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Global asymptotic stable observers for a class of
non-Lipschitz nonlinear systems
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2. Department of Electrical, Electronic and Computer Engineering, University of Pretoria, Pretoria, South Africa)

Abstract: A global asymptotic stable observer is proposed for a class of nonlinear systems with uniform observability.
The characteristic of the systems is the non-Lipschitz conditions with mixed rational powers (greater than 1 or less than 1).
The designed observers have two homogeneous terms of the observer error, one is with the power greater than 1 and the
other is with the power smaller than 1. Moreover, the observers have explicit forms. By constructing a proper homogeneous
Lyapunov function, we can obtain the asymptotic stability. Finally, two numerical simulations are given to show the validity

of the proposed methods.
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1 Introduction

For the last three decades, nonlinear state estima-
tion has received a great deal of attraction in con-
trol theory. Many methods are proposed, for exam-
ple, the Lyapunov based approach!'2!, moving horizon
observers!®!, the observer canonical form approach!*°!,
high-gain observers’8]. Among these methods, high
gain observers play an important role to estimate the un-
known state of a relatively wide class of nonlinear sys-
tems. Recently, many works have investigated observer
design in a lot of directions by extending the classes
of nonlinear systems that admit global high gain ob-
servers!”). There is a basic assumption: Lipschitz con-
ditions, for the nonlinear systems with uniform observ-
ability form!®!. Recently, the authors in[8] made an at-
tempt to relax this assumption by proposing observer
design for systems with output dependent incremental
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rate.

There are further extensions to observer design for
nonlinear systems with non-Lipschitz terms!'%'?). For
instance, the bi-limit observer was presented to deal
with these non-Lipschitz terms!!?!. The observer design
was done recursively in conjunction with an appropriate
error Lyapunov function which is homogeneous in the
bi-limit.

The main contribution of the paper is that, a ho-
mogeneous Lyapunov function is constructed and some
fundamental inequalities are obtained for a class of ho-
mogeneous nonlinear systems. The inequalities and the
homogeneous Lyapunov functions become tools for the
design of asymptotically stable observers for more gen-
eral class of nonlinear systems. The observers can also
be explicitly constructed and the design parameters can
be easily determined, in contrast to the recursive proce-
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dures of [10, 13—14]. Further, the systems considered in
this paper include thus as a proper subset of the class of
nonlinear systems considered in[10].

This paper is organized as follows. In Section 2,
we present the main results: the global asymptotic sta-
ble observers for a class of nonlinear systems with non-
Lipschitz terms are constructed. Two numerical exam-
ples are given to show the validity of our method in Sec-
tion 3. Finally, the paper is concluded in Section 4.

2 Global asymptotic stable observers

In this section, our aim is to design a global asymp-
totic stable observer for the following system

(It1:$2+f1(y,u),
I.'2:$3+f2(y,$2,U),

: (1
J‘:n:fn(yux%'” 71:717”)7
ly=2,=Cz, C=[10 --- 0],

where x € R™ is the unknown state, v € R™ is
the input vector, y € R is the measured output, f;(-)

(¢ = 2,--- ,n) are continuous functions and satisfy
|fi(y>$2, o ,.Z‘i,U) - fi(yvil% e ai'ia U)| <
Ljles — 25709 + 1, 30 oy — &) +

j=2 j=2
i
> lagjley — &0, 2)
j=2
n—1 1
where m < pLi; <L 1< py; < T
ll,ij7 l2,i, lg,ij 2 0 and Z(Z (l%” + lg,ij) + l%,i) > 0.

i=2 j=2
The following remark is given to better understand
the condition (2).

Remark 1 Consider the following system
:tl =2,
Tg =13 —T1 — T2,
T3 =14 — T2, 3
&4 = fa(x1, 22, 73, T4),
y = Il?
where
2
T4TH 3/5

fa(x1, 2,23, x4) =—x3+ z4.

+x
(1+a2)(1+22%

It can be verified

|fa(z1, w2, 23, w4) — fa(w1, 2,83, 24)] <

16]wy — #o| + 12|mg — #2|? + |o3 — &3] +

2wy — 34> + |24 — &4

Now, we investigate the uniqueness of solutions to the sys-
tem (3). Construct the following Lyapunov function
Vi(z) = 27 + 23 + 23 + 23,

The derivative of Vj(x) along the solution to (3) is given as

dVi (z) s =
dt 3) —

2 2
225/° — 203 + 2T 275~ — 293 <
(I+ah)(1+a5)
2I2/5 — 2@%.
It is easy to obtain that when |z4| > 1, dvclhfm) (3) < 0. There-

fore, (3) is locally Lipschitz everywhere except on 4 = 0.
Hence, forward uniqueness of solutions for all initial condi-
tions except the origin follows from Proposition 8.1 in[15].

