K fi# 050
AN, A3 P ng-route 2 dth 55w~ 25 SR g sf [|] 98 20> T
9.58 s. fE2L-ESPPRCH, 5 #hng-routefs ith Ji5 1) 3L
KA BE CRIE AR H et 1, (HE T s B IEAR R 20H
B SR P A7 T2, A5 75 Bk 31 B fIE A
F 4, A8 Fng-route/s 5 5 sk EE A% Gt (bR 25 B8 7]
Z SRS S 53 A S50 R AIE & B, 0701~0705,
0801~08051X 105135 & E A B 5K 7 e/ Nz
KB EH B KA ZET56E), RITE S AR 1 B 427 S
— BRI T ARSI 2 5% 7 (M3 5. U T 54
1901~1905, 2 ' AS0D, HEMBE S &% &%
AN R UL $53.33. FERX P75 T, 20 s
BK R T DL N 27K 7 35 430 BRI AR I R
W, B AR A SRR AT ), )RR EERE R R
5 (8] 354738 )73 . Tiing-routes 5th S8 I — J7 THI 7o VF %%
JSAE— B A MRS 2R, R — 7 TRtk 1 S
KU, B A 25008 /D A 25 B iR, B N R A SR R 2L
CVRP-F[r)#.

346, I gh S B, 54 0605 (2 R i A AR N

495.75, FHLeung 5524 (i) B A — 2 34 55 £ R PR ),
HAE AT R T A B2 29 AR B (1 504510601 (5%
LA N495.85), H LA HILeungZ5 24l it 5 & A%
RAFH DA AR AR B R,
5 4k

ASCHETT T eSS FE 2 R I R B4R 0] R,
RS T RS R IR AN AR A R A Y, i
CPLEXCK fift /NI ST A5 B0 AIE 1 TR & B A 4 M J KA
RPE R, FIR, 2 TSR BT T HT 5
SRR VAT SRR BT TR R T A g
route s 5th 5% B (I FR 25 By RN 3 T2 i R 1) — 4k 3%
FERE. JUAL, 1R H T B R RE TR AR FeFamT AT %
ARAF i FH BR AR MO 25 Rl A BN TR SRS . {1 L 25 SRR A,
P 122 T 00 S AN 1 5 T B R R AR R AR
2L-CVRP. 54b, 73 M EAFIRHIE Fng-route I 5th S B Xof
TSR ARVERE M R2 M R B, 10 it SRS e AR T
VLSRR SN R MAR2L-CVRP KA. T —
20 WA CIP S S i AERY S N IF=P NS S
(CAnm] e A S 3 e S5 FIBE it A U RE i 2es A8 vk
PASK A B KRR ) 2L-C VR P AL HE AU
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