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Abstract: The preparation of the quantum C-NOT gate is studied in this paper. The Cartan decomposition and the
Lyapunov control methods are used to design the control laws for two single-qubit operations in realizing the C-NOT gate.
The numerical simulation experiments show that for some proper control parameters in the designed control laws, each
single qubit rotation has less deviation around the considered axis, and the total Fidelity of the system can achieve to 1,
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1 Introduction

The quantum computing is a major area of inter-
esting in the field of quantum computation, in which
the quantum computers will perform much faster than
current classical computers and will open a new view
point to many aspects of science. The two qubit C—
NOT gate is an important component in the quantum
circuits, and it combines some single qubit operation to
realize any quantum computation. Therefore, it plays
a key role in developing the quantum computerst!=!,
One of the most important events in the field of quantum
computation and information happened in 1970 s, when
the control over single quantum system was complete-
ly obtained!*!. Recent developments in quantum con-
trol have heightened the need for solid-state systems, in
which the state of electron confined in the semiconduc-
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tor quantum dots can be manipulated®!. A consider-

able amount of literatures have been published on the
realization of coupled qubits, among them there have
been a number of longitudinal studies involving the de-
composition methods, in which the Cartan decomposi-
tion is an increasingly important method used to realize
the quantum gates!'*'81. However, in the methods men-
tioned above, the centered axis of the rotation in each
single-qubit operation of the decomposed step has not
been investigated; therefore the Fidelity of the system
could not reach to 1.

The Lyapunov control method is one of the most
widely used methods of controlling quantum states and
has been extensively used for theoretical and experi-
mental researches!!%24],

The purpose of this paper is to realize the two qubit
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C-NOT gate by manipulating the quantum dot system
in order to achieve a high Fidelity in a short time. A
combination of the Cartan decomposition method and
the Lyapunov control method is used to design the con-
trol laws in each decomposed step. The control task is
to reduce the rotation swing and achieve higher Fidelity
in a short time, while preparing the two qubit C-NOT
gate.

The rest of the paper is arranged as follows: Sec-
tion 2 is the model description of the research and de-
fines the system Hamiltonian. Section 3 is concerned
with the Canonical decomposition and realization pro-
cess of C-NOT gate. Section 4 gives the design of the
Lyapunov control laws. Section 5 is the numerical ex-
periments and result discussion. Finally, the conclusion
gives a brief summary of the proposed work.

2 Description of the model

Quantum dots are made from semiconductor mate-
rials, metals, or small molecules, in which the electric
charge spins are confined and can be manipulated by
applying pulsed local electromagnetic fields to operate
the single qubit rotations!>!.

A quantum system with single-spin has two states,

ie., Yy = <é> and ¢; = <(1)>, which are repre-

sented as |0> and |1), respectively. The superposition
principle in quantum theory yields that, any state of the
single-spin system can be described as ¥ = ay + by,
where |a|® 4+ |b]> = 1anda, b € C, in which C
denotes the set of complex numbers?®!,

In this paper, we deal with the two-spin (two
quantum-dots) system, so the Hilbert space is the ten-
sor product of each single-spin space, and accordingly
there are 4 eigenstates as

{10) ®10),10) ® |1),[1) ®|0),[1) @ [1)} =
{iroo0]",[0100]", [0010]", 0001 }. (1)
The underlying Hilbert space of the system is
H = span {|00), |01),]10),[11)}.  (2)

The wave function |¢(t)) of the system has four com-
ponents:

[¥(t)) = a1|00)+ a2|01)+ az|10)+ as|11), (3)
in which |1/J(t)> satisfies the Schrodinger equation

.0
i (1) = H®]6 (1), ¢ >0,

114(0)) = |vo) € H,
where, H denotes the Hilbert space, and H(t) is the
total Hamiltonian of the system.
According to the Hubbard model, the total Hamil-
tonian of a two quantum-dots system in the interaction
picture can be written as [27]:

“)

2 h h
H = ; §MBgi(t)Bi(t) =S+ §J12(t)51 =Sy, (5)

where, the up is the Bohr magneton; g;(t) is the ef-
fective g-factor; B;,¢ = 1,2 is the number of applied
magnetic fields to the electron spin at dot ¢ in the di-
rections of x, y or z, and Jy5() is the time-dependent
coupling component between quantum dots 1 and 2.

