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Abstract: This paper investigates the stability and stabilization problems of evolutionary games with disturbances.
First, based on several concepts, including disturbed game, controlled-disturbed game and robust Nash equilibrium, the
definitions of robust stability and stabilization of disturbed evolutionary game and controlled-disturbed evolutionary game
are specified, respectively. Second, by virtue of semi-tensor product, the algebraic state space representation of disturbed
evolutionary game and controlled-disturbed evolutionary game are derived. Meanwhile, the robust stability and stabilization
problems are converted into the set stability and set stabilization problems of an auxiliary system. Then, necessary and
sufficient conditions for the robust stability and stabilization problems are presented, and the state feedback controller is
designed as well. Finally, two examples are given to verify the effectiveness of the obtained results.
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SCHR (2710018 T B sE R S Ak 2R p A e Pk, SOk
[28-291% 1& 1 BEALIH AL I ZR RS e FHEERE )i, SRk
(3031153 BT T 9 28 T8 Ak 1R 3 R P 28 S A b 1R 5
(AR E SRS

TP A7 AE T4 R G DL I s AR g o, HT
P i) 5 43 B ROR R 2  Se . [EARE R RE, 1
FZRIAH DT A, K2R IR I R AE BRAR () A5
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IR TA) 2R 1 — VR 2%, @8 i e-Nash 3447 5k Sz i 45 1
ZEMIREIN. SCHR [3410F 58 1 FHUsem T B ikdEget: —
YA ZE A IR B S et SCRR [3517%5 F8 T BEHL T
POt g 30 T2 (RS P AR B A Tl FE s . I A,
SCHR[32-3315000E T FHLAT Re e fEigRahds, sy
Wi 2 45 5 Rk, 7 B b 2 T B A7AE [ )
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TTERANR: 1) P2 T TSR - g &
Fe—Nasht4) i S &, B A B 7 TP L gE 5%
Hil—TF P A IR ARECIR S 25 (R R . 2) T i
RS, BEAE IR SRR T S R
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FasE SEIE 78 7 56, It — 2t TR R
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V: AR
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a, =laa---al*,a R,

|S|: 4 SHIRHL

Col;(M): FEFEM I ER 51

Col(M): HiFEM FrA FI IS A

(M]s: S M AT 489U T2

(V] FRY M8 T,

Dyi={1,2,- kb k>2

Ap = {80 [0 = 1,2, |k}, K6 27 e

BT H 2R 81
Lopsn: FTAM X nAEZBAFERHRIES. L €
Lopsnfed Col(L) C A, #5 L =1[61 82 - §in]
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o: ¥ERF A HadamardFX.
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PS5 -
1) #A € R™X", X € R N
2) #X € R™L Y € RS R &, N
Wi XY =Y X,
ﬁEPW[mm] =[I,®68} I, ®02 - I, ®§mF N
RS,
3) Hx € Ay, N
2’ =Pz,
Horlid, — diag{S],62, - -, 6F YRR MEMIERE .
T THI U B Gn e R R R R e o AR 2 A R B L
JREOE .
g8 25!
1) G —AMBEREAL S : D — Dy WAENE—
B —NFEREM; € Liosson 815 fHIAREBOR AT LLFRIR
A
f(xla:l/‘Za e 7xn) = Mf K?:l Zi,
Hra, € Ay, MFN f 2RI RE.
2) ik
Y= My [X;Lzl Ty,
z=M, x} |z,
Hrf oz, € Ay My, M, € Lispn. M
yz = (My* M,) x| z,,
Hrr: My« M, = [Coly(M,) x Coly(M,) Coly(M,)
X CO]Q(MZ) A Colkn(My) X Colkn (MZ)]
3 SRR
AT EARG H— R R R e e
5B IR AR A A E L
EX 2 —ANHERIEAIEHIEGH N TIIEEE,
WG HMUE SR, i8NG = (N, S, =,0), H,
D N={1,2,-- , n}RprnMIRMEE.
2) S =] SNRH, Hs, ={1,2, -, k;}
=1

FR BN TR M IS HE, i € N, ﬁlsg%,%sl, S5,
o SRR, .

3) 2 ={1,2,- -, m}ERINBTIMIES.

4) C = (ci,09,+ ,cp)ER™, HHpe;: S x 5 —
RESINTR ISR, i € N,

X IR A5 1) BEEA R < oo; 2) HHEA
| S;| < 00: 3) FHAHZ| < 0.

R4 H R Nash 27152 3L

EN3  AE—ATIEEG = (N, S, 2, 0).

