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H-infinity stabilization for
a class of singular cascade control systems with time-delay in state
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(1. Department of Control Science and Engineering, Huazhong University of Science and Technology, Wuhan Hubei 430074, China;
2. Headmaster’s Office, Shandong Jianzhu University, Jinan Shandong 250101, China)

Abstract: This paper investigates the H-infinity control for a class of singular cascade control systems with time-delay
in state. Because of the undesirable output performance in the feedback control when non-zero disturbances exist the
systems, the cascade control is applied for the singular systems with time-delay in state; and a new model is derived for
the closed-loop singular cascade control system. The proposed method emphasizes the employment of cascade control to
the singular systems. The resulting regularity, impulse-free and stability conditions are derived in terms of linear matrix
inequalities; and the corresponding H-infinity stabilizing controller design technique is developed based on the above
conditions. A simulation and experimental example is given to illustrate the effectiveness of the obtained results.
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1 Introduction
Singular systems have been extensively studied for
many years, because singular systems are more general

singular systems with time-delay; for example, robust-
ness and filtering ability!*!, H-infinity control prob-
lem!®7), stability analysis®*), etc. Although Lyapunov

and natural in describing the practical dynamical sys-
tems than standard state-space systems!'!. A great num-
ber of results on these systems have been reported in the
literature. However, singular systems are much more
complicated than standard state-space systems because
they are required to be regular and impulse-free(for con-
tinuous singular systems) or causal (for discrete singu-
lar systems) simultaneously!?!, while the two character-
istics don’t appear in the standard state-space systems.
Over the past decades, more and more attention has
been focused to the stability analysis and system syn-
thesis for singular systems with time-delay. Many fun-
damental system theories developed for standard state-
space systems have been successively generalized to the
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function candidate is an effective form for stability anal-
ysis, and most results can be expressed by linear matrix
inequality (LMI); however, for singular systems with
time-delay, the selection of Lyapunov function candi-
date and the calculation of its derivative along the mo-
tion locus of the systems are more difficult than those
for state-space systems becausemore issues are needed
to be considered simultaneously.

Cascade control is first proposed by Franks and
Worley!!%, and has been considered very effective to
improve control system performances, especially for
the systems with disturbances. Nowadays, cascade con-
trol has become one of the most important control forms
and are applied in many industrial process systems,
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such as power plantst''~1?1| chemical plants!'¥), and so
on. Because of the inner loop, a cascade control system
quickly attenuates the disturbances in the inner loop,
and leads to the improvement of the entire system per-
formance!'*!.

Recently, much efforts have been paid to the study
for the cascade control for different systems from the-
oretical point of view, such as networked control sys-
tems!'*131, generalized nonlinear systems!'®~!7), neural
network systems!!®! and so on. A great number of re-
sults have been reported in the literatures. However,
most of those results are not concerned with the singu-
lar systems, especially the singular systems with time-
delay. To the best of the authors’ knowledge, the sta-
bility analysis and synthesis problems of singular sys-
tems with time-delay under cascade control, still re-
main challenging to scholars from a theoretical point of
view; especially, the advantages of singular systems un-
der cascade control which motivates the present study.

Over the past decades, the problem of H-infinity
control has been studied for singular systems with time-
delay, such as networked control systems!!*2% As is
known, taking into account of the external disturbances,
H-infinity control is effective in analysis and synthesis
of practical systems with disturbance. However,not all
the methods are feasible for the singular cascade control
systems with time-delay.

To investigate the problem of H-infinity control for
a class of singular cascade control systems with time-
delay. A new model of singular cascade control systems
is proposed where the parameters have clear physical
meanings and can be easily determined. The stability
conditions are derived in terms of LMI and the corre-
sponding H-infinity controller design technique is also
developed.

