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Backstepping-based adaptive attitude and
height control of a small-scale unmanned helicopter

SUN Xiu-yun, FANG Yong-chun, SUN Ning
(Insitute of Robotics and Automatic Information System, Nankai University, Tianjin 300071, China)

Abstract: A backstepping-based adaptive attitude and height controller is proposed for a small-scale unmanned heli-
copter. The kinetic model of the small-scale unmanned helicopter is equivalently transformed to make the uncertain system
parameters satisfy the linear parameterization conditions. The backstepping approach is employed to design the attitude
and height adaptive controller including the main rotor flapping model. The stability of the closed-loop system is rigorously
proved by Lyapunov techniques and Barbalat’s lemma. Numerical simulations are carried out; results demonstrate that the
controller can achieve superior performance in the presence of uncertainties in system mass and inertia matrices.
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2 (System dynamics)
1 . :

Fe = {Oe, xe, ye, ze} , Fb = {Ob,

xb, yb, zb} , Ωm

, Ωt , Tm

, Tt , a b

.

1
Fig. 1 Schematic illustration of a small-scale unmanned

helicopter

2.1 (Dynamic model
of a small-scale unmanned helicopter)

,
, .
, , –

.

[14]:

Ṗe = Ve, (1)

mV̇e = R · fb + [0 0 mg]T, (2)

η̇ = Hωb, (3)

Jω̇b + ωb × Jωb = τb, (4)

: m ,
m ; g
; Pe = [x y z]T, η = [φ θ ψ]T ∈ R

3

;
Ve = [Vx Vy Vz]T ∈ R

3

; ωb = [p q r]T ∈ R
3

; fb = [fx fy fz]T, τb =
[τx τy τz]T ∈ R

3

; R ∈ R
3×3

, :

R=

⎡
⎢⎣CθCψ SθCψSφ−SψCφ SθCψCφ+SψSφ

CθSψ SθSψSφ+CψCφ SθSψCφ−CψSφ

−Sθ CθSφ CθCφ

⎤
⎥⎦ ,

: φ , θ , ψ , Cθ, Sθ, Tθ

cos θ, sin θ, tan θ , . (3)
,

H =

⎡
⎢⎢⎣

1 SφTθ CφTθ

0 Cφ −Sφ

0
Sφ

Cθ

Cφ

Cθ

⎤
⎥⎥⎦ , (5)

(4) , J ,
x–z ,

J [6]

J =

⎡
⎢⎣ Ixx 0 −Ixz

0 Iyy 0
−Ixz 0 Izz

⎤
⎥⎦ , (6)

: Ixx, Iyy, Izz Ixz , , Ixz�
Ixx, Iyy, Izz, J . m

.

, :

1 ,
θ(t) ±π/2 [9],

−π

2
< θ(t) <

π

2
, ∀ t � 0. (7)

, (5) H

.

2.2 / (Calculation of force/moment)
,

. ,
. , a b ,

:
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sin a ≈ a, sin b ≈ b, cos a ≈ 1, cos b ≈ 1. (8)

, x y

z , , fb

[14]

fb = [0 0 − Tm]T. (9)

τb =

⎡
⎢⎣

Tm · b · zm − Tt · zt + Cmb · b
Tm · a · zm + Cma · a

Tt · xt − Qm

⎤
⎥⎦ , (10)

: Tm , Tt

, Cma Cmb

, [xm ym zm]T [xt yt zt]T

3 . Qm

, [15]

Qm = CMQ · (Tm)
3
2 + DMQ, (11)

CMQ DMQ .

2.3 (Flapping dynamic model)

, a b

δlon δlat ,
[8]

τf ȧ = −a − τfq + Acc + Alonδlon, (12)

τf ḃ = −b − τfp + Bdd + Blatδlat, (13)

: τf , Ac Bd

, Alon Blat

, c d .
,

, ,

τsċ = −c − τsq + Clonδlon, (14)

τsḋ = −d − τsp + Dlatδlat, (15)

: τs , Clon Dlat

.

