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Output feedback control for an uncertain Euler-Bernoulli beam
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Abstract: For the Euler-Bernoulli beam equation which involves boundary disturbances, internal uncertainties, and
external disturbances, the high gain and difficult-to-accurately-solve unknown disturbance derivative problems introduced
by traditional perturbation observers need to be overcome. In this paper, active disturbance rejection control (ADRC)
technology is applied to the Euler-Bernoulli beam equation, a partial differential equation (PDE) system. A new online
disturbance observer is proposed and designed, which can estimate the disturbance values in real-time. Based on the
estimated disturbance values, a boundary output feedback controller is designed. The simulation results show that the
proposed method can achieve the estimation of internal uncertainty and external disturbance well, and the effective rejection
of the boundary disturbance can be achieved with the output feedback controller, and then the exponential stability of the
system can be achieved.
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Bernoulli 2 /5 F2 I, WIARENSEN) B &M= H]B0), 5
L E il By S 8 W BN | P D e e R iR
BT PAT L, B B 2 T — P A S L T
() S At 4 i) I R i) sl o 0 TR S AR 5 tH B
SR

B ZIMEE1998F i Kde th 1 | Hihdz il (ac-
tive disturbance rejection control, ADRC) ] g 03,
ADRCIR AR 2Bt 17— M HROIRES I 25 (ex-
tended state observer, ESO)KAiti 113t 51y, #E 1 fd FH H
fhTHEAME R 45 [ b 1) & MO E R 3R BEE AT
i AN T R N, ¥ ADRC 51\ EI i 3 73 77 18 (partial
diffrential equation, PDE) [ BE 18 IE7EZ 0 56 3. SR
[ 141515 A 14 P30 I Kirchhoffii, #eit 7 —2IR
AULMIES . ZRA WM ES H TG PR 2 AN 300 T FERA A,
EEIADRCEAR, K3 12K H £ 4EKirchhof FH iR [A]
A7 [ AR A0 1 SR, AR A B[] ] AR 3 55 AN
B, X R AT 7S Bt IR AR 22 TR [15]
XTI IR R GRS H, M TN B R 4.
—MHT o E R A, 55—k RSN, 12
ESORIHE B ™, e ad 145l 2%, E vl B 1 St ml B
HAEAEIRTH. SR (16115 B SCHR [15] (A 5 Lk, it
T B TR, SCEL T RB A T A g s (R
B, TSR A FRIE R YR 3 /7 72, FLMHI0RT Ab 2 3 B
#1155 F Euler-BernoulliZ. B 1S 7 HIA KRN,
TESCHR [17-2019, 1EEKs IR IRAS I S5 (1) 5 v AR
N BT A S B e TR & LA S 8 /) Buler-
Bernoulli2 2 R4 L. SCHR [21]4F %) EBuler-Bernoulli
RHERG, Wit 7T — N R4EA 2R AG T P3N,
RT3 B S RN A TR IR AT T PR RS IR
il 2%, B 5 F FHRiesz 07V 1 I R AR
SE M. 20174, SCHR [22]%2 B T ADRCIY — L2 37 & 45
W, R4t H & T ADRCHE f 1 53 77 #2 b 89 8L, 5F
PLEuler-Bernoulli%: /5 72 2 4 451, VEANfERE T N H
TR A B IR 7 v, SCHR (2317 IR 7T 1) 2
fitth b=, A AN 22 4 PR 2R A 158 T 4 () Euler-Ber-
noulliZ 77 2 RGN H 2 2 F R AR R4, b T H
WS, B2, 72 SCHR (17180 SCRiR[19-211, HEuler-
BernoulliZf 77 #2 2 4t 114410 5t A% A 34 M0, 1X
Fh) FE AR S b b a4k 1 RS W 48 AN 7 ) 2%
BT, AESCHR [181AMSCHR (2317, FEAHE Pt e
HREFCER T —Fr i F) 5 b, fEALEE EAHEE T
BRI T e I =W T A B WA 5.

