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摘要: 经典卡尔曼滤波要求量测值可实时获取,且仅适用于线性系统.然而,在工程实际应用中,系统多为非线性
系统,量测值也会发生滞后或者丢失等现象,此时经典卡尔曼滤波已不适用. 因此,本文针对一类带有随机量测一
步时滞和随机丢包的非线性离散系统的状态估计问题,用两个满足伯努利分布的独立随机变量来描述随机量测一
步滞后和随机丢包的现象.当量测丢失时,用量测值的一步预测值来代替零输入进行补偿.在此基础上应用正交投
影理论和无迹变换的方法提出了一种改进的无迹卡尔曼滤波算法. 最后,通过仿真例子验证在考虑随机量测一步
时滞和随机丢包的情况下,所提出的改进算法相比于经典无迹卡尔曼滤波算法具有更高的精度.
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An improved unscented Kalman filter with randomly delayed
measurements and randomly missing measurements

LUO Hong-lun, XING Ma-li†, HUANG Xiong
(College of Automation, Guangdong University of Technology, Guangzhou Guangdong 510006, China)

Abstract: The classical Kalman filter requires that the measurements can be obtained in real time, and it is only suitable
for linear systems. However, in practical engineering applications, most of the systems are nonlinear systems, and the
measurements are sometimes delayed or lost, the classical Kalman filter is no longer applicable in this case. Therefore, in
this paper, the problem of state estimation for nonlinear discrete-time systems with randomly one-step delayed measure-
ments and missing measurements is studied. The phenomena of randomly one-step delayed measurements and missing
measurements are described by two independent random variables satisfying the Bernoulli distribution. When the mea-
surement is missing, the one-step prediction value of the measurement is used to replace the zero input for compensation.
On this basis, an improved unscented Kalman filter is proposed by using the orthogonal projection theory and unscented
transformation method. Finally, a simulation example is given to illustrate that the improved algorithm has higher accuracy
than the classical unscented Kalman filter in the case of considering randomly one-step delayed measurements and missing
measurements.
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1 引引引言言言

在许多复杂的工程应用场景中,如目标跟踪系
统[1]、图像处理[2]、汽车导航[3]以及工业生产[4]等,要
使得系统达到预期的控制效果,需要利用传感器实时

获得系统的状态信息,但由于网络故障、环境噪声和
量测噪声等因素的干扰,观测值往往不能准确的反映
系统的状态信息.因此,系统的状态估计问题在近几
十年来得到了广泛的研究.文献[5]以线性离散系统为
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研究对象,基于最小均方误差和正交投影理论,提出
了著名的卡尔曼滤波器. 基于这一开创性的设计,众
多学者在系统状态估计领域开展了相关研究,并取得
了丰硕的研究成果[6–9]. 在实际工程应用场景中,非线
性系统随处可见,经典卡尔曼滤波却不能对非线性系
统进行状态估计.为了解决这个问题,文献[10]运用泰
勒展开的方法,将非线性系统中的非线性函数进行线
性化,再利用经典卡尔曼滤波对系统进行状态估计.
文献[11]采用无迹变换的方法来近似求解系统状态的
均值和协方差,使其满足最小均方误差的原则,从而
为非线性离散系统设计了无迹卡尔曼滤波算法. 无迹
卡尔曼滤波相比于拓展卡尔曼滤波具有估计精度高

且计算量较小的优点,因此在包括系统状态估计在内
的许多应用领域中,无迹卡尔曼滤波器是拓展卡尔曼
滤波的一种优越的替代方案.

无论是在线性离散系统还是非线性离散系统中,
系统的状态估计问题通常假设系统的测量值是实时

可用的. 然而,在许多实际的应用场景下,测量值可能
会受到随机时延的影响,尤其是在具有远程传感器的
通信网络中,传感器的传输机制随机失效、通信网络
拥堵或者传感器没有及时测得系统的状态信息等这

些原因[12]都有可能导致量测时滞的发生,针对随机量
测时滞问题,一般可分为确定性时滞[13]和随机时

滞[14]. 文献[15]将随机量测一步时滞现象用一组服从
伯努利分布的随机变量来描述并建立了一种新模型,
线性滤波器的解由黎卡提差分方程和李雅普诺夫差

分方程给出.文献[16]运用去随机化方法和状态增广
方法将具有随机一步量测时滞的线性系统转化为具

有虚拟白噪声的线性系统,设计了相应的卡尔曼滤波
器. 考虑到实际应用过程中一般无法满足延迟时间是
采样间隔时间的整数倍的假设. 文献[17]提出了一种
新型卡尔曼滤波算法,解决了系统在量测微小时延情
况下的状态估计问题.

同样,由于长距离的传输和通信网络不可靠等原
因,系统的传感器测量值有可能会在传输过程中丢失.
针对随机丢包问题,文献[18]研究了时变复杂网络在
具有量测随机丢失情况下的状态估计问题,同样采用
一组服从伯努利分布的随机变量来描述随机丢包. 文
献[19]基于信息熵理论进行随机丢包情况的建模,在
此模型上提出了序贯拓展卡尔曼滤波算法来对系统

进行状态估计.文献[20]针对一类非线性随机系统,将
事件触发传输和随机丢包的情况结合起来,构造了一
种时变滤波器,推导了滤波误差协方差的上界,并通
过适当调整滤波器增益使其最小化. 结合事件触发传
输和无迹卡尔曼滤波算法,文献[21]研究了与事件触
发阈值相关的事件触发无迹卡尔曼滤波算法. 对于具
有多个传感器的无线传感器网络,文献[22]在分布式
卡尔曼滤波算法和一致性滤波的基础上,提出了有偏

和无偏两种补偿策略来提高无线传感器网络随机丢

包问题的跟踪精度和可靠性. 而针对同时具有随机量
测时滞和随机丢包现象的系统,文献[23]通过应用重
组信息分析方法,基于线性最小均方误差得出最优线
性滤波算法. 文献[24]将具有多重随机时滞和随机丢
包的系统转化为具有多个随机延迟状态和噪声的系

统,利用正交投影方法设计了一种最优线性滤波器.
文献[25]基于事件触发传输机制研究了一类带有随机
丢包的随机时滞非线性系统的递归滤波算法,其算法
参数主要借助于求解两个类黎卡提方程. 文献[26]考
虑了一类不满足高斯分布的非线性离散随机系统,基
于贝叶斯滤波框架研究了具有随机量测时滞和随机

丢包的粒子滤波算法.