2.4 (Height and attitude
combination model)

,
. (1)−(2) (9),

{
ż = Vz,

mV̇z = mg − CθCφ · Tm,
(16)

Vz . :

Θ=[ηT z]T, Ξ =[ωT
b Vz]T, G=

[
H 0
0 1

]
, (17)

Uz = −CθCφ · Tm, U = [τT
b Uz]T, (18)

Λ =

[
J 0
0 m

]
, F (Ξ)=

[
ωb × Jωb 0

0 −mg

]
. (19)

(17)−(18) (19) , (3)−(4)
(16),

Θ̇ = G · Ξ, (20)

ΛΞ̇ = −F (Ξ) + U . (21)

(6) , J , m > 0, Λ

.

3 (Controller design)
,

: 1)
; 2) ,

. ,
,

, ,
m J ,

, ,
.

3.1 (Model transformation)
,

,
. ,

.
, (4) :⎡

⎢⎣ṗ 0 0 −ṙ

0 q̇ 0 0
0 0 ṙ −ṗ

⎤
⎥⎦

⎡
⎢⎢⎢⎣

Ixx

Iyy

Izz

Ixz

⎤
⎥⎥⎥⎦ +

⎡
⎢⎣ 0 −rq qr −pq

pr 0 −pr p2 − r2

−pq pq 0 qr

⎤
⎥⎦

⎡
⎢⎢⎢⎣

Ixx

Iyy

Izz

Ixz

⎤
⎥⎥⎥⎦ = τb. (22)

(22) (21),

U = Y (Ξ, Ξ̇)Δ = ΛΞ̇ + F (Ξ), (23)

Y (Ξ, Ξ̇)=

⎡
⎢⎢⎢⎣

ṗ −rq qr −ṙ − pq 0
pr q̇ −pr p2 − r2 0
−pq pq ṙ −ṗ + qr 0
0 0 0 0 V̇z − g

⎤
⎥⎥⎥⎦ ,

Δ = (Ixx, Iyy, Izz, Ixz,m)T, (24)

Δ , ,
.
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3.2 (Controller design
and stability analysis)

Tm, Tt, δlon

δlat, ,
Θ = [φ θ ψ z] Θd =
[φd θd ψd zd]. [16]

.
Step 1 , :

e1 = Θd − Θ, (25)

e2 = Ξd − Ξ, (26)

: e1 = (eφ, eθ, eψ, ez)T, e2 = (ep, eq,

er, evz)T, Ξd . (25)
, (20) (26) ,

ė1 = Θ̇d − Θ̇ = Θ̇d − GΞ =

Θ̇d − G(Ξd − e2). (27)

, Ξd :

Ξd = G−1(Θ̇d + K1e1), (28)

K1 . , (27)

ė1 = −K1e1 + Ge2. (29)

1 Lyapunov

V1 =
1
2

eT
1 · e1 � 0. (30)

(30) , (29) ,

V̇1 = eT
1 · ė1 = eT

1 · (Ge2 − K1e1) =

−eT
1 K1e1 + eT

1 Ge2. (31)

Step 2 ea

eb :
ea = ad − a, (32)

eb = bd − b, (33)

ad bd . (10)
(18) ad bd Ud

Ud =

⎡
⎢⎢⎢⎣

Tmbdzm − Ttzt + Cmbbd

Tmadzm + Cmaad

Ttxt − Qm

−CθCφTm

⎤
⎥⎥⎥⎦ , (34)

ea eb Ũ

Ũ =

⎡
⎢⎢⎢⎣
−TmebZm − Cmbeb

−Tmeazm − Cmaea

0
0

⎤
⎥⎥⎥⎦ . (35)

(26) Λ,

Λe2 = ΛΞd − ΛΞ, (36)

(36) , (21)