ASCEE T A A FIRBN . AN e YR
B ffJBuler-Bernoullif J5 F£ R 41, & H —FP3E T T4
NN 25 1) 30 5 % e b ). A B 2 BRI 7T R,
ASCIAET B 1) RGAFEMAR. KL HE
I Euler-Bernoulli%2 /5 #2 2 4t Hoily 5 25 1 5210 Fi- i
FE 52 W, I HL3 L85 A7) 77 52 45 1 4 AR B (1) 52 0

2) XA 2 TR RS, 5 I #s
B N EEANH E NSNS 3 e P sh e, FF HAE
HRieszFE 7712, UEBH T 5 FHMMIES HHOC R G FRE
P45 3) FIHAGTHE, 75 RGBT Y) 1 ab i B i 7
R RS, TSI T R Edae.

ARSI H AR HR W 27, 4 AU AL
R TTRE, R AEH — L SCRA FR R 5. 283719,
Y ZE RTINS FITE X, [FIBHIE B AHOC &R
GiiAsENE. B4, BT (510080 7 451k, 45 thik
S R I 28 B X, B B s I 2R AT
L2 BE A H45 A R e R AL 285710, /rdi—uk
BOE AL, 56 BT £ H 00 D0 2% 0 42 1] 248 1A 8.
O, M ASHAT 4.

2 Rk

TEASCH, 25 8 LR A AN 2 5 T (1) Euler-
BernoulliZZ /5 #%:

Wi (2, 1) + Wepen(x,t) =0, € (0,1), t > 0,
w(0,t) = w,(0,t) =0, t>0,
Wee(1,t) = —k1wee(1,8), >0, ky >0,

wxww(lvt) = UO(t)+f(w(7t)7 wt(at))+d(t)7 (1)
t>0,

w(r,0) = wo(x), wi(x,0) = wi(z), z € (0,1),
Ym = {w(1,t), wi(1,t), wee(1,t)}.
1RGO, w(a, ) FR B AE R R B B
., (wo(a), wr ()RR REVIIHRE, w(z, t) Flw,
(z, ) TR w(z, t) R TR EAL R T, d €
L>(0, 00) R KA BIAMB T, f(w(-, 1), wi(-1))
H2(0,1) x L*(0,1) — REIR RGN 5 1 JE 28 1 e
9B, BT RGN ENE, v, 2 TR ) S
5, o (6) TR SRR

Ri&1 X TAHERSf( )T (),
BBAEAEf € RYAId € RHE
{ |f(w("t)7wt('vt))| < f € R+’

5 o (2)
V(w(-,t),wi(-,t)) € HY x L*(0,1),

|d(t)| <d€RT, Yde L™=(0,00), Vt€[0,00)  (3)

NTFAE TR SO, TR X
F(t) = f(w(- 1), e (1) +d(t) )
TERETHE.

FERGU)H, R — 2 H A, £ 57— i 32 2
FRII20 T R TE T 2 1 N RIR R B e, AR5
S I T FE R PR B SR AL 2 N IR Bh .
ARSI H K2 TRy, , BRSNS
AN AR, A PCEh g Az as = A K5 5,
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ff RGHIIRE w (2, t) LAREOE sz %,
3 Pzt

TEATT 1, R & Gy, Wt — AN A &
a8 R TS TH S, 52 SCER[171122]- 12311 )3 &,
BRGNS E RG(S), R

210(2, 1) + Zpgwo (2, t) =0, x € (0,1), t > 0,

2(0,t) = z,(0,t) =0, t >0, )
Zew(1,t) = —k1254(1,t), t>0, ky >0,
Zewe (1, 1) = ug(t), t>0.