In (5), S; and S5 are the spin operators for the first
and second quantum dots, respectively. By defining
the Pauli spin vector which has matrix components, we
have

S1=0=(0x oy UZ)T = oxex + oyey + 0,6, (6)
and
So=7T= (7, Ty TZ)T = Txex + Tyey + 7,6, (7)

where oy, oy, 0, and 7, 7y, 7, are the usual Pauli ma-
trices of the first and second qubits, respectively; ey, ey
and e, are the unit vectors in directions of x, y and z:

N [V Y R
EET o) YT YT 0]

|10
O, =T, = R

Based on (5), we define the control laws (2;(t) =
upgi(t)Bi(t),i = 1,2. These are applied to the first
and second qubits, respectively. The coupling compo-
nent between two qubits is defined as w(t) = Jio(t).
Therefore, the total Hamiltonian of the system consists
of control (external) Hamiltonian H.(¢) and interaction
Hamiltonian Hi(t):

H(t) =
@20 e D)+ 2T 9 7) +w(t)oo 7)),
H(t) = H.(1) + Hi, ©)

where, I is a 2 x 2 identity matrix operator that sets the
Hilbert space of Hamiltonian as a 4 X 4 matrix. This is
used to show there is no interaction between qubits in
the first and second terms. The o and 7 are two Pauli
matrices related to the first and second qubit, respective-
ly; and o7 is the tensor product between them:

®)

OT=0QRT=0xQTx+0, Ty + 0, QT,

ol =0I=0,@1I+0,81+0,31,

IT=1I@7=107+1@7,+1XT,.

(10)

We set the Plank constant 4 = 1 for the simplicity.
The Ising interaction is considered for 2-qubit coupling
interaction, so we have the effect of entangler part only
along the z-axis, then the system Hamiltonian is

H(t)=Hg,(t)+ Hp,(t) + H,(t) =

%[Ql (t)oI + 25(t) IT+w(t)o,T,). (11)
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31MmeMm@mmnCNOT9wwan HJQ:WUQQ, (20)
tan decomposition t2
3.1 Canonical decomposition of the unitary gate A, = e Hodlh — gifonr —
Generally speaking, the unitary time-evolution op- cos ZI + isin %O’ZTZ. (21)

erator U(t) can be used to drive the system from any
initial state to the target state. If the Hamiltonian of the
system is time dependent, given the state at some initial
time (¢ = 0), we can solve the Schrédinger (4) to obtain
the state at any subsequent time as

[ (1)) = e~ Oy (0)) = U ()] (0))-
(12)

We define “]}z,;(t) (0),k ==x,y,2z, i = 1, (2) as the
unitary evolution operator that makes —26 rotation a-
long the related pauli matrix oy, 7%, kK = x, ¥y, z; for the
first (or second) qubit. As it was mentioned in (11) the
total Hamiltonian of the two-qubit system consists of 3
parts, therefore, the total unitary time-evolution opera-
tor U (t) consists of 3 parts as well:

1) Let u];h(t) (0),k = x,y, z; be the unitary evolu-
tion on the first qubit where the pulses are chosen such
that: w(t) = (22(t) = 0; while for the scalar valued
.Ql (t)

fOT Q1 (t)dt =20, ¢ € [0, T]. (13)

According to (11) we have
1

ugl(t)(g) = e_% S Hey (t)dt _

efg P o (t)oeIdt _ e[fngT 21 (t)dt]op I _
e Worl — cos I — isinfo,I; k= x,y,2z, (15)

where I is a 4 by 4 identity matrix.

2) To define the ug, ) (f) for second qubit, we set
2,(t) = w(t) =0, where

fOT Q(t)dt = 20, t € [0,T]. (16)

Based on (11) and (12) the Hamiltonian of second qubit
and the unitary evolution are defined as:

1
Ho, (1) = 5201, (17)
ul}lz(t)(a) = e_%fo Ha, (t)dt _

67% foT 22(t) ITpdt — i OT 22 (t)dt [I7y —

e[ff.