Λė2 = ΛΞ̇d + F (Ξ) − U , (37)

(23)

ΛΞ̇d + F (Ξ) = Y (Ξ, Ξ̇d)Δ. (38)

,

U = Ud + Ũ , (39)

Ud = Y (Ξ, Ξ̇d)Δ̂ + K2e2 + GTe1, (40)

: K2 , Δ̂ Δ

,
˙̂

Δ = ΓY T(Ξ, Ξ̇d)e2, (41)

: Γ . (38) (39)
(37),

Λė2 = Y (Ξ, Ξ̇d)Δ̃ − K2e2 − GTe1 − Ũ , (42)

Δ̃ = Δ − Δ̂ . ,
Λ , 2 Lyapunov

:

V2 = V1 +
1
2
eT

2 · Λ · e2 +
1
2
Δ̃TΓ−1Δ̃ � 0. (43)

(43) , (31)(41) (42)
,

V̇2 = V̇1 + eT
2 · Λ · ė2 − Δ̃TΓ−1 ˙̂

Δ =

−eT
1 · K1 · e1 − eT

2 · K2 · e2 − eT
2 · Ũ . (44)

Step 3 (34) (40),
Tm, Tt ad

bd. (32) (12)

τf ėa = τf ȧd − τf ȧ =

τf ȧd − [−a − τfq + Acc + Alonδlon]. (45)

, δlon

δlon =
τf ȧd + ad + τfq − Acc + eq(Tmzm + Cma)

Alon

.

(46)

(46) (45)

τf ėa = −ea − eq(Tmzm + Cma). (47)

(46) (14)

ċ = − (
1
τs

+
ClonAc

τsAlon

)c − (1 − Clonτf

τsAlon

)q+

Clon

τsAlon

(ad+eq(Tmzm+Cma))+
Clonτf

τsAlon

ȧd. (48)

, :

c1 =
1
τs

+
ClonAc

τsAlon

, c2 =1−Clonτf

τsAlon

, c3 =
Clon

τsAlon

,

c4 =
Clonτf

τsAlon

, h(t)=ad+eq(Tmzm+Cma),

(48)
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ċ = −c1 · c − c2 · q + c3 · h(t) + c4 · ȧd. (49)

(49)

c(t) =e−c1(t−t0) · c(t0) − c2

� t

t0
e−c1(t−τ) · q(τ) · dτ+

c3

� t

t0
e−c1(t−τ) · h(τ) · dτ+

c4

� t

t0
e−c1(t−τ) · ȧd(τ) · dτ. (50)

w=sup{|q(t)|, |h(t)|, |ȧd(t)|}, q(t), a(t), ȧd(t),
Tm(t) ∈ L∞, w < ∞. (50)

|c(t)| �
|e−c1(t−t0)| · |c(t0)|+
(c2 + c3 + c4)|

� t

t0
e−c1(t−τ) · w(τ) · dτ | �

|c(t0)| + w(c2 + c3 + c4) · |[− 1
c1

e−c1(t−t0)]tt0 | �

|c(t0)| + (c2 + c3 + c4)
c1

· w < ∞. (51)

(46) c, δlon ∈ L∞,
. (33)

(13)

τf ėb = τf ḃd − τf ḃ =

τf ḃd − [−b − τfp + Bdd + Blatδlat]. (52)

, δlat

δlat =
τf ḃd + bd + τfp − Bdd + ep(Tmzm + Cmb)

Blat

.