Horhky ARG FRI AT R B, RS
e R T R ARG s A, R G G) N —
A5 A LRI R G, AR SCHR [24], 24 R ST H o
Aug(t) = O, REGEGS)R LAEEUE Sz %,

i

Z(x,t) = w(z,t) —

2 (e, t) W5 2 LA 57

20(2,0) + Zrana(, ) = 0, z € (0,1), £ > 0,

z(,t), (6)

3(0,t) = 2,(0,t) =0,  t >0, -
Zoa(1,t) = —k1244(1,1), 20,
Zeea(1,1) = F(t), t>0.
AR G(T) M R Gi(5) 2K ALk, B ST BR[24]7] 0, 2

( ) = OEIT %%(7)4%?‘3%%&“& %%, %@E(DE%*

IATTI?EJ'?TJEZJJE’J . HHJZL_ %ET%D TLME%E
ARG AT RGBT
WARGMNIREZRAH=HZ(0,1) x L*(0,1),
Forf H2(0, 1) 7R Sobolev s 8] i /2 121 7 24 A1) o5
Bf e L2(0,1) HAF 75 ] B — B Al B 55 3 44
XV (fi,90)" € H(i = 1,2) & CHAFFEFECH
<(f1791)Ta(f2792) Ju =

[ @)F@) + 1 (2)gal@)d,
ARG (RS F A H A E S Ny

1), 20, 0) = A 1), 20 +BIF(D))
Hr AR
A, )" = (9, =), Vg, 9) € D(A),
D(A) = {(9)" € (H'(0,1) x H(0,1))
B(O=¥'(0)=0, ¥'(1)= ki (1)},
B=(0,—¢—1)),
Forb o KL 58 3.
MAGT AR I, T AT R — A Co—F
B, HPBXRTHT AL Co— R AT H
T RGN IR B E R, I B 5360

K, Bt LLRGU(T ISR 28 1) e v 2 LE SR 46 R 4t
(DVEDH L. 1Ah, BRI EINEF (1) —8h
T, SRS (N ENE R TR B E T RIE T TH S
ST RGERA R XA A ETE &
GRS MNR R GE() o B ok, IR S B
%I )\@JTE iﬁul&ﬂél’] RG(DH, RREASL A SIS

ufr?)ﬁxjﬂ)um%ﬁd(x, t), B

Ay (2,1) + dygea (@, 1) = 0, z € (0,1), t > 0,
d(0,t) = d,(0,) = 0,
d(1,t) = w(1,t) — z(1,t)
duu(1,1) = —kydye(1,8), ¢ 20.

Hk MR KRGO MFERTEY 240 X T
P W 2% R 4t (8), BAU R T w(l,t), 2(1,¢t),
Wt (1, 6) VA B2 (1,8). w(1, 1), wer (1,8) 5 JE R GE 1)
AR AR, 2(1,1) Mz, (1,0) 5% EEE
HRG ()M,

t>0,
= 3(1,1), t >0,

®)

i ) )
A LA RGO
dtt(x t) + dmm( ) T e (07 1)7 t> 07
d(0,t) = d,(0 0, t>0,
~( t) = d.(0,t) = (10)
d(1,t) =0 t >0,
dpo(1,t) = —kydy(1,1), ¢ > 0.
EFE1  EdEFEEENE > 0, KiE RS
(10)FREGE .

UE %€ X Hilbert%¥[H]
Hi={(f.9)€ H*(0,1)x L*(0, 1) f(0) =
WALE SN
<(f17.gl)Ta(f2792)T>’H1:

[ @@ + 01 (2)gal@))da +
AW + 10 0). (11

EH, b, RG0S N K EITHE:

T lgt((,?)] - [5;(7 %1 W
EAFET AL - D (Ay) (C Ha) — Ha:
A(f,9) = (9. —1"). (f.9) € D(A),

D(A) = {(f.9) € H*(0.1) x H*(0,

7(0) = 1(0) = f(1) =0,

F1(1) = kg (1},

f(0)=0}.