虽然,针对随机量测时滞和随机丢包现象下的系
统状态估计研究已经取得了丰硕的成果,然而在同时
具有随机量测时滞和随机丢包现象下的状态估计的

研究成果还不够完善,且现有的研究成果主要基于线
性离散随机系统,鲜有针对随机量测时滞和随机丢包
共同作用下的非线性离散随机系统的状态估计问题

的研究.受文献[26]的启发,本文基于无迹卡尔曼滤波
算法研究了同时具有随机量测一步时滞和随机丢包

现象的非线性系统状态估计问题,提出了一种改进的
无迹卡尔曼滤波算法,主要贡献如下:

1) 考虑了同时具有随机量测一步时滞和随机丢
包现象下的非线性系统状态估计问题.

2) 当发生丢包时,采用量测值的一步预测值代替
零输入进行补偿.

3) 给出了一种新的递归算法,得到非线性系统在
同时具有随机量测一步时滞和随机丢包现象下的实

时状态估计值.

符号说明: Rn表示n维欧几里得空间, AT表示矩

阵A的转置，E{x}表示随机变量x的期望值.

2 问问问题题题描描描述述述

带随机量测一步时滞和随机丢包的非线性离散随

机系统模型如下:

xk+1 = fk(xk) + wk, (1)

zk = hk(xk) + vk, (2)

yk = λkzk + (1− λk)ξkzk−1 +

(1− λk)(1− ξk)ẑk|k−1, (3)

其中: xk+1 ∈ Rn表示系统在k + 1时刻的状态值;
zk ∈ Rm表示传感器在没有发生量测时滞和丢包情况

下的理想测量值; yk ∈ Rm表示滤波器在k时刻接收

到的实际测量值; f(·)和h(·)分别表示系统的状态方
程和量测方程; wk和vk分别表示系统的过程噪声和量

测噪声; ẑk|k−1表示量测的一步预测值; λk和ξk则是为

了描述系统随机量测时滞和随机丢包现象所引入的
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随机变量. 针对上述模型,做出以下假设.

假假假设设设 1 wk和vk均为独立的零均值高斯白噪声,
其方差分别为Qk和Rk,即满足

E{
[
wk

vk

]
[wT

l vTl ]} =

[
Qk 0

0 Rk

]
δkl, (4)

其中δkl表示克罗内克函数.

假假假设设设 2 λk和ξk均表示取值为0或1的满足伯努
利分布的独立随机变量,即

Prob (λk = 1) = E{λk} = α, (5)

Prob (λk = 0) = 1− E{λk} = 1− α, (6)

Prob (ξk = 1) = E{ξk} = β, (7)

Prob (ξk = 0) = 1− E{ξk} = 1− β, (8)

其中: Prob表示概率; α和β表示可取值为0到1之间的
标量.

假假假设设设 3 系统的初始状态x0服从正态分布,且与
wk, vk均互不相关,初始状态的均值和协方差分别为

x̂0 = E{x0}, (9)

P0 = Cov(x0, x
T
0 ) =

E{(x0 − x̂0)(x0 − x̂0)
T}. (10)

注注注 1 在式(3)中,如果λk = 1,则yk = zk,表明滤波器

成功接收到当前时刻的量测数据;如果λk = 0且ξk = 1,则

yk = zk−1,表明量测数据发生了一步时滞,滤波器接收到的

数据为上一时刻的量测数据;如果λk = 0且ξk = 0,则yk =

ẑk|k−1,表明系统发生了丢包,滤波器采用的量测值由量测一

步预测值代替.

本文的目的是基于正交投影理论和无迹变换方法,
根据量测值序列Yk+1 ={y1, y2, · · · , yk+1},为同时具
有随机量测一步时滞和随机丢包的非线性系统(1)–
(3)设计一种改进的无迹卡尔曼滤波算法.

3 改改改进进进无无无迹迹迹卡卡卡尔尔尔曼曼曼滤滤滤波波波算算算法法法

由线性最小均方误差理论可知基于量测值y对系

统状态x进行估计时,其最小均方误差估计值x̂(y)即

为x在y上的正交投影,记为x̂(y) = Ê{x|y}. 在进行
滤波算法推导之前,先给出下文需要使用到的正交投
影理论如下[27]:

引引引理理理 1 设x和y为两个随机向量,且均具有二阶
矩,则x在y上的正交投影x̂等于基于y的线性最小均

方误差估计值,即

Ê{x|y} =

E{x}+Cov(x, y)[Var(y)]−1[y − E{y}]. (11)

引引引理理理 2 设x1, x2和y为3个随机向量,且均具有
二阶矩, A和B为已知的系数矩阵,则

Ê{(Ax1 +Bx2)|y} =

AÊ{x1|y}+BÊ{x2|y}. (12)

引引引理理理 3 设x, y1和y2为3个随机向量,且均具有
二阶矩, y = [y1 y2 ],则

Ê{x|y} = Ê{x|y1}+ Ê{x̃|ỹ2} =

Ê{x|y1}+ E{x̃ỹT
2 }[E{ỹ2ỹT

2 }]−1ỹ2, (13)

其中: x̃ = x− Ê{x|y1}, ỹ2 = y2 − Ê{y2|y1}.

