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Abstract: This paper studies optimization problem for continuous-time multi-agent systems with flocking behavior.
Multi-agents with second-order dynamics are considered. Each agent is equipped with a local time-varying cost function
which is known only to an individual agent. The objective is to make multi-agents’ velocities minimize the sum of local
functions by local interaction, while avoiding collision and preserving connectivity. A distributed protocol with flocking
behavior is presented, in which each agent depends only on its own velocity and neighbor’s velocities. It can be proved
that under the control protocol, all agents remain connected and avoid collisions while the velocity of the agents tracks the

optimal velocity.
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1 Introduction

Flocking of multi-agents has attracted much atten-
tion in the literature. The aim is that a group of agents
move with local interaction while preserving connec-
tivity, avoiding collisions, and having the same veloc-
ities. For decades, more and more researchers devote
themselves to study flocking!!"8. Olfati-Saber®! pro-
posed a framework to design and analyse a scalable
flocking algorithms. Tanner et al.’ presented a con-
trol rule that makes multi-agents realize flocking mo-
tion in both fixed and switching networks. Su et al.™¥]
gave a preserving connectivity flocking algorithm us-
ing only position measurements for multi-agents. Re-
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cently, flocking with more complicated dynamics was
researched” 8. Su et al.’! investigated the adaptive
flocking problem for multi-agent systems with local
Lipschitz nonlinearity. Wang!® investigated the flock-
ing problem with heterogeneous nonlinear dynamics.
Yang and Zhang!” investigated the flocking with non-
linear inner-coupling functions. Ghapani!®! investigated
a leader-follower flocking problem for networked La-
grange systems having uncertain parameters. In the
aforementioned researches, optimization problem has
not been taken into account. However, in many appli-
cations, it is necessary for agents to cooperatively opti-
mize a certain standard.
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In recent years, the distributed optimization has
been intensively researched. The aim of distributed
optimization is to minimize the sum of convex func-
tions through information exchange with its neighbors.
Results of distributed optimization include two cate-
gories: discrete-time models and continuous-time mod-
els. A distributed optimization method using the local
sub-gradient and local information over a time-varying
topology was presented for unconstrained distributed
optimization in [9]. Nedic proposed a distributed pro-
jected consensus algorithm and researched its conver-
gence properties over constraint sets!'”. Some extend-
ed or modified models were also presented for con-
strained distributed optimization!''~1?!.  Continuous-
time algorithm for distributed optimization was intro-
duced in [13-14], in which the topology was assumed
to be undirected. Yi!'3! proposed a distributed Stocha-
stic sub-gradient algorithm for distributed optimiza-
tion with random sleep scheme. Article [14] pro-
posed a continuous-time algorithm and established the
convergence analysis by LaSalle’s Invariance Principle
for strongly connected and weight-balanced digraphs.
Lin'"! studied the optimization problem with adapti-
vity and finite time convergence for single-integrator
agents. Wang!'®! studied the distributed optimization
problem for a class of nonlinear multi-agent systems
in the presence of external disturbances. Zhang!!”!
studied the gradient-based optimization design for the
second-order agent dynamics with a general optimiza-
tion setup and gave a Lyapunov-based method with
some modification of existing techniques. A second-
order multi-agent network for bound-constrained dis-
tributed optimization was proposed in [18]. Zhang!'"!
discussed the distributed optimal coordination problem
for multi-agent systems with the agents in the form of
Euler-Lagrangian(EL) dynamics. In article[20], a time-
varying distributed convex optimization problem was
studied for continuous-time multi-agent systems, where
the objective is to minimize the sum of the local time-
varying cost functions. With the interest in decentral-
ized architectures and motivated by the problem of dis-
tributed convex optimization, a distributed version of
online optimization is proposed in [21-23]. Yan et al.
in [22] introduced a decentralized online optimization
based on the sub-gradient method in which the agents
interact over a weighted strongly connected directed
graph. The suggested protocol in[23] works on joint-
ly connected weight-balanced digraphs.

There are many results for distributed optimization
of multi-agents, though flocking was not taken into ac-
count. So in this paper, we consider the optimization
problem of time-varying cost function with flocking
behavior. Each agent is equipped with a local time-
varying cost function and second order dynamics. The

objective is to make the velocity of the agents track
the optimal velocity which minimizes the sum of time-
varying cost functions through local interaction, mean-
while, the agents will preserve connectivity and avoid
collision between agents.