0,1)[g(0) =

13)
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HFRA3), & XLEFET A RREE

D A [ A =ip2,n=1,2---1}, (14)
FHIAFAIE BR 250 2
F9 ) = p* ) =0,
£(0) = £(1) = £(0) =0, (15)
(1) = =kip%i- f(1).
HEE, #AMERE(f,9)" € D(Ay),
Re(Ai(f,9)", (f,9) ),
Re((g, “"> (f, 9"
Re( [ (9" ()7 (@) — /" (@)g())dz) +
Re(g(1 )f”’( )+ < )f”( ) =
Re( [ (¢ () F@)da — f(x)g@)lh) +
Re( || 1" (@) (@) + g(1)F7(1) + ¢'(0) F(0)) =
—kilg'(1 )|2 (16)

S W IR, 5 AT AR HXNVAT € o
(A))EBERe A < 0. XPFEAATA FIRHIE(E Y AL
A, SR %%?/@T%g%ﬁﬁﬂﬁ%ﬁ{ﬁ R
A=ip?e J(Al)EQ <arg <.

X RGL(15) Bkt 5, Wi
f(x) = cr(cosh(px) — cos(px)) +
ca(sinh(pz) — sin(pzx)).

RNILFZFAE, KL f(0) = f/(0) = OfERGL, H

f(1)=cy(coshp — cosp)+ co(sinh p — sin p) =0,

(@)

—k1p%i(c1 (sinh p + sin p) + ca(cosh p — cos p)).
HEE, A

fz) =

a7)

= p*(c1(cosh p+cos p)+cy(sinh p+sin p)) =

) — cos(pa)) -

) — sin(pz)),
(18)

RNTLFEf (1) BIRRHIZ5AT, p i 2 R FRHIE T FE:

sinh pcos p — cosh psinp =

(sinh p — sin p)(cosh(px
(cosh p — cos p)(sinh(pz

—kypi - (cosh pcosp — 1). (19)
*Re(p) — oo HIm(p) 2 A 5l RAHEAFLLTF
IBe g e
cosp =

sin p cosh p — cos psinh p 1

kipt - coshp cosh p -

! (51np—cosptanhp)+(’)(| |2) (20)

kqpi
HOFoRFABIET /. QOB AR FEcos p=

1
(’) .
G

. 1
imm = (5 +n)m

)[19]‘

, HHRouche & FH 41

2D

1 1
Pn=1(5+ TZ)?T + VUn, (Un = O(a))

(2
FARCHRAKXQOH, Ho,

klmm n

o= (5 tm)mt 04 o(L). tkae), wRf
1m

FEIEE{ N, /_\n}E’J/?Fﬁlﬁi%Lin(n eN)

2 +(9( ), n— oo.

+0(=),

+0(

A\, = im?n? — = (22)
1
R4 5T A I FERE, R FRIEXIVYA € o(A,)),
Re(A) # 0. iAEA14)-(15), A F AL
f f//// dx + )\QI f dx _

A2||f||Lz<o,1)+k1A|f( )I2+||f”||Lz<o,1)=0- (23)

X3 WA HRe(N) <0. BUFEIER, :NQ2) A&
FEAE 25 AR, BIXIVA € o(Ay), Re(N) # 0.

B#Re(\) = 0. XHEARAHKIREOT, HIEE = pitk
I — AN KT 0S4k (1 RAR23),

[ Izt Rp®al £ (O 72 0.y=0- (24)
XAE T /(1) = 0. AL 15)ATEE N
fO(x) = p'f(z) =
f(0) = f(1) = f'(0) =0, (25)
(1) =f(@1)=0.

¥ @S5I RN K1), FER f(2)dF
%z, 8
{ coshpcosp—1=0,

(26)
sinh p cos p — cosh psin p = 0.

B, @6y Tp > 0TcfE. H22)M=26)%1,
ANEAFAELLNO AT A IR AL, MR (22) A A7-1E k2 il
IR

gE LR, @RISRk, > 0, BEREAEN, 5K
AL, FOCAT RS 78 40 R AR (A2 ) LA 5 ).

SEBLIAHIE.  EEE.