Our investigation is the first attempt to consider the
problems of cascade control for singular systems from
the theoretical point of view, and a new model of singu-
lar cascade control system with time-delay and distur-
bances is constructed. Based on this model, and taking
into account of the characteristics of the systems with
time-delay, sufficient condition of regularity, impulse-
free and stability is proposed by using LMI technique
and the result implies that the systems are admissible
under certain compatible initial conditions. According
to the obtained result, we also derive the sufficient con-
dition of controller existence for the singular cascade
control systems with time-delay, and the corresponding
primary controller and the secondary controller can be
obtained simultaneously. Furthermore, we present the
method of H-infinity controller design for the singular
cascade control systems with time-delay and external
disturbances. In this research, some inequalities are em-
ployed to simplify the calculation procedure by solving
the corresponding LMI instead. Numerical example is
given to illustrate the effectiveness and applications of
the proposed method.

Most of the notations used here are standard in most
respects. We use R to denote the set of real numbers.
R™ and R™**™2 are sets of vectors and matrices of the
specified dimensions, the symmetrical term in a sym-
metric matrix is denoted by *, M T stands for the trans-
pose of M.

2 Modeling of singular cascade control sys-
tems with time-delay and disturbances

To address the modeling problem, we introduce the
following configuration diagram for the singular cas-
cade control systems with time-delay and disturbances.

In Fig.1, P, is the primary plant, P, is the secondary
plant, C'y is the primary controller, C5 is the secondary
controller, and A is the actuator between the controller
(5 and the plant P, S| and .S, are the sensors from the
plants P, and P, respectively.

(o O ¢, PO {7, 200 p 20
x,(t) x,(1)

s
L5

Fig. 1 Configuration diagram of singular cascade
control systems

It can be seen from Fig.1, that the output of P, is as
the input of Py, the disturbance w(t) is mainly existing
in the inner loop of the systems, the states of P, and
P; are sent to C; and C, by S; and S5, respectively.
The primary plant P; can be described by the standard
state-space system form, and the secondary plant P, is
modeled by a class of singular system with time-delay.

Consider the singular cascade control system shown
in Fig.1, the primary plant is a continuous linear time
system, which can be described by the following form

jfl(t) - Alxl(t) + 3192@)7 (1)
yi(t) = Cizi(t) + Caw(t),

where x,(t) is the state vector of the primary plant,
y1(t) and yo(t) are the output of the primary plant P;
and the secondary plant P,, respectively. A;, By, C}
and ('3 are the constant matrices with appropriate di-
mensions.

The secondary plant is modeled by a class of singu-
lar systems with time-delay and external disturbances
which can be written as

Eiy(t) = Aqza(t) + Asxa(t — 1)+
Bauy(t) + Bsw(t), 2)
y2(t) = Cama(t) + Caw(?),

where x5(t) is the state vector of the secondary plant,
us(t) is the control input received by the actuator,
w(t) € Ly[0,00) is the disturbance with limited en-
ergy, y2(t) is the output of the secondary plant, 7 is
the time-delay of the secondary plant. The matrix E €
R™ ™ may be singular and rank(E) = r < n, A,, As,
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B,, B3, C5 and () are the constant matrices with ap-
propriate dimensions.

In this paper, we use a static state feedback con-
troller as the primary controller, which can be described
as

uy(t) = Kz (t), (3)
where 1 (t) is the state vector of the primary plant, K
and wu;(t) are the state feedback gain matrix and the
control output of the primary controller, respectively.

A static state feedback controller is also adopted as
the secondary controller, that is

us(t) = uy (t) + Koxo(2). 4)

Combining (1)—(4), the closed-loop model of the
singular cascade control systems can be described as

&1 (t) = A121(t)+ B, Como(t) + B Cyw(t),
Eiy(t) =

Aso(t) + Asxa(t — 1)+ (5)
By Ky x1(t) + BaKoxa(t) + Bsw(t),

y1(t) = Chz1(t) + Csw(t).

The systems can be modeled as (5), it is worthy not-
ing that this research is the first attempt to adopt cascade
control for the singular systems with time-delay and ex-
ternal disturbances from theoretical point of view. With
the zero reference, the H-infinity control problem for
the singular cascade control systems will be considered
in the following.

3 Stability analysis of singular cascade con-

trol systems with time-delay

In order to derive the sufficient condition of H-
infinity control for the singular cascade control systems
(5) with time-delay and external disturbances, the fol-
lowing definition and lemmas will be essential for the
proof of the theorems.

Definition 1!!-2!]

1) The pair (E, A,) is said to be regular if det(sE
— Ay) is not identically zero.