所设计的改进无迹卡尔曼滤波算法由状态估计和

算法实现两部分构成.

3.1 状状状态态态估估估计计计

针对带有随机量测一步时滞和随机丢包的非线性

系统的状态估计问题,给出以下定理.

定定定理理理 1 给定系统在k时刻的状态估计值x̂k|k和

估计误差协方差矩阵Pk|k,以及k − 1时刻的状态估计

值x̂k−1|k−1和估计误差协方差矩阵Pk−1|k−1,基于量
测值序列Yk+1 = {y1, y2, · · · , yk+1},在假设1、假设
2和假设3条件下,系统在k+1时刻的状态估计值

x̂k+1|k+1、滤波器增益Kk+1以及估计误差协方差矩

阵Pk+1|k+1为

x̂k+1|k+1 = x̂k+1|k +Kk+1(yk+1 − ŷk+1|k), (14)

x̂k+1|k = fk(x̂k|k), (15)

ŷk+1|k = αhk+1(x̂k+1|k) + (1− α)βhk(x̂k|k−1) +

(1− α)(1− β)hk+1(x̂k+1|k), (16)

Kk+1 =

[αPxk|kyk+1|k + (β − αβ)Pxk|kyk|k−1
] ·

[αPyk+1|kyk+1|k − αβ(1− α)(Θyk+1|kỹ +

Θỹyk+1|k)− (α2β2 + αβ − 2αβ2)(Θyk|k−1ỹ +

Θỹyk|k−1
) + β(1− α)Pyk|k−1yk|k−1

+ (β2α+ β −
β2 − αβ)Θỹỹ + αRk+1 + β(1− α)Rk]

−1, (17)

Pk+1|k = E{[fk(xk)− fk(x̂k|k)][fk(xk)−
fk(x̂k|k)]

T}+Qk, (18)

Pk+1|k+1 = Pk+1|k −Kk+1[αPxk|kyk+1|k +

(β − αβ)Pxk|kyk|k−1
]T, (19)

式中:

Pxk|kyk+1|k = E{[fk(xk)− fk(x̂k|k)] ·
[hk+1(xk+1)−hk+1(x̂k+1|k)]

T}, (20)

Pxk|kyk|k−1
= E{[fk(xk)− fk(x̂k|k)] ·

[hk(xk)− hk(x̂k|k−1)]
T}, (21)

Pyk+1|kyk+1|k = E{[hk+1(xk+1)− hk+1(x̂k+1|k)] ·
[hk+1(xk+1)− hk+1(x̂k+1|k)]

T},
(22)

Θyk+1|kỹ = E{[hk+1(xk+1)− hk+1(x̂k+1|k)] ·
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[hk(x̂k|k−1)− hk+1(x̂k+1|k)]
T}, (23)

Θỹyk+1|k = E{[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·
[hk+1(xk+1)− hk+1(x̂k+1|k)]

T}, (24)

Θyk|k−1ỹ = E{[hk(xk)− hk(x̂k|k−1)] ·
[hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T}, (25)

Θỹyk|k−1
= E{[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·

[hk(xk)− hk(x̂k|k−1)]
T}, (26)

Pyk|k−1yk|k−1
= E{[hk(xk)− hk(x̂k|k−1)] ·
[hk(xk)− hk(x̂k|k−1)]

T}, (27)

Θỹỹ = E{[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·
[hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T}, (28)

其中: Pk+1|k表示系统的状态一步预测误差协方差矩

阵; x̂k+1|k和ŷk+1|k分别表示系统状态值和量测值的

一步预测值; Qk和Rk分别表示过程噪声wk和量测噪

声vk的协方差矩阵.

证 首先,已知wk和vk均为独立的零均值高斯白

噪声,可得

Cov(wk, Yk) = 0, (29)

Cov(vk, Yk) = 0, (30)

则根据引理1得

Ê{wk|Yk} = E{wk} = 0, (31)

Ê{vk|Yk} = E{vk} = 0. (32)

由假设2可知,对随机变量λk和ξk分别取均值得

E{λk}= α和E{ξk}=β. 结合式(1)(3)(31)和式(32),
根据引理2可得k + 1时刻系统的状态一步预测值和

量测一步预测值分别为

x̂k+1|k = Ê{xk+1|Yk} = Ê{fk(xk)|Yk}, (33)

ŷk+1|k = Ê{yk+1|Yk} =

αÊ{hk+1(xk+1)|Yk}+ (1− α)βÊ{hk(xk)|Yk}+
(1− α)(1− β)Ê{hk+1(xk+1)|Yk}, (34)

其中: Ê{fk(xk)|Yk}表示k时刻的状态估计值x̂k|k

经非线性状态函数fk(·)传递之后的后验均值;
Ê{hk+1(xk+1)|Yk}表示k + 1时刻系统状态的一步预

测值x̂k+1|k经非线性量测方程hk+1(·)传递之后的后
验均值, Ê{hk(xk)|Yk}同理.

然而,不同于线性系统,在非线性系统中求解
Ê{fk(xk)|Yk}和Ê{hk+1(xk+1)|Yk}的值将变得异常
困难,因此可以通过无迹变换等方法来近似求解. 令

fk(x̂k|k) = Ê{fk(xk)|Yk}, (35)

hk+1(x̂k+1|k) = Ê{hk+1(xk+1)|Yk}, (36)

hk(x̂kk−1) = Ê{hk(xk)|Yk}, (37)

于是式(33)–(34)可分别改写成

x̂k+1|k = fk(x̂k|k), (38)

ŷk+1|k = αhk+1(x̂k+1|k) + (1− α)βhk(x̂k|k−1) +

(1− α)(1− β)hk+1(x̂k+1|k), (39)

由式(38)–(39)可知式(15)–(16)得证.