72’017’1‘:

e =cosO I —isinOIt, k=x,y,z. (13)

3) The evolution of the entangler part (A,,), evolves
under the interaction picture by defining the fixed cou-
pling component w(t) = m, during the 0.5 a.u. interval
of time evolution, i.e. t, — t; = 0.5 a.u.:

t
LQw(t)dt - g t1,ty € [0,T7. (19)
1

Referring to (11) and (12) we have

3.2 Realization process of the C-NOT gate by
Cartan decomposition

According to the Cartan decomposition!'¥ for the
Controlled-NOT operation, the unitary time-evolution
operator Uc_noT can be represented by the following
sequence of magnetic-field pulses (which make the lo-

cal rotations) and nonlocal entangler part:

s z ™ ™
Ug=e't 'Unl(t)(—z)‘ }]ZZ(t)(Z)'

z m T
Ubpio) () - Ae - Uy (=), (22)

in which, each time sequence of operations from right
to left are defined as, U;,, ¢ = 0,--- ,6; and they are
shown in Fig. 1, where U;, = U, = I, is the initial gate,
and U;, = U; = Uc_nor is the final C-NOT gate. We
recall that an operator “lfzi(e) (t), k==x,y,2, 1 =1(or
2); corresponds to an operation on the first (or second)
qubit in the Bloch vector space, that makes a rotation
around the axis k by angle —26.

The C-NOT gate flips the second (target) qubit if
the first (control) qubit is in the state |1). In the com-
pletion of evaluating the U; in (22), the process of
preparing the C-NOT gate is carried out by taking the
U;, = 1, as the initial gate:

1) The first operation, U }Ilg(t)(_%)’ rotates the

second qubit ;) by +90° about the y axis, i.e., the
state |1) in the second qubit is rotated from —z to —zx.
According to Fig. 1 and (18) we have the U, as

™ P
Uy, = Ufyzm(t)(_Z) Uy =777 - Upy=
1-10 071000 1-10 0
1 (1100|0100 1 |1100
V2|00 1-1||0010| 2|00 1-1
0011][0001 0011
(23)

2) The second operation, A,,, implies a conditional
rotation. It rotates qubit 2 by +90° around the 2 axis if
qubit 1 is |0), but it rotates qubit 2 by —90° around the
Z axis if qubit 1 is |1). Based on Fig. 1 and (21) the U,,
is

Utz = Aw . l’j’t1 = eii%az‘rz . Ut1 =
1-¢ 0 0 0

1 | 0 1+i0 0
2l 0o 0 1+io0
0 0 0 1—i
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1 -10 0 10 0 O
1 1 1 0 0 01 0 O
2 oo 1 -1 00 0 —i (26)
0 0 1 1 00 —z2 O

1—ii—1 0 0

1 |14+i1+i 0 0

2710 0 140 -—1-i| @
0 0 1—7 1—i

. . ™ .
3) The third operation, U ?Zz(t) (Z) rotates qubit 2

by —90° around the 2 axis:
7r ix
Ut3 = U-(ZQZS(t)(Z) . Ut2 e elZTz . [jrt2 =

1+2 0 0 O

1 0oa-=io0o 0|1
2 | 0 0 14i 0 | 2
0 0 0 1—i
1—ii—1 0 0
l+il4i 0 0o | _
0 0 1+4i —1—i
0 0 1—4 1—i
1 -10 0
1 11 0 o0
V2 |00 i —i 3)
00 —i —i

s
4) The fourth operation, Uém ® (Z) rotates qubit

Step 4 completes the realization of the C-NOT gate,
and the next step is to tiding up the phases of qubits in
the case when qubit 1 is not in the basis states.

In (26) the global phase shift —z, does not have any
effect on the evolution, and the C-NOT gate is realized
in this step, therefore, it is decided to ignore steps 5 and
6 during the next sections, where the control laws are
designed and experimental simulation are done.