JR st = (s7, 85, -
WRXEEAN € N,
ci(si,s%,,8) = cilsi, s7,,€), Vs, € S, VE € Z,
Hrhs* BB EFANIE G R R — INITERE
W& ZH A
w—ANTIMERG = (N, S, =, O)# 85 31T,
A LLE A IR A EE RT3, B IR A AR
CA E B B SRS, Wik R B SRR A
TR NBEEK PSR HAE N TR AR N
zi(t+1) = fi(zi(t), -+ 2a(t),6i(2), - -

, s%) B} A — A~ & HENashd) 7,

ém(t)),
(1)
Hrr: z,(t) € Dy, RARFIANBUFAET ZI I HHE, ¢ =
1,2, ,n; &(t) € Dy, RoweBj AT PAELIN Z I {E,
j=12  m ¥ ERTHHENMEZERE NG .
AT TP LR A8 R G4 i)
wi(t + 1) = gi(wl(t)ﬂ e 7wp(t))7
é.j(t) - h‘j(wl(t)a e 7wp(t))7
Hrf:wi(t) € Do, BARRFEQINIIRE, i = 1,2,
o p &) € DL RARFQMHIH, j =1,2, -,

m

2

FE1 BESHNR, € TREER, S, Flh
i, AELSTG, ) SRR AT, T AR 1 28 B
7 S P O £ BB A T ph S R G () 6T,
b, AR R RS2 T A BRI T SRR 0.

BRR, A ER T IEAEAEG p BB e e
X.

EX 4 THEAEIEG N EERE S
FeNash#2)17 s* IF], WNSAFAE—A IEREE pfH15

x(t; w0, {E(1)}12) = 8" V{E)}i20, VE= p. (3)

XN T AN Be B e 1 T IR A T R, B e
Hil—TF Pt R,

EXS5 FE-THRTHEZEG = (N, S, =,
C). BRGRE—MEH-TIHEIE, W IiRK A nT LAk
SRR N ={X,U}, ¥, X = {21, 29, -+,
T pENREIERK, U = {uy, ug, -+ -, uy BT HIIL
K, FH HARS DU MR NI R 1 S0 525 H 0, 5 1 Do
F I EmE v AT EL XN F IR A NRI 4, 1dS
— §X % SV, §X .= [] SX, 8V i= ] SU. s*=(s?,
55 1 5) € ST T B S X 0 HENash i)
7, WRAFAEs € SUMHfS
ci(s5,8%,,5,6) = ci(si,87,,5,€), Vs, €85, VEEE.
e, — M H TP R R A T 2
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Hort: 2, (t) € Dy, R HANRETLR LT Z 150,
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e, Hi— MR -
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FHA2(t) = w(t)z(t) € Apq. #T, MF®)FIF(9),
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z(t;20) € A, Vzg € Agy, VE 2, (12)

BIRGi(11) &R T AEEFaE.

Gearth) BERGA )R T AEEFRER, N
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A ==X NI, 2 p = n, WG R, B
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NR==3

FF5|H#3, 152 DL E P

EIE 1  TIEMEZEG , EVefaE PS4 Nash
Wfirs*, M HAUYAAAE— N IEES D < ka, 15

VIG(I, ® MH)®,]" = 1T, (13)
Hev, = > 2

z€N

WE (M) BT ARG p ] LB R
JE B Nashdbfiis*, I 5383, fE7E IE5 %, 15
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z(n)=[G(1, @ MH)®,]"zy € A, Vzy € Apa,
KEWE X)L FEE R, REQADIFRE(t) €
Ao, RS AR, Bty < ka2 WK,

(o) MR RA3) AL, WA 2(n; 20) € A%
M zg € Ay BOL. M4t > nith,

2(t;20) = z(n; 2(t — m; 20)) € A, Vzo € Ap,.

FRAE 51 33, FHIEA I IEG p v LB iR e 2 &
FENash¥ffis*.  UFHE.
42 EHEE

X T ¥ B 5K B AG T, F)H HE R ok B AR
K@FA I FRETE

z(t+ 1) = LE(t)u(t)z(t), (14)

,ﬁ\: ':F‘Z u(t) = nglur(t) S Ab; L e Ekxklb, Eib =
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11 b,. {u(t)}e2,) € AR A Hzg € Aot > pHESL. il

r=1 RGN WRKITL, (ANESETER. TN, FEZ =
G R, T AGL16) XTI, (A)EABUER). TN, 17462,

x(t+1) = LHw(t)u(t)z(t). (15)

=20, 22(t) = w(t)z(t) € Apa, B WT 5 B

R4
z(t+1) = Qu(t)z(t), (16)

HhQ =G} ® 1, ® 1}) * LHW}y ) € Lyaxkas-

FRESO C AL, NERLE16)H—MEHI AT T4,
WMRIME R W29 € O, FEE—MEH T F{u ()}
132 (85 20, {u(t) }i55) € O, Vt € Zy WEAEEEA
R T S AN TR I 9T, FRONER A AR oK% |
AR, WAEL, (A).