It is beyond the scope of this paper to discuss the general
conditions for the existence and uniqueness of solutions to (1)
and its associated observers to be designed. As in[10], we re-
strict our attention to estimating the solutions to systems that
exist globally in positive time. More results on existence and
uniqueness of possibly non-Lipschitz systems could be found
in[16].

A global asymptotic stable observer for the sys-
tem (1) can be designed as follows:

&y = &y + 0[S]) Tea | ™ + 0[S Ter |+
fi(y,v),

xlz = I3+ 9[5]2_11 (elJa2 + 9[3]2_11 [eljﬂ”‘
fo(y, @2, u), “4)

&y = O[S] [ea )™ + 0[S] [ea )+
fn(y’ :%27 e

where e; = x; — Iy, [e1]* = |e;
are given by

o =ia—(i—1), Bi=iB—(i—1), (5

1
and1 — ~ < a < 1,3 > 1,and [S];;" denotes ele-
n

7§jn’ U),

“iggn ey, o; and [;

ment of n-dimensional symmetric matrix S(6) ' at the
ith row and the first column with § = 1, and S(6) sat-
isfies

—05(0)— AToS(8)—S(0) Ag+CTC' =0, S(0)>sI,

(6)
01 --- 0

where Ag = | * * ' |,0>1, s> 0are two
00 --- 1
00 --- 0

constants!”!. The dynamics of e = x — 7 is given by

é1 =ey — OS]y [er ] — 0[S] [er |,
€2 =e5 — 0[S]5 [e1|*2 — O[S]5 [e1]% + fo,

én=—0[S],1 [er]* — O[], [ex ) + fu,
where
.]Ei = fi(yaxb te ,.’L‘i,'U/) - fi(waf% T "fi.i’u)'
Consider the change of coordinates €, = Qifﬁ,

where 0 < o < 1. Then,
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/ él — 962 9((11 1)0+1[S] 1{ J
f(Bi— 1)0+1[ I [&J
5.2 = 053 0((12 1)0[5] 1 [ElJ —
(B2—1)o B2 f2
6 [S] [ 1J + 01—}-07 (7)
= 00T S| A ey o
—1)o—n .]En
0(,8" 2 +2[S]n1 ’—E Jﬁn + 9n—1+a .

Now, we can give the following result.

Theorem 1 Ifﬁ<p“]<1 1<pei; <

1

1
: 1(2<]\2 n), for any a, 1——<a<1 any
]_
i 1 i 1
o, 0< o< mln{ p2,J(] ) p2,j(] ) 1}
1+p2i; 2(p2,i;—1)

1 1
any 3,1 + 2% < 3 <1+ —, there exists § > 1, such
o o
that (4) is a global asymptotic observer of the system (1)
with the condition (2).
In order to prove Theorem 1, we need extra proper-
ties on the following system:

él = 962 9()\1 1)J+1[S] ’V€1J y

577, 1 — 95n _9()\" 1—1)o- n+3[S]n 11|761Jkn !

&, = =60 DTS e |,

(8)
where A > 0 is a constant, \; = i\ — (i — 1), i =
0,1,--- ,n. We have following results for the sys-
tem (8).

Proposition 1 Let x(s) € C>®(R,R) be such

0, on (—o0, 1],

b _ , . — .
that k(s) { 1. on [2, 00), and its derivative satis

fying x'(s) > 0 on (—o0,00) and 0 < k < K'(s) < R

on [4 4] for two bounds k and 5. Construct the fol-
lowing function as in[17]
Vit(e) =
fooo ﬁ(/ﬁ o V)(vey, -, v 1e,)dv,
eerRM{0}, ©
0, e=0,

where 7, is a positive integer and V (¢) = T Se, where
S = 5(1). Then, we have

i) V;(e) is a positive definite function with homo-
geneity of degree r; w.r.t. the weights {\;_1 }1<i<n-
For convenience, V;*(¢) is called as an r; h-Lyapunov
function of V(&) w.r.t. 5,6, (Ao, A1y, An_1).