系统状态一步预测误差由式(1)和式(38)可得

x̃k+1|k = xk+1 − x̂k+1|k =

fk(xk)− fk(x̂k|k) + wk, (40)

则系统的状态一步预测误差协方差矩阵为

Pk+1|k = E{x̃k+1|kx̃
T
k+1|k} =

E{[fk(xk)− fk(x̂k|k) + wk] ·
[fk(xk)− fk(x̂k|k) + wk]

T} =

E{[fk(xk)− fk(x̂k|k)] ·
[fk(xk)− fk(x̂k|k)]

T}+Qk, (41)

式(18)得证. 同理,系统的量测一步预测误差由式(3)
和式(39)可得

ỹk+1|k = yk+1 − ŷk+1|k =

λkzk+(1−λk)ξkzk−1+(1−λk)(1−ξk)ẑk|k−1−
αhk+1(x̂k+1|k) + (1− α)βhk(x̂k|k−1) +

(1− α)(1− β)hk+1(x̂k+1|k) =

λk+1[hk+1(xk+1)− hk+1(x̂k+1|k)] + (ξk+1 −
ξk+1λk+1)[hk(xk)− hk(x̂k|k−1)]− (β − αβ −
ξk+1 + ξk+1λk+1)[hk(x̂k|k−1)− hk+1(x̂k+1|k)] +

λk+1vk+1 + (ξk+1 − ξk+1λk+1)vk, (42)

则系统的量测一步预测误差协方差矩阵为

Pỹk+1|k = E{ỹk+1|kỹ
T
k+1|k} =

αE{[hk+1(xk+1)− hk+1(x̂k+1|k)][hk+1(xk+1)−
hk+1(x̂k+1|k)]

T} − αβ(1− α)E{[hk+1(xk+1)−
hk+1(x̂k+1|k)][hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T}+
β(1− α)E{[hk(xk)− hk(x̂k|k−1)][hk(xk)−
hk(x̂k|k−1)]

T}−(α2β2+αβ−2αβ2)E{[hk(xk)−
hk(x̂k|k−1)][hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T} −
αβ(1− α)E{[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·
[hk+1(xk+1)− hk+1(x̂k+1|k)]

T} −
(α2β2 + αβ − 2αβ2)E{[hk(x̂k|k−1)−
hk+1(x̂k+1|k)][hk(xk)− hk(x̂k|k−1)]

T}+
(β2α+ β − β2 − αβ)E{[hk(x̂k|k−1)−
hk+1(x̂k+1|k)][hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T}+
αRk+1 + β(1− α)Rk =
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αPyk+1|kyk+1|k−αβ(1−α)(Θyk+1|kỹ+Θỹyk+1|k)−
(α2β2 + αβ − 2αβ2)(Θyk|k−1ỹ +Θỹyk|k−1

) +

β(1−α)Pyk|k−1yk|k−1
+ (β2α+β−β2−αβ) ·

Θỹỹ + αRk+1 + β(1− α)Rk, (43)

式中:

Pyk+1|kyk+1|k = E{[hk+1(xk+1)− hk+1(x̂k+1|k)] ·
[hk+1(xk+1)− hk+1(x̂k+1|k)]

T},
(44)

Θyk+1|kỹ = E{[hk+1(xk+1)− hk+1(x̂k+1|k)] ·
[hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T}, (45)

Θỹyk+1|k = E{[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·
[hk+1(xk+1)− hk+1(x̂k+1|k)]

T}, (46)

Θyk|k−1ỹ = E{[hk(xk)− hk(x̂k|k−1)] ·
[hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T}, (47)

Θỹyk|k−1
= E{[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·

[hk(xk)− hk(x̂k|k−1)]
T}, (48)

Pyk|k−1yk|k−1
= E{[hk(xk)− hk(x̂k|k−1)] ·
[hk(xk)− hk(x̂k|k−1)]

T}, (49)

Θỹỹ = E{[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·
[hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T}, (50)

由式(44)–(50)可知式(22)–(28)得证.

由式(40)和式(42)进一步可得

Px̃k+1|kỹk+1|k = E{x̃k+1|kỹ
T
k+1|k} =

αE{[fk(xk)− fk(x̂k|k)] ·
[hk+1(xk+1)− hk+1(x̂k+1|k)]

T}+
(β − αβ)E{[fk(xk)− fk(x̂k|k)] ·
[hk(xk)− hk(x̂k|k−1)]

T} =

αPxk|kyk+1|k + (β − αβ)Pxk|kyk|k−1
, (51)

式中:

Pxk|kyk+1|k = E{[fk(xk)− fk(x̂k|k)] ·
[hk+1(xk+1)− hk+1(x̂k+1|k)]

T},
(52)

Pxk|kyk|k−1
= E{[fk(xk)− fk(x̂k|k)] ·

[hk(xk)− hk(x̂k|k−1)]
T}, (53)

由式(52)和式(53)可知式(20)和式(21)得证.