2) The pair (E, A,) is said to be impulse-free if
deg(det(sE — Ay)) = rank(FE).

3) The unforced singular system of (2) with w(t) =
0 and time-delay is said to be regular and impulse-free,
if the pair (E, As) is regular and impulse-free.

4) The unforced singular system of (2) with w(t) =
0 and time-delay is said to be admissible if it is regular,
impulse-free and stable.

Lemma 12 Assume that a(-) € R, b(-) €
R™ and N(-) € R"™*™ are defined on the interval
(2. Then, for any matrices X (-) € R"*" Y(.) €
R™*™ and Z(-) € R™*™ the following holds

-2 frz a’ (a)Nb(a)da <

L] [ 2 o]

X Y
where [YT Z} = 0.

Lemma 2[*!  Given any real matrices £2;, 2,,
and (25, where 21 = (2, and 2, = 2 > 0, then (2
T
+ 027051025 < 0if and only if {gl Qé } <0.
3 —{2
Lemma 3™ For symmetric positive-definite
matrix (), and matrices P and R with appropriate di-
mensions, matrix inequality PR+ RTP < RTQR +
PTQ~!P holds.

In the following, sufficient conditions of admissi-
ble for systems (5) with w(¢) = 0 and time-delay are
presented by using LMI technique.

Theorem 1 For given state feedback gain K
and K, if there exist a non-singular matrix P, sym-
metric positive-definite matrices R, ), Z, and matrices
X, Y, such that

E'P=P'E >0, (6)
[ X Y
_YT ETZE 2 07 (7)
-‘Qll 912 PTA?,—Y T(Ag‘_}‘KQTBQT)Z
* Ay 0 KBy Z <0
* ok -Q TATZ ’
* * * — 77
(3)
where

1 = PT(Ay + BoKy) + (Ay + BoKy) TP +
TX+Y+YT+Q,
215=P"ByK,+C] Bl R, $25p=R" A, + ATR,
then, the singular cascade control system (5) with
w(t) = 0 is admissible for time-delay 7.

Proof To show the singular cascade control sys-
tem (5) with w(¢) = 0 and time-delay is admissible,
first of all, we show the unforced singular system of (5)
with w(t) = 0 is regular and impulse-free. Without
loss of generality, we can assume that the matrices F,
A, in (5) have the following forms:

10 _ A A
b= [0 0} A2 = [Azl AQQ]

From (6)—(8), it can be seen that
Yiu 0 Py 0 Zn Zia
[Ym 0} ’ [Pm P22] ’ [Zng Z22}
From (7)—(8), we can obtain
PTA,+ ATP+Y +YT <0,

which implies that A, is nonsingular, and thus the pair
(E, Ay) is regular and impulse-free.

Next, we show the system (5) with w(t) = 0 is
stable. Choose a Lyapunov functional as follows:

V(t) = Va(t) + Va(t) + Va(t) + Vat), (9
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where

Vi(t) = a5 (t) B Pas(t),
Va(t) = f_o f;ﬁ iT () ETZEzy(a)dadp,

¢
Va(t) = |, o3 (@)Qra(a)dar
Vi(t) = zy ()R (1),
and P is defined in Theorem 1, Z, ), R are symmetric
positive-definite matrices to be determined.
Using Lemma 1, we can obtain the time derivative
of Vi(t) as
Vi(t) <
2$§(t>PT[(A2 + Ag)%’g(t) + BzKliEl(t) +
225 (t)(PTAs — Y)y(t — 7)) — 225 () PT A3 x
¢
xo(t) — f iy () ET ZEiy(a)da,
t—T1
where XY, Z satisfy (7).
Since V5(t), V3(t) and V,(¢) yield the relation
Va(t) =
t
i ()BT ZEi(t)~ | il (a) BT ZEis(a)da,
¢

Vs(t) = a3 (1)Qua(t) — a3 (t — 7)Qas(t — 7),
Vi(t) = 22T (1) R(Ay 21 (t) + By Chao(t)).