EE2 #HAHKA3)E X WA,
AN Co—FRfe !,

WE AR AFAE A T SCRFAE 2R BOR FH L 1
Riesz3E. 225 ik [23]Lemma 3.2/ 41F B J71%, A
R (16) AT

(Af, 9% (f9) ) n
Horb Ly 9IE%.
SEFIAHIE.  FEE.
R 2 B2, 5T A,

REFEH, B4

L= —halg' (D < Lul(f, 917,

RE W6 FEH A2 S — A TR 4
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(OB, MATFAERHL 4, Rl 4, > Off1512223] Co(llde(-,t), due (-, )3, + 1A, 1), de(-,) |-
e || < Lae™it, ¢ > 0. @7) (D
EHE 3 (EL T2 AT, G (LIS R#28)30), ARG FH3 5
RS d(-,0),dy(-,0) € Hy, F 55 (10) 45 1 1) ME— fif |dyao(1,1)| < CoLa,e™4!, VE>T,  (32)

(d,dy) € C(0,00;Hy )it A|dpar(1,t)] € L*(0,00),
Hrp OFRRTESE 8 X I 2L R 2. BeAh, B WIURE
(d(-,0),d:(-,0)) € D(A,), RGO IR

lim dyaa(1,) = 0.
IE HEEREE A AN R G (10)VIEAEME—fR (d(-, t),
dy(-, 1)) € C(0, 00; Hy )T E(t = 0)

HCZ(v t)? Cit('v t)HH1 g1-1«4\167%4115”CZ('v 0)7 Cit('ﬂ O)H?'h'

(28)
N T M dyar (1,1) € L2(0, 00), 5E X
@(T) =
[T 2@, + &, (1 1)dt
zf f d; (x,t) + 32, (,t))dz)dt,
Hoe e ()i
1 - By
’@(T” < §||d('77—)7dt(',7—)||f2;{1, \V/’T 2 0.
far sty
@(T)—szs(()) —

j Sd(1,1) dt+j 5@ (L)t

ARG

J‘ dIIl‘

f f d?(z,t) + 3d2,(
26(7) — 26(0) +3f 1d(-,0), di(-, 0
I(d(-,0), dy (-, 0))[13,, (2+3L% j oAty <
5 - ) 3L%.
(-, 0), de (-, 0)[[3, (2 + 2w 4,

XYL, (ThT > 0, #54 .
[T (L0t < 000, di 0, (24 22

' QCUAl
H24(d(-,0), dy(-,0)) € D(A; )i, figis 12

e (-, 1), die(-5)]|30, <
LAleiwAltXHdNt('a 0)7_C’lv'rrrr(a

1, - ~
IO < S, 0),dul-, Dl Ve > 05

P(t) <

(z,t) 4 3d2,(x,t))dzdt,

20(r) 26
x,t))dzdt <

0)—]0762(1, £)dt +

0)[17,dt <

). (29)

);

0)[l34,, Vt=0.  (30)

Hrr: T > 0AF =4 € N HEL Con— A FHI462
A SR IEE (32) R H, 5t — oo, dm(l,t)—m,
I

lim ., (1,t) = 0.
t—o00
SEHISTHE.  iEHE.

L1 RG8)Lr FREIENRZ(II—AN
NS MO E XA PLE H
Zawe (1, 1) = dpaa(1,1) = F(t)—dype(1,1).  (33)

H s E3 4,
Hm dipy (1,8) = 1im (Z400(1,1)
WAE FRVFR 22 L2 (0, 00) Vi Fl N 8 d e (1, 1) FTAR S

F(t), B((f@( ), wi(8) +d() = duwa(1,1)) €
L?(0, 0).