接下来,求解k+1时刻系统的状态估计值,已知
Yk+1 = {Yk, yk+1},根据引理3可得

x̂k+1|k+1 = Ê{xk+1|Yk+1} =

Ê{xk+1|Yk}+ Ê{x̃k+1|k|ỹk+1|k} =

x̂k+1|k + E{x̃k+1|kỹ
T
k+1|k} ·

(E{ỹk+1|kỹ
T
k+1|k})−1ỹk+1|k. (54)

令滤波器增益Kk+1为

Kk+1 = E{x̃k+1|kỹ
T
k+1|k} ·

(E{ỹk+1|kỹ
T
k+1|k})−1, (55)

于是式(54)改写为

x̂k+1|k+1= x̂k+1|k+Kk+1(yk+1 − ŷk+1|k). (56)

将式(43)和式(51)代入式(55)可得

Kk+1 =

[αPxk|kyk+1|k + (β − αβ)Pxk|kyk|k−1
] ·

[αPyk+1|kyk+1|k − αβ(1− α)(Θyk+1|kỹ +

Θỹyk+1|k)−(α2β2+αβ−2αβ2)(Θyk|k−1ỹ+

Θỹyk|k−1
) + β(1− α)Pyk|k−1yk|k−1

+

(β2α+ β − β2 − αβ)Θỹỹ +

αRk+1 + β(1− α)Rk]
−1, (57)

由式(56)和式(57)可知式(14)和式(17)得证.

最后,系统的状态估计误差为

x̃k+1|k+1 = xk+1 − x̂k+1|k+1 =

xk+1 − x̂k+1|k −Kk+1ỹk+1|k =

x̃k+1|k −Kk+1ỹk+1|k, (58)

则系统的状态估计误差协方差矩阵为

Pk+1|k+1 = E{x̃k+1|k+1x̃
T
k+1|k+1} =

E{x̃k+1|kx̃
T
k+1|k} − E{x̃k+1|kỹ

T
k+1|k}KT

k+1 −

Kk+1E{ỹk+1|kx̃
T
k+1|k}+

Kk+1E{ỹk+1|kỹ
T
k+1|k}KT

k+1 =

E{x̃k+1|kx̃
T
k+1|k}−Kk+1E{x̃k+1|kỹ

T
k+1|k}T. (59)

将式(41)和式(51)代入式(59)可得

Pk+1|k+1 = Pk+1|k −Kk+1[αPxk|kyk+1|k +

(β − αβ)Pxk|kyk|k−1
]T, (60)

即式(19)得证. 证毕.

注注注 2 由于长距离的传输和通信网络不可靠等原因,

系统的传感器测量值有可能会在传输过程中发生滞后或者丢

失的现象,且当量测值丢失时,用量测值的一步预测值来代替

零输入进行补偿.所计算的Pxk|kyk + 1|k、Pyk+1|kyk+1|k以及

Pxk|kyk|k−1等参数的值,即为了降低量测时滞和丢包补偿对

系统状态估计精度的影响.

在定理1中给出了系统在k + 1时刻的状态估计值

x̂k+1|k+1、滤波器增益Kk+1以及估计误差协方差矩阵

Pk+1|k+1的值,但在系统为非线性系统时难以求解,因
此本文采用了无迹变换的方法进行近似求解.
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3.2 算算算法法法实实实现现现

本节将运用无迹变换的方法,求解定理1中给出的
系统在k + 1时刻的状态估计值x̂k+1|k+1、滤波器增益

Kk+1以及估计误差协方差矩阵Pk+1|k+1的值,步骤如
下:

步步步骤骤骤 1 首先,选取Sigma点集,计算系统的一步
预测值.给定系统在k时刻和k − 1时刻的状态估计值

和估计误差协方差矩阵,即x̂k|k, x̂k−1|k−1, Pk|k以及

Pk−1|k−1已知,则基于x̂k|k和Pk|k选取2n+1个点作为

一组Sigma点集如下:

χ0
k|k= x̂k|k,

χs
k|k= x̂k|k+(

√
(n+γ)Pk|k)s, s=1, · · · , n,

χs
k|k= x̂k|k−(

√
(n+γ)Pk|k)s−n, s=n+1, · · · , 2n.

同理,基于x̂k−1|k−1和Pk−1|k−1选取2n+ 1个点作为

一组Sigma点集如下:

χ0
k−1|k−1 = x̂k−1|k−1,

χs
k−1|k−1 = x̂k−1|k−1 + (

√
(n+ γ)Pk−1|k−1)s,

s = 1, · · · , n,

χs
k−1|k−1 = x̂k−1|k−1 − (

√
(n+ γ)Pk−1|k−1)s−n,

s = n+ 1, · · · , 2n,

式中: γ = σ2(n+ κ)− n, σ为常数,可通过改变σ的

值来控制Sigma点的分布, κ表示比例因子,通常取0,
n表示系统的维数; (

√
(n+γ)Pk|k)s表示矩阵(n+γ)

Pk|k的平方根的第s列. 给出均值和协方差的权值如
下:

wm
0 =

γ

n+ γ
,

wc
0 =

γ

n+ γ
+ (1− σ2 + θ),

wm
s = wc

s =
1

2(n+ γ)
, s = 1, 2, · · · , 2n,

其中θ > 0为另一比例因子,通常取2.

k时刻的Sigma点集经系统状态函数fk(·)传递之
后的值为

χs
k+1|k = fk(χ

s
k|k), s = 0, 1, · · · , 2n, (61)

则k时刻系统的状态一步预测x̂k+1|k和一步预测误差

协方差矩阵Pk+1|k的值为

x̂k+1|k =
2n∑
s=0

wm
s χs

k+1|k, (62)

Pk+1|k =
2n∑
s=0

wc
s(χ

s
k+1|k − x̂k+1|k) ·

(χs
k+1|k − x̂k+1|k)

T +Qk, (63)

然后,基于x̂k+1|k和Pk+1|k的值重新选取2n+ 1个点

作为一组Sigma点集如下:

η0
k+1|k = x̂k+1|k,

ηs
k+1|k = x̂k+1|k + (

√
(n+ γ)Pk+1|k)s,

s = 1, · · · , n,

ηs
k+1|k = x̂k+1|k − (

√
(n+ γ)Pk+1|k)s−n,

s = n+ 1, · · · , 2n,

经系统量测函数hk+1(·)传递之后的值为

δsk+1|k = hk+1(η
s
k+1|k), s = 0, 1, · · · , 2n, (64)

则基于x̂k+1|k和Pk+1|k的系统量测一步预测为

hk+1(x̂k+1|k) =
2n∑
s=0

wm
s δsk+1|k. (65)

同理, k − 1时刻的Sigma点集经系统状态函数
fk−1(·)传递之后的值为

χs
k|k−1 = fk−1(χ

s
k−1|k−1), s = 0, 1, · · · , 2n, (66)

则k − 1时刻系统的状态一步预测x̂k|k−1和一步预测

误差协方差矩阵Pk|k−1的值为

x̂k|k−1 =
2n∑
s=0

wm
s χs

k|k−1, (67)

Pk|k−1 =
2n∑
s=0

wc
s(χ

s
k|k−1 − x̂k|k−1) ·

(χs
k|k−1 − x̂k|k−1)

T +Qk−1, (68)

然后,基于x̂k|k−1和Pk|k−1的值重新选取2n+ 1个点

作为一组Sigma点集如下:

g0k|k−1 = x̂k|k−1,

gsk|k−1 = x̂k|k−1 + (
√
(n+ γ)Pk|k−1)s,

s = 1, · · · , n,

gsk|k−1 = x̂k|k−1 − (
√
(n+ γ)Pk|k−1)s−n,

s = n+ 1, · · · , 2n,

经系统量测函数hk(·)传递之后的值为

ζsk|k−1 = hk(g
s
k|k−1), s = 0, 1, · · · , 2n, (69)

则基于x̂k|k−1和Pk|k−1的系统量测一步预测为

hk(x̂k|k−1) =
2n∑
s=0

wm
s ζsk|k−1. (70)

步步步骤骤骤 2 计算参数的值.式(15)和式(18)可分别
由式(62)和式(63)来计算,式(16)可由式(65)和式(70)
来计算,式(20)–(28)的值可以计算如下:

Pxk|kyk+1|k =
2n∑
s=0

wc
s(χ

s
k+1|k − x̂k+1|k) ·

[δsk+1|k − hk+1(x̂k+1|k)]
T, (71)

Pxk|kyk|k−1
=

2n∑
s=0

wc
s(χ

s
k+1|k − x̂k+1|k) ·



第 5期 骆宏伦等: 带随机量测时滞和随机丢包的改进无迹卡尔曼滤波 939

[ζsk|k−1 − hk(x̂k|k−1)]
T, (72)

Pyk+1|kyk+1|k =
2n∑
s=0

wc
s[δ

s
k+1|k − hk+1(x̂k+1|k)] ·

[δsk+1|k − hk+1(x̂k+1|k)]
T, (73)

Θyk+1|kỹ =
2n∑
s=0

wc
s[δ

s
k+1|k − hk+1(x̂k+1|k)] ·

[hk(x̂k|k−1)− hk+1(x̂k+1|k)]
T, (74)

Θỹyk+1|k =
2n∑
s=0

wc
s[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·

[δsk+1|k − hk+1(x̂k+1|k)]
T, (75)

Θyk|k−1ỹ =
2n∑
s=0

wc
s[ζ

s
k|k−1 − hk(x̂k|k−1)] ·

[hk(x̂k|k−1)− hk+1(x̂k+1|k)]
T, (76)

Θỹyk|k−1
=

2n∑
s=0

wc
s[hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·

[ζsk|k−1 − hk(x̂k|k−1)]
T, (77)

Pyk|k−1yk|k−1
=

2n∑
s=0

wc
s[ζ

s
k|k−1 − hk(x̂k|k−1)] ·

[ζsk|k−1 − hk(x̂k|k−1)]
T, (78)

Θỹỹ = [hk(x̂k|k−1)− hk+1(x̂k+1|k)] ·
[hk(x̂k|k−1)− hk+1(x̂k+1|k)]

T. (79)

步步步骤骤骤 3 计算系统在k + 1时刻的状态估计值.

1) 将式(71)–(79)的值代入式(17)中得滤波器增
益Kk+1的值.

2) 将式(15)–(16)和Kk+1的值代入式(14)得系统
在k + 1时刻的状态估计值x̂k+1|k+1.

3) 将式(18)(71)–(72)和Kk+1的值代入式(19)得
系统k + 1时刻的状态估计误差协方差矩阵Pk+1|k+1.

注注注 3 在算法的实现过程中,为了进一步降低量测一

步时滞和丢包补偿对系统状态估计精度的影响,总共进行了

4次Sigma点集的选取. 首先分别基于系统在k和k − 1时刻的

状态估计值和估计误差协方差矩阵选取2组Sigma点集,将权

值代入经系统的状态方程传递之后的Sigma点集,求出状态

一步预测值和误差协方差矩阵. 其次,基于求出的状态一步

预测值和误差协方差矩阵重新选取2个Sigma点集,经系统的

量测方程传递之后求出量测的一步预测值.

4 仿仿仿真真真分分分析析析

在这一小节中,对所提出的改进无迹卡尔曼滤波
算法进行验证,并与经典无迹卡尔曼滤波算法[11]进行

比较. 首先,给出一个非线性离散系统模型如下:

x1,k = x1,k−1 + Tx2,k−1 + w1,k−1,

x2,k = −10T sinx1,k−1 + (1− T )x2,k−1 + w2,k−1,

z1,k = 2 sin
x1,k

2
+ sinx1,k + v1,k,

z2,k =
x1,k

2
+ v2,k,

式中: T为滤波周期; w和v均为0均值的高斯白噪声且
独立,其协方差矩阵分别为

Q =

[
0.001 0

0 0.001

]
, R =

[
0.01 0

0 0.2

]
.