5) The fifth operation UF, ;) (—g) rotates qubit 1

by +90° around the £ axis to tide up the phases of the
qubits. According to Fig. 1 and (15) one has

s s
Uts = U?Z45(t)(_1) ’ Ut4 =e' . Ut4 =
1-i 0 0 07 [100 0
1 | o1-io0 o | [otoo0]|_
V2o o0 14i0 | |o00 i
L0 0 0 1+i] [00-io0
1-i 0 0 0]
1 | 01-i0 0
Bl o 0 01— o
0 0 1—i 0

6) This operation implies a phase shift e’% on U, :

2 by —90° around the ¢ axis which brings back the U, =e'% .U, = L+ U, =
qubit 2 to its first origin state if qubit 1 is |0), but flips V2
qubit 2 in the case the state of qubit 1 is |1): 1-¢ 0 0 O 1000
- I+¢ 1 | 0 1-i 0 0 |_|0100
Ui = Uggun(3) - Ure = 57 - Uy V2 V20 0 01— 0001
1100 1-10 0 0 0 1-¢ 0 0010
1l j-11o00f 1 {1100} _ (28)
V2 0011 2 |00 & —i| The output of this step shows the whole process is
00-11 00 —1—1 equal to the C-NOT gate operation.
Ufu U’\ Uﬁz 7 Ul,} y l]z4 z z Uf/
U_gz(n(*%) A, UQ:(r)(%) Um(c)(%) U.sz(’%) 1 et [
QOI HOI -QZ} H23 934 H34

Fig. 1 The realization process schematic diagram. It should be noted that the control pulse £22(%) is implemented locallyand
separately to the second qubit, in different time sequences and based to the corresponding Hamiltonian H. Regard to
Fig. 1 and (11), as £25(t) is applied to the second qubit in the times ¢g, t2 and ¢3, it is re-named as {201, {223 and 234

. . 1 1 . .
and the related Hamiltonians are: Hg; = Hszq = §ITy and Hog = EITZ. To drive Uy, to U, , the evolution goes

under interaction Hamiltonian by selecting the proper coupling component w(t) during entangler part A,

4 Design of Lyapunov control laws

The control method used in this paper is based on
the Lyapunov control method. The Lyapunov control

method has showed the better ability to provide efficient
control laws that act fantastic for the gate preparing and
designing the control laws. The main idea of the Lya-
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punov control method is to design a proper function
V (x) with the two following conditions along any time
of evolution: 1) V() must be semi-positive definite,
ie, V(z) > 0,Vz € R, where R denotes the set of
real numbers. 2) The first derivative of V() is always
semi-negative definite, i.e., V(x) <0, Yz € R,

In this Section, the purpose of designing the Lya-
punov control laws is to drive the Uy, to Uy, as shown
in Fig. 1. We let each column of unitary time-evolution
operator be representative of the state vector as

w()u 71)021 77ZJ()31 1/’041
Ut _ 1/}012 1/)022 ¢032 ¢042 —

0 1/]013 ¢023 w033 ¢043
%14 w024 ¢034 1/}044 (29)
[|¢01> ’¢02> ‘1/]03> |¢04>]=
Utf = H’l[)f1> ’¢f2> |1/)f3> ‘1/}f4>]‘

Based on the Schrodinger equation in (4), the evo-
lution of the wave function in (12), and the evolution of
the C-NOT gate in (22), the realization of the C-NOT
gate is to design the control laws {2, which imply to
each columns of U, and drive them to the final C-NOT
gate U, at the same time:

’wf7.> =U- |77Z)0¢>7 1=1,2,3,4, (30)
where U, is defined in (22), and as the phase shift —¢ in

(26) is ignored in this paper, the evolution during exper-
iment is up to step 4 of Fig. 1.

In this paper during the evolution, all the designing
process of Lyapunov function is carried out by using
the real parts of the state elements, therefore, in terms
of [¢0) = [z1 +ixs x2 +ixe T3+ ix7 T4+ Z'xg]T,
we consider |z) = [x; X2 T3 T4 Ts T X7 :(:S]T as
the real valued state which has more convenient mathe-
matical calculations.