Therefore, we have the time derivative of V' (¢) along
the trajectory of the system as

V() < €T (1) (), (10)
where £(t) = [@3 (t) 21 (t) x5 (t— T)]T and

=
011 912 PTAg—Y+T(A’2T+K2TB2T)ZA3

* (222 0 s
* * TATZ A3 — Q
where

2 =PY(Ay+ BoKy) +7X +Y + YT +
Q+7(Ay + KJB))Z(As + B2 K») +
(Ay + ByK,)T P,
912 =
P'B,K, + Cy Bf R+ 7(A; + K BY)ZB,y K,
2y =R"A, + ATR+ 7K By ZB, K,.
It follows that the inequality 2 < 0 guarantees
V (t) < 0 for all non-zero £(t). Hence, {2 < 0 guaran-

tees the system stable for time-delay 7. Using Lemma
2, {2 < 0 is equivalent to the following LMI:
Qn Q1 PTA;-Y 7(A; + Ky B3)Z
* {2 0 TKI'ByZ
ok —-Q TAYZ

* * * —77

<0,

where
211 = PT(Ay + BoK>) + (As + BoKo) ' P +
TX+Y+YT+0Q,
21, =P'B,K, +CyBIR, 25, = RT A, + ATR.

From this, we can conclude that the system (5) with
w(t) = 0 and time-delay is regular, impulse-free and
stable. That is, the system (5) with w(¢) = 0 is admis-
sible. This completes the proof.

Based on Theorem 1, we develop the method for the
primary and secondary controller design in system (5)
with w(t) = 0 and time-delay.

Theorem 2  If there exist a non-singular matrix
]5, symmetric positive-definite matrices ]:Z, Q, Z , and
matrices X , Y, W1, Ws, such that the following in-
equalities hold

PTET = EP >0, (1)
X Y S
YT PTET+ EP-EYZE|”~

Qll ng AgP—Y TPTAE'FTWQTBQT

0, 12)

* 922 0 TWiTBQT
A PT AT <0,
kK —-Q TP As
* * * —77
(13)
where

Qll - A2P+PTA'2T + BQWQ + W2TB2T +
TX+Y +YT4Q,

Q12 = ByWy + PYCIBY, (2 = A\R+ RV AT,
then, the singular cascade control system (5) with
w(t) = 0 and time-delay is admissible, and the de-
sired primary controller gain can be obtained as K; =
WiR™!, the corresponding secondary controller gain is
K2 - WQP_l.

Proof According to Theorem 1, inequality (8) is
equivalent to

Qn 2, PTA;—Y 7(A7 + K BY)
* ._(222 0 TKlTBQT

x % —Q TAZ <0,
x ok * —r7Z1
(14)
where

\Qll - PT(A2 + BQKQ) + (A2 + BQKQ)TP +
TX+Y+YT+0Q,

912 - PTB2K1 + C;I‘BlTR, 022 = RTA1 + Arer
Then, if there exist a non-singular matrix P, symmetric
positive-definite matrices R, ), Z, matrices X, Y satis-
fying (6), (7) and (8), the singular cascade control sys-
tem (5) with w(¢) = 0 is admissible.

Pre- and post-multiplying (14) by diag{P~T,
R™T P~T I} and its transpose, respectively, we ob-
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tain
211 (2o 245 TP*T(Ag—i—KQTBzT)
x (299 0 7'R*TKFB2T
ko« —PTQPT' 7P TA, <0,
* % * —7Z7!
where

11 = (Ay 4+ BoKo) P~ + P71 (Ay + BoKo) ' +
TPTXP '+ PTY P +
P TYyTpl 4 pTQP !,
2 =B,K\R*+ P10y B,
Dy = AR+ RTAT,
13 = AP — P Ty P!,
Then, defining p:{)’l, R=R, X::P’TXP*,
Y =P TYP !, Q=P TQP ', Z=2Z"1, W, =
KR!, W, = K,P~!, etc, we can obtain (13) easily.
Pre- and post-multiplying both sides of inequality
(7) by diag{P~™, P~} and its transpose, we obtain
X Y
[Y/T PTETZ-1EP-!
From the proof of Theorem 1, we have

P ZyPt 0
> 0.
0 o[ =Y

} = 0. (15)