1
11) If?"l > 1—|—max{)\i}0<,<n,1 and1l—— < A <
n
1, then, V;*(¢) is C! on R™, and

Vol. 30
dV,
)| < e e < e RO},
(10)
—1
where co > 0, v = i
B

111) If ry > 1+ maX{Ai}Ogign_l and 1 < A<
1
1+ = then, V() is C* on R™, and

av / .
M| < e, e e (0}, an
—1
where ¢j, > 0, v, = %
1

Proof The proof of this Proposition is given in the
Appendix.

The dedicated construction of homogeneous Lya-
punov functions (9) and the fundamental inequality (10)
become tools for the design of asymptotically stable ob-
servers for the system (1).

Proof of Theorem 1 Let By ; 2 e Vi) <
d}, where VP (e) is ro(> B,) h-Lyapunov function
of V(e). The proof is split into three parts. We will
properly choose d5 and d4 in such a way that BVQB’ 5. C
BVf,ég C BVeBal as shown in Fig.1. In Part 1 and P?lrt 2,
we use an 7 h—Lyapunov function Vf to prove VQB is
negative definite on R™"\Bys ; and Bys \Bys s,
spectively. Then, an r3(> 1) h— Lyapunov functlon
V2 of V() is used to prove V* < 0 on Bygs 5, in
Part 3. Lastly, we shall prove that BVﬁ 5, and Bveﬁv 54
can be. chosen arbitrarily close to each othe(. Then,
since V/* is continuous, we can obtain that V;* < 0
onBys 5, \vi,54-

ﬁvpﬂ)gz ﬂVl}ﬁ’(il
Byp 4
Fig. 1 The illustrative diagram of vi, 51 BV[?B’ 5y BV; b4
Part 1 Note that
—0 1+ 20

}, 2<j<i<n,

Pij <ming —1+U Jj—1+4+20

0; 1+20

; >
,BJ 1 j—14+20
D2,i5- Therefore, pz,zgﬁgq Bi—1 < B — 1. Calculate

the derivative of V() along the solution to (7). By
Proposition 1, we have

dvﬂ( )

1 1
and 1+7<ﬁ< 1+— Then,

Loy Py vy
Os 1t Oe

[y <— 029V (e) F27
(12)

where
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i 9(041*1)0+1[S]1*1 (glJm de(é‘)‘
ao_ | OISk e at ™
b s ’ —hOVy ()7 + 017V nSes V) (e) +
ap—1)o—n+2 —1 an B1
| glan—Domni2[g] i e | llc4n2V96(g)1+f2 + lesn?VP (e) +
-0 Con Ba
f~2 01 2 lgCGnQWﬁ(€)1+ T2, (15)
P gito ro+B—1 There exists #; > 0 such that when 6 > 6,, we have
2 : 2 4nSe 4l c4m?
. T2 (1—ay)o 3 1¢4
; 0 > ; , 0> g 6
2 2
L gn—1+0c 0 > 4[2C/57’L 7 920 S 4[30/671
ov? 2 Cy
When ¢ € R”\BVQB ,» note that 3 ® [e1]®,  Then,
, e )
ove ovP ... ovP . dV ( ) n
78561 Ejs 8; e, 78592» %" are homogeneous of de- ) <0, e €R"\Byg .
gree 7o — Bi_1 + a, 12 — Bic1 + Bi—1, e — Bio1 + Part2 Whene € BV:J, for the same choices of

P1,i;8j—1 and ro — 31 +pa2 ;i 3;-1, respectively. Then,
by Lemma 4.2 in[15], there exist c3, ¢4, c5 and cg > 0
such that

vy ; r2zfiatoi
8; &)™ Vi) = < eV (e),
81/96 P1,ij r2zfio1tPLighi—n
—c | <ec Vﬂ I To <
851‘ J 4V ( )
i
V) e,
ovy rapi ity
| 860- &l < C‘E’Vég(g) w < 65%6(5)7
K2
8V9ﬁ D2,ij B, T2 fiz1tP2.ifi-n
—¢€; 7 <ceVy (e 2 <
851’ J 6Ve ( )
s
CGVQﬁ(s)lJF%’
where
B = max{p1;Bj-1 — Bi_1},
B2 = max{ps;B;—1 — Bi_1}-

Let S = max{\[ J;i'[}. Then,

ag/; By < @@= Doy 8e. Vi (e),  (13)
oV (e )

F)| <
. Oe 2‘

i avf’( ) .