We organize the paper as follows. In Section 2,
notations and some basic concepts used in this paper
are introduced. In Section 3, a distributed optimiza-
tion scheme with flocking behavior and time-varying
functions is designed. In Section 4, simulation result is
presented to substantiate the theoretical results. Finally,
conclusions are provided in Section 5.

2 Notations and preliminaries

Notations and concepts from graph theory and con-
vex functions are given, in this section.

Denote 1,, = (11 --- 1)*,0,, = (00 ---0)".
The transpose of matrix A is AT. The transpose of vec-
tor x is . I,, denotes the identity matrix in R™>™,
N denotes the index set {1,2,---, N}. For matrix A
and B, we let A ® B denote their Kronecker product.
The gradient and Hessian of function f are V f and H,
respectively. ||z||, denotes the p-norm of the vector x.

Usually, an undirected graph is denoted by
G = (V,&) consisting of a set of vertices V =
{1,2,--- ,N}andanedgesetE = {(i,5) : i,j € V}.
If i,j € V, and (4,j) € &, then we say that j is a
neighbor of 7. The neighbors of vertex ¢ are given by
N, ={j €V :(ji) € £}. The graph G is con-
nected, if there has a sequence of distinct vertices such
that consecutive vertices are adjacent. The weighted ad-
jacency matrix A = [a;;] € RY*Y of G is denoted
as a; = 0, a;; = a;; = 1if (i,5) € &, otherwise
a;; = 0. By arbitrarily assigning an orientation for
the edges in G. Using D = [d;] € RM*I€l repre-
sent the incidence matrix associated with the graph G,
where d;;, = —1 if the edge e, leaves node ¢, d;;, = 1
if it enters node ¢, and d;;, = 0 otherwise. The degree
matrix of G is A = diag{d;,dy, -+ ,dn} € RV*N,

N

where d; = ) a;; for i € N. The Laplacian of G
J=T,j#i

is denoted by

L=A-A

As we know that the Laplacian matrix L is symmetric
positive semi-definite and L = D D™ If we denote the
eigenvalues of Laplacian L associated with G with N
agents by A1 (L), A2(L), - -+, An(L), then the follow-
ing result is well-known!?*!

M(L)=0< (L) <+ < An(L).
Lemma 1 The graph G is connected if and only
if \;(L) =0and 1y = (11---1)" is its eigenvector,
and \o(L) > 0.

Lemma 2 The second smallest eigenvalue
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A2(L) of the Laplacian matrix L associated with
the undirected connected graph G satisfies A\o(L) =
2T Lx
oT1 Nn 0 2Tx
Lemma 3/ Let f(z) : R™ — R be a continu-
ously differentiable convex function. f(z) is minimized
ifand only if Vf = 0.

3 Time varying convex optimization with
flocking behavior

In this paper, the dynamics of all the considered
agents can be expressed by the second-order form as
follows:

z;(t) = vi(t), .
Vil — ity 1€ W

where x;(t) € R™ is the position, v;(t) € R™ is the
velocity, and u;(t) € R™ is the control input of agent
i. Because z;(t), v;(t) and u;(t) are functions of time,
we can rewrite them as x;, v; and u,.

In this paper, the sum of local functions

f(o.t) = f: fi(w.t), @)

where f;(v,t) : R™ x Rt — R is a time varying func-
tion. Agent 7 only knows its individual cost f;(v,t).

Our objective is to devise u; for (1) using its own
cost function and the information gathered from its
neighbors such that all agents track the optimal state
v*, and the agents maintain connectivity while avoiding
inter-agent collision. Where v* satisfying

v'(t) = arg min f(v,1). 3)

The equation defined in (3) is equivalent to

mkn Z fi(vi, t) subject to v; = v;. 4)
i3 G m .:

So, the problem is deformed as a minimization prob-
lem of the total cost function (2) and a consensus prob-
lem. We need the following assumption to deal with the
above problem.

Assumption 1  The function f;(v,t) is convex
and continuously twice differentiable with respect to v,
with invertible Hessian H;(v,t),V v, t.