PTEYZ'EP = [
Using Lemma 3, we obtain
P'E'+EP-E'ZE<P "E'Z'EP™'. (16)
Then, if (12) holds, we obtain the inequality (15).
According to Theorem 1, we can obtain that the
closed-loop singular cascade control system (5) with
w(t) = 0 and time-delay 7 is regular, impulse-free
and stable, and the desired primary controller gain is
K, = WiR™, the corresponding secondary controller
gainis Ko = W,P~!. This completes the proof.
Remark 1 In Theorem 2, (13) is a linear matrix in-
equality whose feasibility can be checked by using MATLAB
LMI toolbox, (11) and (12) can also be calculated by MATLAB
LMI toolbox. Then, for singular cascade control systems (5)
with w(t) = 0 and time-delay, the controller parameters can be
obtained and the desired primary controller and the correspond-
ing secondary controller can be designed directly. However, the
existing results in the literature about singular systems can not
obtain the method of controller design for the singular cascade
control systems, especially for the systems with time-delay.

4 H-infinity control of singular cascade con-
trol systems with time-delay and distur-
bances
In this section, based on Theorem 1 and Theorem

2, let us now concentrate to the controller design of the

form (3) and (4), which guarantees system (5) regular,

impulse-free and stable with H-infinity performance .
The following definition will be given for the proof

of Theorem 3 and Theorem 4.

Definition 2  Given a certain constant v > 0, if

there exist state feedback control laws (3) and (4),
which make the singular cascade control systems (5)
regular, impulse-free and stable, and the primary plant
output y;(t) and the disturbance w(t) are subject to
the H-infinity norm bounded constraint ||y;(¢)|l2 <
~||w(t)||2 under zero initial conditions, then there ex-
ists the H-infinity stabilization control law for systems
(5), and the disturbance attenuation degree of the sys-
tem is .

To facilitate the analysis of the problem, let’s con-
sider the closed-loop singular cascade control systems
l'l(t) :A1$1(t)+3102$2 (t)+Blc4'LU(t),
AQ(I,'Q(t) + Agl'g (t — T)+ (17)
BgKll’l (t) + BQKQ:I:Q(t) + ng(t),
Y1 (t) = Clxl (t) + ng(t),
where y;(t) is the output, w(t) is the disturbance in-
put that belongs to L (0, 00]. Ay, By, Az, By, A3, Bs,
C4,C5,Cs and C, are known real constant matrices
with appropriate dimensions.

Theorem 3 For a given state feedback gain K
and constant vy > 0, if there exist a non-singular matrix
P, symmetric positive-definite matrices R, (), Z, and
matrices X, Y, such that (6), (7) and the following LMI
hold

(211 215 215 PTB; (5 0]
* QQQ 0 RTB104 TK;I‘BQTZ C’ll“
x  x —Q 0 TAIZ 0 <0
x % ox =2 B Cf ’
* * * * —77 0
| * * * * * —1I |
(18)
where

21 = PY(Ay + ByKy) + (Ay + By Ky)TP +
TX+Y+YT+Q,
21,=P"B,K, + Cy B R, 255=R"A, + AR,
213=PYAs -Y, 5 =1(AT + KIB))Z,
then, the system (17) is regular, impulse-free, and stable
with H-infinity performance -y for time-delay 7.

Proof By choosing a Lyapunov functional as (9)
and according to Theorem 1, the closed-loop singular
cascade control system (17) with w(t) = 0 and time-
delay is admissible if (6)—(8) hold.

Noting that

yi (O (t) = Y*w’ (tw(t) =
[leﬂl(t) + ng(t)]T[Cll'l(t) + ng(t)] —
Y (t)w(t),
We obtain
V() + i (O (t) — y*w" (w(t) < &7 (1) 028(1),

where

E(t) = [a3(t) af(t) 23(t—7) W' ()],
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0 2 (o2 24