(53)
(53) (52)

τf ėb = −eb − ep(Tmzm + Cmb). (54)

(48) , (53)
d, δlat ∈ L∞. Lyapunov

V3 = V2 +
1
2
τfe

2
a +

1
2
τfe

2
b. (55)

(55) , (47) (54)

V̇3 = V̇2 + τf ėaea + τf ėbeb =

−eT
1 · K1 · e1 − eT

2 · K2 · e2 −
e2
a − e2

b � 0. (56)

, :

f(t) = eT
1 · K1 · e1 + eT

2 · K2 · e2 +

e2
a + e2

b � 0. (57)

(57) ,

ḟ(t) = eT
1 · K1 · ė1 + eT

2 · K2 · ė2 +

2eaėa + 2ebėb. (58)

(56)

e1, e2, ea, eb, Δ̃ ∈ L∞. (59)

(29)(42)(47)(54) (59)

ė1, ė2, ėa, ėb, Δ̂ ∈ L∞, (60)

, ḟ(t) ∈ L∞, [17]

lim
t→∞

f(t) = 0, lim
t→∞

e1, e2, ea, eb = 0.

Tm, Tt, δlon δlat ,
.

4 (Simulation and analysis)

, . ,
1 .

1 [8]

Table 1 Helicopter parameters

( )

Cma = 107 (N · m/rad), Cmb = 199 (N · m/rad)

CMQ = 0.0044 (m · N− 1
2 ), DMQ = 0.6304 (m · N)

xm = 0 m, zm = 0.284 m x z

xt = 0.915 m, zt = 0.104 m x z

τf = 0.01 s, τs = 0.2 s

Ac = 0.152, Bd = 0.136

Alon = 0.19 (rad/ms), Blat = 0.17 (rad/ms)

Clon = 1.58 (rad/ms), Dlat = 1.02 (rad/ms)

η0 = [0 0 0]Trad, z0 = −4m,

ηd = 0.5 sin t · [1 1 1]T rad, zd = −5m,

Ixx =0.3 kg · m2, Iyy =0.32 kg · m2,

Izz =0.3 kg · m2, Ixz =0.03 kg · m2, m=7kg,

:
K1 = diag{5, 5, 5, 0.8},
K2 = diag{10, 10, 10, 20},
Γ = diag{2, 2, 2, 0.0001, 0.8}].

,
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. 1

m1 = 7 kg, J1 =

⎡
⎢⎣ 0.15 0 −0.02

0 0.2 0
−0.02 0 0.15

⎤
⎥⎦ kg · m2,

2

m2 = 8 kg, J2 =

⎡
⎢⎣ 0.25 0 −0.03

0 0.3 0
−0.03 0 0.25

⎤
⎥⎦ kg · m2,

3 ,

m0 = 8 kg, Ixx0 = 0.25 kg · m2,

Iyy0 = 0.3 kg · m2, Izz0 = 0.25 kg · m2,

Ixz0 = −0.03 kg · m2,

t = 5 s , δx = 0.2m, δy = 0 m,
δz = 0.1m, δm = 1 kg,

m3 = m0 + δm = 8 + 1 = 9 kg,

Ixx = Ixx0 + δm · ((δy)2 + (δz)2) =

0.25 + 1 · (−0.1)2 = 0.26 kg · m2,

Iyy = Iyy0 + δm · ((δx)2 + (δz)2) =

0.3 + 1 · [(0.2)2 + (0.1)2] = 0.35 kg · m2,

Izz = Izz0 + δm · ((δx)2 + (δy)2) =

0.25 + 1 · (0.2)2 = 0.29 kg · m2,

Ixz = Ixz0 + δm · (δx · δy) =

− 0.03 + 1 · (0.2) · 0.1 = −0.01 kg · m2.

J3 =

⎡
⎢⎣ 0.26 0 −0.01

0 0.35 0
−0.01 0 0.29

⎤
⎥⎦ kg · m2.

2−5 . : 1
, 2 ,

3 . 2
,

,
. 3 3 ,

; 4 , 5
,

. :
,

, ,
,

.

2
Fig. 2 Attitude and height tracking error
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3

Fig. 3 Control inputs

4

Fig. 4 Online estimation of the inertial matrix
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5 m

Fig. 5 Online estimation of m

5 (Conclusion)

,
.
,

, ,

, Lyapunov
,

.
,

.
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