By adapting the state |x) with the Schrédinger (4),
we can see that the real and imaginary part on each side
are equal, respectively, therefore, we have

z(t) = BR(t)x(t). (31
I(H) R(H)
—R(H) [
matrix in which each element stands for imaginary (1)
or real (R) part of the total Hamiltonian H (¢) in (11).

During the whole derivation process, the (31) can

be allocated to each step of Fig. 1 as

By, 0 () = Biig1 82501 (t)7,(t), i =0,2,3,

where, B = [ ] is the skew symmetric

(32)
where
I(Hi i+1) R(Hi i+1) .
Bi i — ] ’ y L= Oa 2a 3a
i —R(H;ip1) 1(Hiip) '
and

Vol. 36
0 —20 O
1 i1 0 0 0
H01:H34:§ITy: 0 0 0 —qil

0 0 2 O
1 0 0 0
1 0 —10 O
Hu=35IT.= 19 0 1 0
0 0 0 —1

The general form of the Lyapunov function for the
system (31) is constructed as follows:

1
V(z) =5 (@—a) Ple—ar), (33
where according to (32), for each step of Fig. 1 we have
Vz‘,z’+1($) =
1 T
5 : (xti,H»l - xti+1) P(xti,i+1 - mti+1)7
1=0,2,3, (34)
while P is an arbitrary semi-positive definite symmet-
ric matrix, that makes the Lyapunov function V' (x) be
semi-positive for all amount of x, which is the satis-
faction of the first condition of the Lyapunov control
method, i.e., V;(z) > 0,Vz € Rand V;;11(z) = 0
when |z, , ) = |2y,,,), 1 =0,2,3.
The first order time derivative of V; ;1 () is

m7i+1(x) = (xti,i+1_xti+1)Tijti,i+17 1= 07273'

(35)
Substituting (32) into (35) we have V' (x) as
Vi,i+1($) =
(xti,i+1 = Tty )TPBi,i+1Qi~,i+1 (t)liti,wrl’
1=0,2,3. (36)

To meet the second condition of the Lyapunov con-
trol method, the control laws must be designed in such
a way that V'(t) < 0, Vt € R. The constructed control
laws are

Qiipa(t) =

—k;, i1 (xe, — xti+1)TPBi,i+lxtiki,i+1 >0,

1=20,2,3. 37

Substituting (37) into (36):
V;,i+1(95) =
2

_k’i7 i+1[(xti‘i+1 - xti+1)TPB’i7i+1xti,i+1] < 07
i=0,2,3, (38)

which means, by using the designed control laws
Viigi(z) < 0,Vz € R, and V;;11(x) = 0 when
‘xti,i+1> = |xti+l>7 1= O’ 2>3

After obtaining the requirements of the Lyapunov
control method, in the next section the experiments are

done by using the control laws designed in (37), where
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B; 41,1 = 0,2,3 are defined as mentioned in (32),
P = diag{[1,2,1,2,1,2,1, 2]} is a semi-positive def-
inite symmetric matrix, and k; ;+1, ¢ = 0, 2, 3 are the
control parameters, which are chosen during the exper-
iment.

5 Numerical experiments and result discus-
sions

In this Section, the experimental results of uni-
tary time-evolution is illustrated. The effect of control
laws is to drive the initial gate, U, , to achieve the de-
sired gate U,,, according to related decomposed steps
of Fig. 1. According to (29) and (30), in order to drive
U, to Uy, the designed control laws in (37) are im-
plemented simultaneously to each columns (states) of
U,,, through the each decomposed step. Considering
the columns of Uy, in (29) as the initial states, Fig.2
illustrates the X—Y and Y-Z plane trajectories, after ap-
plying the unitary evolution operators of (23)—(26) on
second qubit, when the designed control laws of (37)
are implemented to the system for different groups of
control parameters, k1, k3 and k4. It must be mentioned
that during the step 2 of evolution the system goes un-
der the interaction picture, in which coupling constant
w(t) = Jpao(t) = m, therefore, there is no effect of
control laws.