In the following proposed algorithm, each agent can
only get its own velocity and its neighbor’s velocities.
To solve this problem, we present the algorithm.

oV,
() = — Yo =) —
u;(t) jezJ:Vi oz, ajez;vi(v v;)
B > sgn(v; —v;) + ¢, (5)
JEN;
where
¢i = —H;  (vi, ) [TV fi(vi, 1) + W],

Vi; is an artificial potential function of agents 7 and j

to be designed below, v and 3 are positive coefficients,
sgn(+) is the signum function. It is worth pointing out
that ¢; depends on only agent ¢’s velocity. We assume
that each agent has a limited communication capability,
where if ||x; — z;|| < R, then agent ¢ and j are neigh-
bors. The presented algorithm guarantees preserving
connectivity which means that if the initial graph G/(0)
is connected, G(t) will remain connected for all ¢. Next,
we give the potential function V;; used in the ref [26].

Definition 11! The potential function V;; is a
differentiable nonnegative function of ||x; — x;|| which
satisfies the following conditions

1) Vi; = V;; has a unique minimum in ||z; — ;|| =
d;;, where d;; is a desired distance between agents 7 and
jand R > H}E}Xd”.

oV,
0, ||l2:(0) — z;(0)] = R
>
3) v, |2z — 24| > R,
a(zi—2,]) — 00, [[#;(0) — z;(0)| < R,
Theorem 1  Assume that the initial graph G(0)

is connected, The Assumption 1 holds for each agent’s
cost function f;(v;(t),t); and the gradient of the cost
functions can be written as Vf;(v;,t) = ov; +
2||®
gi(t),Vi e N. f @ > 0,and 8 > ﬁ for

Ao (L)
system (1) with the algorithm (5), the agent’s velocities

track the optimal velocity while preserving connectivity
and avoiding collision.

Proof

N 1 N
W, = Z i+ Zv v;. (6)

l\DM—~
HMZ

Taking time derivative of W, we can get

. N N 8‘/2 N
W1:ZZzaj ZUU

N N OV N AV,
I S EP A
i=1j=1 JEN; Oy
a (v —vg) B > sgn(v; —v;)+¢i]=
JEN; JEN;
N
—B vl 3 sgn(v; —v;) —
=1 jEN:
N
O X Y (v v) + 3 ol (7)
i=1  jEN; i=1
Because a;; = a;; = 1,if (i,j) € £, we have
N
vl 3 sgn(v; —v;) =
i=1  jEN;
N N
21 Zlamv sgn(v; —v;) =
i=1j=
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315 3 ouvlsen(n —v,) +
N N .
21 ‘ laﬂvj sgn(v; —v;)] =
i=1j=
1 N N .
3 Zl 21 a;j(v; —v;) sgn(v; — vy). (8
i=1j=

Thus the equation (7) can be rewritten by

= —fZ > (vi —v;)Tsgn(v; — ;) —
2 iz 1jEN;
N N
ad vl 3 (v —v) + Y vl ¢ ©)
i=1  jEN; i=1
If welet V = (’UlT vg---vaV)T, ¢ = (¢1T qﬁ;r

¢ )", then the above equation can be rewritten as

W, = —§|1DTV|11 ~-VIL®IL,)V+Ve<
VYL &I,V — —\/VT DD ® I,,)V +
IVI2lI2]l2 <
-V (L ®I,)V - —\/)\2 WV Iz +
IVI[2l®ll2 = —VT(L ® L)V —

(2 \2alL) ~ [#]) IV 2 <. (10)
2||® .
Ifg > ﬁ, then W7 is negative semi-definite,
Ao (L)

by positive semi-definiteness of the Laplacian matrix L.
So, we have W; > 0 and W1 < 0, which implies that
Wi(t) <
ed, based on Definition 1, it is guaranteed that there will
not be inter-agent collision and the connectivity is main-
tained.

On the other hand, define the level set 2 = {(z; —
xj,v;)|W;1 < ¢,¢ > 0} which is bounded and closed,
so compact. By LaSalle’s invariance principle, each so-

W1(0) < oco. Moreover, since V;; is bound-

lution beginning from {2 will converge to the largest in-
variant set {(z; —
when v; = - -+ = vy. Which implies that the velocities
of all agents in the system (1) asymptotically become
the same.

x;,v;)|Wy = 0}. This occurs only

Moreover, in the steady state, becuase v; — v; = 0

fori,j =1,---, N, we can have

a”l’z —.'I)j||2 :2($’i—l’j)T(UZ‘—'Uj) :0, (11)

and so the distances between agents are unchanged.