假设系统的初始值如下:

x0 =

[
1

0

]
, x̂0|0 =

[
0.5

0

]
, x̂1|1 =

[
1

0

]
,

P0|0 =

[
1 0

0 1

]
, P1|1 =

[
1 0

0 1

]
,

T = 0.05 s, σ取0.1, θ取2, κ取0, α = β = 0.8.

用RMSEi,k来表示状态 i在k时刻的均方根误差,
其定义如下:

RMSEi,k =

√
1

N

N∑
n=1

(x
(n)
i,k − x̂

(n)
i,k|k)

2, i = 1, 2,

式中: N表示进行多次仿真的次数,此次仿真中令
N=100, x(n)

i,k和x̂
(n)
i,k|k分别表示第n次仿真中k时刻系

统的状态真实值和估计值.在定理1中,针对具有随机
量测一步时滞和随机丢包的非线性系统,基于正交投
影理论和无迹变换方法,给出了系统的状态估计值.
根据定理1中所述的改进算法,递推地计算出系统在
每一个时刻的估计值,仿真结果如图1–6所示.

图 1 改进算法和经典算法下x1,k和x̂1,k|k的轨迹对比

Fig. 1 Trajectory comparison between x1,k and x̂1,k|k under

improved algorithm and classical algorithm

图1–2表示当α = β = 0.8时,本文所提出的改进
算法和文献[11]中的滤波算法的状态估计值比较,从
图中可以看出改进算法下的状态估计值更接近于真

实值;图3–4表示当α = β = 0.8时,本文所提出的改
进算法和文献[11]中的滤波算法的均方根误差比较,
以均方根误差作为评价算法的性能指标,可以看出改
进算法的整体性能要优于文献[11]中的经典算法;图
5–6表示在本文所提出的改进无迹卡尔曼滤波算法下,
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取不同的时滞率和丢包率时的均方根误差比较,当量
测值发生时滞或丢包时,分别采用了上一步的传输值
或量测一步预测值来进行补偿,故可以看出当选取不
同的时滞率和丢包率时改进算法均具有良好的估计

性能,但时滞率和丢包率较小时改进算法的整体估计
性能要优于时滞率和丢包率较大时的整体估计性能.

图 2 改进算法和经典算法下x2,k和x̂2,k|k的轨迹对比

Fig. 2 Trajectory comparison between x2,k and x̂2,k|k under

improved algorithm and classical algorithm

图 3 改进算法和经典算法下RMSE1,k的轨迹对比

Fig. 3 Trajectory comparison of RMSE1,k under improved

algorithm and classical algorithm

图 4 改进算法和经典算法下RMSE2,k的轨迹对比

Fig. 4 Trajectory comparison of RMSE2,k under improved

algorithm and classical algorithm

图 5 改进算法下α = β = 0.3和α = β = 0.7时

RMSE1,k的轨迹对比

Fig. 5 Trajectory comparison of RMSE1,k between
α = β = 0.3 and α = β = 0.7 under

improved algorithm

图 6 改进算法下α = β = 0.3和α = β = 0.7时

RMSE2,k的轨迹对比

Fig. 6 Trajectory comparison of RMSE2,k between
α = β = 0.3 and α = β = 0.7 under

improved algorithm

以上的仿真实例表明本文所提出的改进无迹卡尔

曼滤波算法在系统发生随机一步时滞和随机丢包的

情况下是可行有效的,且其对系统的状态估计性能要
优于经典的无迹卡尔曼滤波算法.

5 结结结论论论

本文研究了一类具有随机量测一步滞后和随机丢

包的非线性系统的状态估计问题.首先,针对发生量
测一步时滞的情况,滤波器将采用上一时刻的传输值
进行滤波;针对发生丢包的情况,则采取了量测的一
步预测值作为补偿.其次,基于最小均方误差理论和
正交投影理论,通过重新计算滤波参数来降低量测时
滞和丢包补偿对状态估计的影响,得到了改进的无迹
卡尔曼滤波算法. 最后,基于无迹变换的方法求得各
个滤波参数的值,并通过仿真例子验证本文所提出的
改进无迹卡尔曼滤波算法能更有效地对同时具有随

机量测一步时滞和随机丢包现象的非线性系统进行

状态估计.



第 5期 骆宏伦等: 带随机量测时滞和随机丢包的改进无迹卡尔曼滤波 941

参参参考考考文文文献献献:
[1] TULSYAN A, HUANG B, GOPALUNI R B, et al. A particle filter

approach to approximate posterior cramer-rao lower bound: the case
of hidden states. IEEE Transactions on Aerospace & Electronic Sys-
tems, 2013, 49(4): 2478 – 2495.

[2] HOSSEINI H, HESSAR F, MARVASTI F. Real-time impulse noise
suppression from images using an efficient weighted-average filter-
ing. IEEE Signal Processing Letters, 2014, 22(8): 1050 – 1054.

[3] ZHANG Y, DANG Y, LI N, et al. A integrated navigation algorithm
based on distributed Kalman filter. IEEE International Conference
on Information and Automation. Lijiang, China: IEEE, 2015: 2132 –
2135.

[4] KONG Z, OZTEKIN A, BEYCA O F, et al. Process performance pre-
diction for chemical mechanical planarization (CMP) by integration
of nonlinear bayesian analysis and statistical modeling. IEEE Trans-
actions on Semiconductor Manufacturing, 2010, 23(2): 316 – 327.