A1 SRAMBRKIEHIAETEL,(A).

Stepl X T —MNEL S C Ay, WS = {5,

0

82 oo 60 i <y < e < dg. BV = D067,
j=1
US:5ka[i1 iy -+ ie]?
Step2 2i=0,S, = 4;

b

Step3  # Vg (X Qd7)Us, >0/, W % I,,,(A)

r=1
= Si, 1$JJ:,
. b

Stepd 51 5= {04V (X Q0))Us ], =0},
2Sit1 = Si\S5

Step5 WHS; 1 =2, XL, (A) =0, Fik. HIl,
A1 =1+ 1, &[AStep 3.

B —NEBW C A TR R Bi(16)£ % T
WEEGEEN, WRAFAE— A IERH A — N7
Sl{u(t) }i55, 13 2(t; 20, {u(t) }5) €W, V20 € Ara,
Vit > n. TR, BiEH-T A IR S e 0
AL N 258 (16) 5 A HEE 1) .

M2 FHEEH-THEALHIECIM R4
(16), M LA a2 S 1 -

D) #H-TIEIEIEGY RE s i & e e 3
HENash¥ffifs*:

2) RG(16)RFKT AERHEM,

3) FE—NIEEH < ka, H15

b )
VELM)(; Q6;)" > Oy, (17)
Horf s 7 B R A T 43 B 7T 2 ALk
FLA.
iE

1) & 2): BT 5 BE3RAEH, 5 A1) 52) 2 0
f].

2) = 3): [RE RG(16)2& KT AL EHEM, AT
TEIE B H p 5 8 6 7 5 {u(t)}2,, 13 2(t; 20,

81 AR X R HIFE ST B {w(t) oo  FIAE B I %
B 2 (t; 04 {u()}320) & In(A), t = 7. LA F
Gi(16)2 5% T ABEEHUEN, NTTz(t; 0L, {u(t)}2,)
€ AN\, (A), t > p. X5, (A)RAR) T KA H A2
THEAMFE. Kk, REA6)HREKT L, (A EEEE
(¥, MITTAEAE I8 % < ka RSl E 510 {u(t)} 52, 18
132(t; 20, {u(t)}520) € L ()X FTA Bz € Ao Mt
> niiar, Bk, A7)

3) = 2): B R A7) AL, B4 75 R 3 R HE )
20 € Apa, FATERE—FHIT I {u(t) H_o, 153 2(n; 20,
{u(t)}_y) € L, (A). WA F K E AR 152 L]
K, W AE T 20 € Apg, A7 TE{u(t) 15, B85 2(t; 20,
{u(®)}5) € L, (A) C A, Vt = n, INifi ZEi(16)52& %
TASLEHEER. U

A3 YR E A LIS, B A AR BT AAE
FHeln(A) = @, BABH TR IHZECE A B B
E FEFENashI i s*.

HEH-TIEE ARGy R s E e 3 S
P Nash¥5) 5™, ™ T 1 10 40 ] 152 TF R A & it 4 il
u(t) = Kz(t), 3 GY et ¥ & #4622 E HNash
)ftir s

B2 B, (A)CLHERIEE, £, (A)
# ST AT Mu(t) = Kz(t) FPIRES R 5%
.

Stepl %Sy = I, (A), A =1. WT* = Opxpa;

Step2 Xﬁﬁﬁﬁﬂ‘]Z: 1,27"' ab’j:1a27"' 3
ka, #Coli—1)kat; (Q) € Sr—1, WA [TH];; = 1;

Step3 5\ ={0],|Col;(T*) # 0,}. S, =

A—1
I\ \ 'L—Jo Si;
Step4 WIRS, = @, WAAFFIERA R
a, 1F Ik
A
Step5 WHRU S = Apa, ZA =X F N, 2N
=0
= A\ + 1, IR[A[Step 2;

Step 6 4AT0 =T, MPIRAS St o K fFE K mT LA
Wit R Colj(K) € {p € Ay|p o Colj(T") = p}, H
sl € 8;,i=0,1,---,\* 2k
5 TiEHE

1 FE-ATHEREG = (N,S,5,0), #
H N =22 =2,|5| =3,i € N, HE = 1,20
() SCATHE AN SR 1-2 s

BB B AT R B AT A AR

z(t+1) = ME(t)x(t), (18)
Hep:a(t) € Ag, £(t) € Ay, M =01 123473
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w(t+1) = Gu(t), Vi (G(L @ MH)$4)" = 15 (24)