Q _ * 922 0 924
* * TAJTZA;), - Q 934 ’
* * * 244
and
Qll :PT(A2+B2K2)+TX+Y+YT+

Q+ 7(Ay + Ky By)Z(As + BoKo) +
(Ay + BoK,)T P,
21y =P'B,K, +CyBIR+
(A5 + K3 By ) Z By K,
Q3 =P A3 - Y +7(A) + Ky By)Z A3,
2y =RT A+ ATR+7K By ZBy K, +C[C,
214 = P"Bs + 7(A] + K] BT)ZBs,
2y = R"B,Cy + 7K| By ZBs + C} Cs,
254=7A; ZBs, 2,4=C3 Cs+7B3 ZBs—~I.
Using Lemma 2, 2 <0is equivalent to LMI (18).
To show the singular cascade control systems to

have H-infinity performance -y, we consider the follow-
ing index

o = | Wl (O (8) = 70" (tyw(#)]dt.
Noting that, we have
Jylw =

[ Oy (8) = APt @) + V©)dt -
lim V(t) + V(0) =

t—o0

€

Since £2 < 0, V(0) = 0 under zero initial con-
dition and tlim V(t) > 0, then the following LMI

holds J,,, < 0, this give the desired result ||y, (t)|]2 <
||w(t)||2, which implies that the closed-loop singular
cascade control system (17) has H-infinity performance

.

t)dt — hm V(t) +V(0).

Moreover, Theorem 3 implies that the singular cas-
cade control system (17) with w(t) = 0 is regular,
impulse-free and stable. This completes the proof.

Now, based on Theorem 3, we consider the problem
of H-infinity controller design for system (17).

Theorem 4 For a given constant v > 0, if
there exist a non-singular matrix P, symmetric positive-
definite matrices R Q Z and matrices X Y Wi, Wa,
such that (11)—(12) and the following LMI hold.

_Qll *(:212 913 BS 915 0
922 0 3104 TWTBT RTCT

*
x « —Q 0 7TPTAT 0 <0
x o« o« —2[ 71BJ Ccy ’
* % * * —TZ 0
BES * * * * —I |
(19)

where
2 = AP+ PTAT + B,W, + WIBT +
X +Y+YT4Q,
Q15 = B,W, + PTCy BT,
3= AsP Y, Q5 = 7PY A + 7W)B],
2 = A\R+ R AT,
then, the system (17) is regular, impulse-free, and stable

with H-infinity performance ~y for all time-delay 7 and
external disturbance w(t), and the desired primary con-
troller gain is K; = = W1R™!, the corresponding sec-
ondary controller gain is Ky = WP,

Proof According to Theorem 3, and similar to the
proof of Theorem 2, we can obtain (11), (12) and (19)
easily. This completes the proof.

5 Simulation example

A simulation example is given to illustrate the ef-
fectiveness and applicability of the proposed method.

Example 1  Consider the following singular cas-
cade control system with time-delay and disturbances

0 ) 7=

03 1 0.2 0.1
[0.2 0] () + [—0.3 1 } X
0.5 —-0.4
xo(t —7) + [ 1 } ua(t) + { 01 ] w(t),
L y2(t) = [0 0.1]za(t) 4+ 0.1w(t).
The state-space representation of the primary plant is

SOR A EXORS IR PO}

yi(t) = [~0.3 0.2]z1 () + 0.2w(t),
where 7 = 1, v = 2. The controller is adopted in
the form (4). By using the MATLAB LMI toolbox and
according to Theorem 4, we obtain the corresponding
primary controller gain ; = [0.0021 0.0038], and
the desired secondary controller gain K, = [—2.8032
—2.6799).

However, all the methods of controller design for

singular systems in the literature are not feasible for this
type of systems.

7 1 1 1
0 5 10 15 20 25 30 35 40 45 50
t/s

Fig. 2 State response for example 1
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From Fig.2, it can be seen that the system is reg-
ular, impulse-free and stable with H-infinity perfor-
mance 7 = 2 when the initial condition z(ty) =
[—4.45,—-2.5,3,—5.12], ¢y € [—1,0], and the distur-
sin t, 0s <t < 10s,

bance input w(t) = 0 otherwise.

6 Conclusions

This paper is concerned with the problems of sta-
bility analysis and H-infinity control for a class of sin-
gular cascade control systems with time-delay and dis-
turbances. It should be pointed out that it is the first
attempt to investigate the cascade control theoretically
and develop a novel computational approach for singu-
lar systems, especially for the systems with time-delay.
Finally, a simulation example is performed to illustrate
the applicability and usefulness of the developed theo-
retical results.
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