In Figs. 2(a) and 2(b), by implementing and adjust-
ing the control parameters of the designed control laws
in (37), i.e., K;(i = 1,3,4), the plane trajectories of
X-Y and Y-Z are compared during different steps.

1.0

Step3

Step1 Step4

0.5}
Ki=9 Ki=475 K,=32.4 Ki=6

>" 0.0 U =i B S
-0.5 Ki=9 K,=475 L
Stepl e

------- ‘rStepz

— b= i

-1.0 -0.8 -0.6 -0.4 -0.2 00 02 04 06 08 1.0
X
— 1)>[10) === [10Y—>|11)
(@

~

].0 T T T T =77 T T T
08| Step l)l/" Step4 Ki=21
L ¥ I
8-2 Ki=41.573 | =324/ K,=7
i K=9" \} =6 T
0.2r Step2 Y tep3 N

N 0.0 oo >
-0.2 . Step3 A Step2 |
.. T o ll 'I o
04 ] Ki=6yy =9 i
081 K217 Kam324N ¢ K,=47.5 .
08t Step4 A\ Step! .
L TN |

1.0
-1.0 -0.8 -0.6 0.4 -0.2 0.0 02 04 06 08 1.0

Y
-—=10)>(11)

— [11)>[10)
(b)

1.0

0.8

0.6

0.4

0.2

>~ 00
-0.2
-0.4
-0.6

,O 8 -

-1.0
-1.0 -0.8 -0.6 04 -0.2 00 02 04 06 08 1.0
X
—01)>[01) == [00)—00)
(©)
1.0 T Step/ St 4 T T
7YX Step i
82 (K= 217_}{l 5% v+ PE-324
oal [T K=o NK.=6 ]
02p Step: V4 Step2 7
N 0'0 o+ \‘"’I ________________________
02+ Step2 ~~~~~~ s }eP-E)) ””” /|
-04 | = 7/' ____ 4
K1*9K3_7
-0.6 - K,=324 K,=475 K5=21.7 7
0.8 Step4 Stepl 7
710 1 1 L 1
-1.0 08 -0.6 04 02 0.0 02 04 0.6 08 1.0
Y
—01)>[01)  -—=|00)—[00)
(d)

Fig. 2 Trajectory of state evolution shown in X-Y and Y-Z
plane

According to Fig. 2 and (23)—(26), the operation of
the first step rotates the second qubit by +90° around
the y axis, therefore when the initial state is |11) the
value of X goes from 0 to —1 and the value of Z changes
from —1 to 0. Similarly when the initial state is [10), X
and Z change from 0 and 1 to 1 and 0, respectively. In
Step 2, fixed value of w(t) is used to drive X from —1 to
0, and Y from O to 1, when the initial state is |11). For
the initial state |10) the changing trends are from 1 to 0
and from 0 to —1, for X and Y, respectively. In Step 3,
where there is a rotation about —90° around the £ axis,
the X and Y values change from O to 1 and from 1 to
0 for the initial state |11), and for the initial state |10)
these trends are from 0 to —1 and —1 to O for X and
Y, respectively. Following the process of evolution, in
response to the operation of step 4 for |11) as the initial
state, the values of X and Z move from 1 and O to O and
1, respectively; while these trends are from —1 and O to
0 and —1, for |10) as the initial state.

Similarly, the Figs. 2(c) and 2(d) provide the inter-
correlations among the 4-steps evolution of X, Y and Z,
in which for the |01), and |00) as the initial states, the
values of X, Y and Z return to their initial amount, be-
cause the C—-NOT gate does not change the second qubit
when the first qubit is |0). In Fig. 2, When the X-Y and
Y-Z planes are plotted separately, it can be seen that
the evolution has deviation from the rotation trajectory
around the fixed axis. A possible explanation for these
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results may be the intrinsic errors which are caused by
weak driving of applied magnetic field, B;(t), and as-
suming fixed coupling between the qubits through the
evolution. The first and forth steps of experiment, em-
phasize the impact of control laws in rotation. By using
different control parameters K; and K, in X-Y and ¥-Z
plane, the deviation of ¥ component is reduced.