(19)
§(t) = Huw(t),

o w(t) € Ay, €(t) € Ao, ARG =6,[3 1 2 4],
H=205,[1 21 2. HXA8)FI(19), W LIFZI
z(t+1) = MHw(t)x(t), (20)
w(t+1) = Gw(t). (1)
Lz(t) = w(t)x(t) € Ase, FEVHII RS
2(t+1) =Gy, ® MH)®42(t), (22)
Hrp

G, © MH)®, =
b36[19 19 20 21 22 25 21 222418 32 1 2
12328282930 31 34 30 31 33 10 17
12 11 10 11 10 11 12] € Lsgys6-
R & L3LA SRR T 1 S AT S B (GR1-2),
st = (1,1) ~ d3 NEHFENash 517,
RGECHIIFTEW I T RS2 = {d;, 03, 03,
01}, WG SRS
A={wx s"|w € 2} = {035, 035, 036, 036} (23)

M, AR A B AT S TP AL T 2R RE 8 B i A e
P EFENash¥s) i s*.

A 1 &= 10589 IAH4ES
Table 1 Payoffs when £ = 1

S

11 12 13 21 22 23 31 32 33

aq 4 2 2 1 4 1 3 2 2
cc 2 1 2 1 3 4 1 4 2

k2 & = 20F 89 A ATSEE
Table 2 Payoffs when £ = 2

S

Ci

11 12 13 21 22 23 31 32 33

cc 3 4 3 1 1 4 1 2 2
cc 3 2 2 1 4 4 2 3 2

B2 FEaFERH-THREREG = (N,S, =,
O, N=XUU, |X|=2, [U=1 |5]=2,
|S:|=3,i€ X, |S;|=2,i€U, HE =1, 20 B3 AT
FiRE IR 34N,

R S AHE B3 RIE X5, BHs* = (1,1) ~
Se KT DR X )& Nashi2 5.

k3 &= 10eh I AH4EE
Table 3 Payoffs when £ = 1

S

Ci

111 112 121 122 131 132 211

212 221

222 231 232 311 312 321 322 331 332

ct 9 8 1 2 3 6 2 4

ca 13 7 4 4 2 6 1 7

3 5 2 4 1 4 4 1 4 2
4 3 3 2 4 3 1 2 4 3

R4 &= 20409 LA
Table 4 Payoffs when £ = 2

S

Cq

111 112 121 122 131 132 211

212 221

222 231 232 311 312 321 322 331 332

c1 6 7 4 1 5 6 4 3

ca 10 9 6 3 3 8 3 5

5 7 1 9 3 8 3 2 3 2
8 4 6 1 4 1 3 6 2 3

BANER T R G AT B b IR, 2 H—T- ik
IR R AE TR N
z(t+1) = LE(t)u(t)z(t),
Hrp:2(t) € Ag, £(1) € As, u(t) € Ay, H

(25)

L=
do[14234934213421512311
23413121842151 2 3]€ Loyxse-

B0, &2(t) = w(t)z(t) € Az, AU NAHBIRS:
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Z(t + 1) = Qu(t)z(t), (26) [6] CHENG D, QI H, ZHAO Y. An Introduction to Semi-tensor Product
EFI of Matrices and Its Applications. Singapore: World Scientific, 2012.
7N .

Q=G ®1,®13)* LHW}5 4 =
d36[19 420 322921 4201214201
23120 3 28 13 29 12 31 18 30 13
29 10 30 13 29 10 32 10 29 12 19 1
203221211201264201 231
20 3 28 10 29 12 31 10 30 10 29 10
35 13 29 10 32 10 29 12] € L3px7a2-
HA = {wx s*|w e 2} = {61,030, 033, 025}, it
AR Bk, AT AR R KIS 6 A TN, (A)
= A = {63,030, 630 5281 AR¥EEHE2,

Vi ) (Z_il Q05)" > 03, 27

X ZSE TP R R B R BUE 3 s,

MRAEFIR2, RAFIRAS AT HI#anT:

u(t) = Kz(t),

HAHK =80k ky ks ks ) Wi 22

ki =1, 1=1,3,4,6,7,9,11,13,17, 18,

23,30, 33;
k;=2,  j=258,1215,19,20,21,22,

24, 25,26, 27, 29, 31, 35, 36;

k. € {1,2}, r = 10,14, 16,28, 32, 34.
5 2, EHIBT K A] DOARHE L B 75 RS e it
P2 1) 25 R B ET ) ) R SR, DLSEIZ A d T
ST B 5™
6 4

AR 7 A IR e e e i @l 178
TR Sl - T IE A SR G e e 5EE
SEMES AL b, Rk A R T ARECRES
RN, #t—20, W iE— MRS, 528 T8
PEfaE SHUT A/, 3 H T TIRES R
Ay, Ba, BB IAE T a0 .
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