KRG RS Q) HE

dya(1,1)) =0,

Zi0(2,t) + Zpawe(2,) =0, z € (0,1), t > 0,
2(0,¢) = 2,(0,¢) = 0, £>0,
219&(17t) = —klfxt(lat)a t =0,
Zene(1,t) = F(2), t>0,
iy (,t) + dyan (2, ) =
0(0,1) = d,(0,1) = 0,
d(1,8) = w(l,t) — 2(1,t) = 2(1,¢),
dua(1,1) = —kydyy (1, 1),

(34)

AR TE R IY ARSI 2% (34). XFFEIRL S A2 1%
A IERREF (6) S 38, At AR SR
Fr KRz, THR S RGRE (w(-, 1), w (-, 1))
KIVAELR PR TR 2, FII, 20048 1) B AN 2
K e 2 1)
4 USRI
MELR I, F(t) = OB, 5 B itug(t) = kows x

(1,8)B1 ko >0, ARG E. EEE1-3LL K (28)
KU, RE10)H LAFREUE L, B

Jim d(z, 8|2, =

lim [lw(z, ) = 2(2,t) - d(z, )|, =0.

BE 1 200 (1) = kawy (1,8) — dyus (1, 1), BLAT
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SEREI A RGN

(Wit (2, 1) + Waaea (2, 1) =0, € (0,1), t >0,
w(0,t) = w,(0,t) =0, t>0,

Wee(1,t) = —kywee(1,8), t >0, ky >0,

~

Waaa (1, 1) = kawi(1,1) = duaa (1, 1) + F(2),
t>0, ks >0,

w(z,0) = wo(x),w(z,0) = wy(z), z € (0,1),
Ym = {w(1,1), we(1,1), wae(1,1)},
Zi(, )+ Zppaa (2, 1) = 0, ,1),t>0, (35)
3(0,¢) = 2,(0,t) =0,
20 (1,t) = —ki2,(1,8),
Zeaa(L1,8) = F(2),
dit(2,1) + g (,8) = 0, @
d(0,t) = d,(0,t) =0,
d(1,t) = w(1,t) — z(1, )
dyo(1,1) = —kydye (1, 1),
HH & BE 370 Hr AT A

Hm (F(t) = dagr (1, 1)) = 0,

BI(F(t) — dypar (1, 1) S HO SR, 1 SCBR(5]17T
B, o (t) = kowi (1, 1) — dy (1, ) RERS B RZE(D) I
HEBRAE G E.

5 TiEsSHr

B ETRAS ST A28 0 I s ) 2% DA R 3 W
M2E, AT KA PR ZE 02, FIFHMATLABH#ET T —
SE R AL I 23 #r. 25 )20 K AT [A) 25 K 23 3l R de =
0.05, dt =0.0001, A&+ Pid(t) =sint, N EH A E
if(-) =0.5cos(w(l,t)). WIEREKEN: w(x,0) =
sin(2rz) cos(1.57x), wi(x,0) = —0.2z, 2(z,0) =
d(z,0) = 0, 2(z,0) = dy(x,0) = —0.1z, ky = 1,
ke =8. Z4L(35) MR T7 R&xHIAE -3, Biha)
Je HAG THE 2 i 7 B4, 28] 28w (¢) & HIAEEISH.
B S S0 8 SN e RN AL E, t3R R
6], F(£)Fld ey (1, 6) 55 SR SPRBIR AR T, 1522
Error = F(t)—dye (1, 1), Flu, (t) = kow, (1, ) —
oo (1,1).
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Fig. 1 The displacement of the beam w(z, t)
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oK, EH WG B4 X Euler-BernoulliiE i FE i3t (T
WEFE, HY e HLAE SEBRAIE A R . il B e A
FEUE SR A1 2 #0 ) Euler-Bernoulli%: 7 72 & 4t, ) H %
A= R RECTAEE B ARR RGN R S, b
RIDIRES B IR RS, W2 R A LR R N
IR, T, 456 S0k [26-28], 1A i
AI 25 RN B F AN Nk, T AR E i 5 2
PE, RN NTEAR K —E RTF RIS NI .
ARICHT R I Buler-Bernoulli2VE N — N EREEE R 4,
PR IENLAS AN BINUREE A SRR RIS Bh R
Ik, M4 500 52 35 B 30 77 2 A A, T R v Sl A
ZRANI Sl R s A, AT ST A AE N A
T8 N 2 R T IBAT.
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