Assessing the evolution of Step 3 the similar-
behavior can be seen by using the different control pa-
rameter K3, when the Z component deviates from zero
in Y-Z plane. For the first group of control parameters,
ie, K1 =9, K3 = 7, and K, = 6, there are a 0.32
deviation from rotation trajectory around the centered
axis. However, following the procedure of evolution,
by using the designed control laws in (37) and adjusting
different control parameters, it is apparent that for the
second group of control parameters, i.e., K = 47.5,
K3 = 21.7 and K, = 32.4, the Y and Z components
remain close to zero and have only deviation about
0.091.

Once the proper control parameters are adjusted,
the probability evolutions of each state element in Uy,
i.e., [tho,, |°to |10, |” are shown in Fig. 3 when the initial
states are |11), |10), |01) and |00), respectively. The
results as shown in Fig. 3, indicate that by simultaneous
implementing of the designed control laws in (37) to
each column of identity matrix, Uy, in (29), the process
of (23)—(26) is satisfied and Uy, is drived to the C-NOT
gate. The probabilities of vy,, and 1)y,, change from
1 to 0. For the v,, and 1)y,, these trends are from 0
to 1, and the probabilities of other elements of identity
matrix, Uy, return to their initial values after 1.68 a.u..

In Figs.3(a)-3(d) there is a clear trend of chang-
ing the probabilities, and their evolutions happen in
the same time. When the designed control laws of
(37) are implemented to columns of U, , the columns
from left to right are considered as |00), |01), |10)
and |11), respectively. At the same time with the
same group of control parameters, i.e., K; = 47.5,
K3 = 21.7 and K, = 32.4, during 4 steps the columns
are achieved to, |00), |01), |11) and |10), respectively.
Considering (24) and (25), each column (state) of uni-
tary time-evolution matrix has the same probability, and
the state only changes from pure to pure superposition
state, therefore, during steps 2 and 3 of evolution the
probabilities remain unchanged.

The results of correlational analysis are shown in
Fig.4, where the total Fidelity of the C-NOT gate
preparation for different control parameters are com-
pared. The Fidelity in this paper is defined as follows in
(39). It interprets the proximity between the initial and
desired state, i.e., how close the initial state can reach to
the target state during the evolution:

F (3¢, vo) = [(toltbr)]. (39)
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The total Fidelity of preparing the C-NOT gate when
we use the Lyapunov control method with group 1 of
control parameters K1 = 9, K3 = 7 and K4 = 6,
comparing with the group 2 of control parameters,
ie., K1 =47.5, K3 =21.7and K4 = 32.4
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Table 1 provides the results obtained from analyz-
ing the Fidelity for different control parameters. It
can be seen that, for K| = 47.5, K3 = 21.7 and
K, = 32.4 the Fidelity achieves 1 in 1.68 a.u., but
when the control parameters are selected as K; = 9,
K3 =7, and K, = 6, then the Fidelity maximally gets
the value of 0.9197 in 2.91 a.u.. It is because, when the
designed control laws are implemented to the system,
the deviation around the fixed axis becomes less, and
consequently it maximize the Fidelity of the system.

Table 1 The total Fidelity and time for different
control parameters, while preparing the

C-NOT gate
Control parameters Maximum Fidelity Time
Group 1:
K1=9,K3=7, K4=6 0.9197 291
Group 2:
K1=475,K3=21.7, K4 =324 1 1.68

6 Conclusion

This paper was undertaken to prepare the C-NOT
gate by designing the control laws based on the Lya-
punov control method and evaluate them in 4 decom-
posed steps. One of the more significant findings to e-
merge from this study is that by implementing the de-
signed control laws on each step of evolution, the rota-
tions have less deviations around the fixed axis which
brings the higher Fidelity of the system in a short time.

Taken together the present study confirms previous
findings about preparing 2 qubit quantum gates and con-
tributes additional evidence that suggests using the Lya-
punov control method to design the proper control laws
for quantum gate preparation.
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