[5] KALMAN R E. A new approach to linear filtering and predicted
problems. Journal of Basic Engineering, 1960, 82(1): 35 – 45.

[6] ZHU C, SU Z, XIA Y, et al. Event-triggered state estimation for net-
worked systems with correlated noises and packet losses. ISA Trans-
actions, 2020, 104: 36 – 43.

[7] TIAN T, SUN S, LI N. Multi-sensor information fusion estimators
for stochastic uncertain systems with correlated noises. Information
Fusion, 2016, 27: 126 – 137.

[8] DESHMUKH R, THAPLIYAL O, KWON C, et al. Distributed
state estimation for a stochastic linear hybrid system over a sensor
network. IET Control Theory & Applications, 2018, 12(10): 1456 –
1464.

[9] HU J, WANG Z, GAO H. Joint state and fault estimation for time-
varying nonlinear systems with randomly occurring faults and sensor
saturations. Automatica, 2018, 97: 150 – 160.

[10] HU J, WANG Z, GAO H, et al. Extended Kalman filtering with
stochastic nonlinearities and multiple missing measurements. Auto-
matica, 2012, 48(9): 2007 – 2015.

[11] JULIER S, UHLMANN J, DURRANT-WHYTE H F. A new method
for the nonlinear transformation of means and covariances in filters
and estimators. IEEE Transactions on Automatic Control, 2000,
45(3): 477 – 482.

[12] YU Han, ZHANG Xiujie, CHEN Jianwei, et al. An improved Gaus-
sian filter with randomly delayed measurements and synchronously
correlated noises. Control Theory & Applications, 2016, 33(2): 133 –
145.
(于浛,张秀杰,陈建伟,等.考虑随机量测时滞和同步相关噪声的改
进高斯滤波算法.控制理论与应用, 2016, 33(2): 133 – 145.)

[13] ASADI E, BOTTASSO C L. Delayed fusion of relative state mea-
surements by extending stochastic cloning via direct Kalman filter-
ing. Proceedings of the 16th International Conference on Information
Fusion. Istanbul, Turkey: IEEE, 2013: 2049 – 2056.

[14] WANG X, LIANG Y, PAN Q, et al. Design and implementation of
Gaussian filter for nonlinear system with randomly delayed measure-
ments and correlated noises. Applied Mathematics & Computation,
2014, 232: 1011 – 1024.

[15] SUN S. Optimal linear filters for discrete-time systems with random-
ly delayed and lost measurements with/without time stamps. IEEE
Transactions on Automatic Control, 2013, 58(6): 1551 – 1556.

[16] SHEN H, DOU Y, RAN C. Optimal time-varying Kalman filter for
descriptor system with random one-step measurement delay. Chi-
nese Control And Decision Conference (CCDC). Hefei, China: IEEE,
2020: 3882 – 3887.

[17] SINGH A K. Fractionally delayed Kalman filter. IEEE/CAA Journal
of Automatica Sinica, 2020, 7(1): 169 – 177.

[18] HU J, WANG Z, LIU S, et al. A variance-constrained approach to
recursive state estimation for time-varying complex networks with
missing measurements. Automatica, 2016, 64: 155 – 162.

[19] GAO Xiaoguang, LI Fei, WAN Kaifang. Research on multi-sensor
cooperative tracking strategy in data packet loss environment. Sys-
tems Engineering and Electronics, 2018, 40(11): 2450 – 2458.
(高晓光,李飞,万开方.数据丢包环境下的多传感器协同跟踪策略
研究.系统工程与电子技术, 2018, 40(11): 2450 – 2458.)

[20] HU J, WANG Z, ALSAADI F E, et al. Event-based filtering for time-
varying nonlinear systems subject to multiple missing measurements
with uncertain missing probabilities. Information Fusion, 2017, 38:
74 – 83.

[21] LI L, YU D, XIA Y, et al. Event-triggered UKF for nonlinear dynam-
ic systems with packet dropout. International Journal of Robust and
Nonlinear Control, 2017, 27(18): 4208 – 4226.

[22] WANG Y, QIAN C, LIU X. Compensation strategy for distributed
tracking in wireless sensor networks with packet losses. Wireless Net-
works, 2015, 21(6): 1925 – 1934.

[23] SONG X, DUAN Z, PARK J H. Linear optimal estimation for
discrete-time systems with measurement-delay and packet dropping.
Applied Mathematics & Computation, 2016, 284: 115 – 124.

[24] SUN S, WANG G. Modeling and estimation for networked systems
with multiple random transmission delays and packet losses. Systems
& Control Letters, 2014, 73: 6 – 16.

[25] MAO J, DING D, SONG Y, et al. Event-based recursive filtering
for time-delayed stochastic nonlinear systems with missing measure-
ments. Signal Processing, 2017, 134: 158 – 165.

[26] XU L, MA K, LI W, et al. Particle filtering for networked nonlinear
systems subject to random one-step sensor delay and missing mea-
surements. Neurocomputing, 2018, 275: 2162 – 2169.

[27] SHI Zhongke. The Calculation Method of Optimal Estimation. Bei-
jing: Science Press, 2001.
(史忠科.最优估计的计算方法.北京: 科学出版社, 2001.)

作者简介:
骆骆骆宏宏宏伦伦伦 硕士研究生,目前研究方向为非线性滤波、分布式优化,

E-mail: luo honglun@163.com;

邢邢邢玛玛玛丽丽丽 副教授,硕士生导师,目前研究方向为随机系统和多智能

体系统的控制、非线性滤波, E-mail: maryxing90@163.com;

黄黄黄 雄雄雄 硕士研究生,目前研究方向为网络化控制系统、多智能

体系统, E-mail: huangxiong 95@163.com.