222 lij lej[Pris| +
i=2j

avﬁ( )
lez ZI &5l +

oV,
TG e feno] <
=2 7=2

llc4n2%ﬁ(€)1+5 + 1205n2%ﬂ(5) +
012 Lycen? VI ()7 (14)

where [; = max{l;;;}, o = max{ly;}, I3 =

max{ls ;; }. It follows from (12) (14) that

cs3, C4, C5 and cg, we have
ovy

| a; [e1]™

s

881‘

ovy

8€i

‘8‘/96 81?2.'ij
85,‘ J

Bp—1—an

<esVi(e) ™ o,

P1,ij

B
< 64‘/95(5)1+%7

B1—Bn—1

Vi)t

1452
< 661/9[}(5> "2,

where
- ﬂifl} < 07
—0Bisa}<p—1.

51 = min{p,i;8j—1
QQ min{p2,ijﬂj—1
Therefore,
v "

Oe
vy
Oe

Bp—1—an

Fl‘ < 0(a171)”+1n5'03V96(5)1_ T2 ,

By <

|
8 P1=Fn_
TR 4 hesn?VP (@) T e+

lLiean®V) (e)!
By
012 15cen? V) (€)'
Thus,
vy’ (e)
dt
— Bn—1—2n
—cgﬁ%ﬁ(s)”+9(°‘171)”+1n503%ﬁ(5)17 s+
§1 B1—Bn—1
Liean®Vy ()7 + lyesn?®V) (e)'F

8
917201306712‘/;9[3(5)”%.

(1)

From
L0V (e) > 49((1171)”“715031/'95(8)1—%%;%7
OVE(E)? > Alean®V) (e)'
OV (€)2 > dlyesn® V) (e )1+M’
AV ()2 > 4l306n2%ﬂ(5)1+*2
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we have 5
4n C3 _ (Q—aj)ory
‘/aﬁ( ) ( C ) n— Oéng n(B—a) s
2
Aliem? _r2
Vi) > (B e,
2
4lyesn? v .
VEie) > (= - )T @~ DD
Cy
4[306712 2073
Vf(e) (7/)6 = B P15,
Cy
Let
4llc4n T2 ___ "2
0y = max{(——)""m6 A,
2
47150 (1—aj)or
( 3)% ) A w)g,
Ch
2 o
(4l306” )Wg e
/ 9
)
4lycsn? - -
(#) (nfl)%/ifl) 0~ (nfl)%ﬂ—l) }
)

Then, there exists 65 > 0 such that 6§ > 65 and 05 < 1.
Therefore,
dvy'(e)
dt

Part 3 Consider the 73(> 1) h-Lyapunov func-
tion V;*(¢) of V(). When € € Byg ;, from Proposi-
tion 1, we have

|y <0, € € BVf,l\BVSB,aQ'

dvy(e)

g o

a T a T
_620170‘/:904(6)73 _ a‘/gg(g) Fg + avgg( ) FQ’
(17)
f(r ot [S] 1 ey |71

| 0TSy e ) rs+a—1

3— . y I3 s

(Bn—1)o—n+2 [S];ll (ElJ,Bn
By using the same method as the first part, there exist
c7, Cg, Cg, C1o9 > 0 such that

vy

—1

e Ter)? < eV (@),
TE o) < esV(e) R,
Gl < V(o)

’%‘f 2] < eV ()

where éiﬂ = min{—ai,l +p1,ijaj71} > o — 1, §4 =
min{—ai_l +p271‘j06]‘_1} > o — 1. Then,
OVy(e)" - - s
MEE) ) < e @)
Wi(e)"

Rl <
’8& 2|

Bs
Liesn® V2 (e)'F7s + locon® Vi (e) +

B
1-2 2170 N1+
0 Ul30107'l, ‘/9 (5) "3,

which yields
dVi*(e)
3 o<
—aal TV (6 Ser Vi () e
liesn?Vy(e)! +5 + lyeon® Vi (e) +

B
1-20 27/« 1472
0 l3610n ‘/;9 (E) 3.

Let c <1+ )
. 2 Qto)ry
83 = min{(——)7a6"
4507
(1—o)r
C2 WQ 537o<+31’
4lincq
C2 ﬁe—ﬁ
)
4l3n2010
( Co )%9—7‘3(1-0’)}.
4l2n209

Then, there exists #5 > 0 such that § > 05 and d5 < 1.
Thus,
dVy(e)
dt

Since Vf and V;* are homogeneous of degree of
ro and 73, respectlvely, there exists ¢;; > 0 such that
Ve < en(Vy) )Tz Therefore, Bvﬁ 5, C Bye s5,, where

1
0y = (—)7%85*/™. Note that 8, < Oand 3, < B—1.
C11
Then, hm |0 = hm 03 = hm 04 = 0. Thus, for

any 63 > 0 there ex1sts 0, such that when 6 > 6,,
|02 — 04| < €3. Byp s, and Bys 5 are close to each

|(7) < 0, g € Bvea_’(;s.

dVy* (e , )
other. Note that |(7) is continuous on R™. Then,

we can choose 6 > max{0,} (i = 1,2,3,4), such that
dVy(e)

() < 0, & € Byp 5,\Bys 5, The proof is
completed.