In what follows, we devote to find the relation be-
tween the agent’s velocities and the optimal velocity.
Consider the following Lyapunov function

= 512 V@IS VA) 02)

W2 = [é\’: Vfi(’l)i, t)]T[Zgjl Hi(vi, t)’Ul +

Z sz(vu t)]- (13)

Because Vfi(vi,t) = ov; + gi(t),V i € I, we have
H;(v;,t) = H;(vj,t). So, we can get

= 132 VA O H (03 0) X+
S 2 i)

By summing both sides of the closed-loop system (1)
with controller (5) for 5 = 1,2,--- , N, we can get

N N
> 0; = > ¢;. Therefor, we have
=1 i=1

9=

Il
_

M=
<l

WQ - fz(viat)]T[Hj(’Ujvt) ¢z +

-
Il
_

2

Vfi(vi, t)] =

s
SIS

o
Il
—

ng

N
fz(vm )]T[;vfz(vﬂt)]
So, W, < 0 for ZVfi(vi,t) # 0. This guar-

N
antees that > V f;(v;,t) will asymptomatically con-
=1

verge to zero. So, under the assumption that f;(v;,t)
is convex and applying Lemma 2, we know that as
t — oo, Z fi(v;, ) will be minimized with v; = v;,
=1

Vi,j € N

Remark 1 If Vfi(v,t), %Vﬂ (vi,t) and
H i_l(vi, t) are bounded, then ||¢; |2 is bounded. So, the condi-

2[|2]12

tion 8 > \/m

of Theorem 1 can be satisfied if ||¢;||2 has

a bound.

Remark 2
to Euler-Lagrangian (EL) systems. That is to say, after the case

The research of this paper can be extended

of the second order system (1) can be solved, each EL agent
can track its own virtual system in system (1) to achieve the
time-varying optimization. In this way, only local tracking is
added for the case of EL system.

Remark 3
ences in the Introduction, the control algorithm (5) enables all

In comparison with the mentioned refer-

agents to implement flocking. The agent’s velocity can track
the optimal velocity minimizing the sum of time varying cost
functions. Moreover, the algorithm is converge faster than the
algorithms that only use gradients.

4 Numerical simulations and application

In this section, we present a simulation example to
illustrate the theoretical results presented in this paper.
We considered 20 agents in 2D plane. We assumed that
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link range R = 5, which means that two agents are
neighbors if their this distance is less than R. The agen-
t’s task is to have their velocities minimize the total cost

20
function Y~ f;(v;(t),t) where v;(t) = (v, (t) vy, (t))"
i=1
is the coordinate of agent ¢ in 2D plane.
In the illustration, the second-order dynamic system
(1) employed by the control algorithm (5) to minimize

the total cost function where the local cost functions are
given by

fi(vi(t),t) = (vg, (t) —isint)? +
(v, (t) —icost)?.

For the above local cost functions, Assumption 1
and the conditions for agents’ cost function in Remark 1
hold and the gradient of the cost functions can be rewrit-
ten as V fi(z;;t) = x; + gi(t). To guarantee the col-
lision avoidance and connectivity maintenance, the po-
tential function partial derivatives is chosen as Egs. (36)
and (37) in[26], where d;; = 0.5,V 4, j.

Choosing the coefficients in algorithm (5) as o« =
1,4 = 8 and 7 = 1. Fig.1 shows the final desired
the optimal velocity. Fig.2 gives the final steady state
configuration and the final velocity of the agent group.
Fig.3 plots the velocity error between the agents and the
optimal velocity, and it can be seen that the agent’s ve-
locities can track the optimal velocity in deed.

Optimal velocity ¢ *

20
Fig. 1 The optimal velocity of > f;(v;(¢),t)

i=1

5 6 7 8 9 10

Fig. 2 Final configuration of agents

10 [~

Optimal velocity 4 *
o

Fig. 3 Errors between agents and the optimal velocity

5 Conclusion

In this paper, we studied optimization problem for
continuous-time multi-agent systems with flocking be-
havior. Multi-agents with second-order dynamics are
considered. Each agent is equipped with a time-varying
cost function which is known only to an individual
agent. The agent’s task is to make multi-agent’s veloci-
ties minimize the sum of local functions by local inter-
action, while avoiding collision and preserving connec-
tivity. A distributed algorithm with flocking behavior
is presented, in which each agent depends only on its
own velocity and neighbor’s velocities. It is indicated
that the velocities of the agents track the optimal velo-
city. The connectivity of the agents can be maintained
and collision between agents is avoided. Moreover, a
simulation is included to illustrate the results.
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