Using the same method as Theorem 1, we can ex-
tend the results to the system (1) with the following con-

dition

|fi(y7x27 T 7xi7u) - fi(y7§’:27 e 7i.i7u)’ g

> lgley — &P + 30 byl — &5l +

j=2 j=2

I(u, y) (o + 22 35]%) X2 |y — &1, (18)
j=2 j=2

where 1y ;;, l2i, 13,45, pl’ij and D2,;; are given in (2).

Theorem 2 If <p1,i; <1, 1<pa; <

n—j+1
) 1
- ! 1 2<y gign),foranya,1—7<o¢ < 1, any
— n
GG =1) i—pai(i-1
o, 0<a<m1n{ —P2, J(J ) i P2,J(J )’1}’
14paij 2(p2,i5 — 1)
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1 1 .
and any (3, 1 + % < B <14 —, there exist ¢; > 0
o o
(¢ = 1,2, 3) such that a global asymptotic observer of
the system (1) with the condition (18) can be designed
as follows:

&1 = &2+ Lay[e1|** + Lai[er)™ + fi(y, w),

;(:‘2 = (i‘g + LCLQ ’761Ja2 + LCLQ ’V€1J62+
f2(y7§327u)7

&, = La,[e;|*" + La,[e, |+ (19
fn(ya i'27 e 7':%71) U),

L=—L(e1(L"7 = ¢3) — o3l (u, y) (I +

3 1850), 140) >

where a; (1 <1
ATP + PAS—I, NI<KAP 4+ PAL)I, (20)

< n) are given such that

—a; 1 ---0

and A = : SN , A = diag{o,1+ o,
—a, 1 0 -1
—a, 0 -0

,n— 1+ 0}, A\ Aare two real contants, ; and (3;
are given by (5), I'(u, y) is a continuous function.

Remark 2  Similar system to (1) with the condition (2)
has been considered in[14]. In fact, the authors in[14] allowed
fi(+) in (2) to have both low-order and high-order nonlinearities

[fi(m1, - m5)] <
c(\mﬂm”l/ml +- 4 |Z¢|mi+1/mi +
|;I:1|Tk+1/r1 +o |x1|rk+l/rk)

for a constant ¢ > 0 with m; and r; defined as my = r1 = 1,
Mmip1 =my+ 7o, Tip1 =1 +71fori=1,--- ,n, 7 >0,
—— < 72 < 0. Then, a dual-observer design for the global
ouTtlput feedback stabilization of system (1) was developed. The
proof of the global asymptotical stability is based on the recur-
sive method.

Remark 3 1In[10], the authors presented a class of high

gain observers for the system (1) with the following condition

|f71(y7-’32a"'7$7‘,7u)* i.%u)‘g

mn ?
Iu,y)(1 + 22 |21°7) 22 |zj — 25| +
JI= J=

fi(ya':%27' T

1—d(n—i—1)

i
LY foj = | Ao @n
Jj=
1
) ] _ 1
d < % The condition (21) results in

where I'(+) is a continuous function, v; € [0

)G =

2,---,n)and 0 <
homogeneity in the bi-limit which is useful for the high gain

observer design in a global way and the lower bound of
1—d(n—1—-1)
1—d(n—3j)

case of (18), because if we set that ps ;; =

is greater than 1. In fact, (21) is a special
1—d(n—i—1)
1 —d(n—3j)

ll,ij =0, lg’i =1, lgﬂ'j =l thenl < DP2,ij < ]171

Remark 4 The observer design were done recur-
sively together with the appropriate error Lyapunov functions
which are also constructed by recursive procedures in [10, 14].
Whereas, the observer designed in our paper has an explicit
form. The design parameters [S];ll, a; can be easily deter-
mined by (6) and (20), respectively.

3 Numerical simulation

In this section, we give two examples to demon-
strate the effectiveness of our method.

Example 1 We give the following observer de-
sign for the system (3)

.7;31 = @2 +04(€1Ja1 + 04’761Jﬁ1,
Ty =Ty — &1 — &2 + Os[e1] ™ + O[er |2,
Ty = &y — To + Oa[e]*® + Oafer |,

&y =0fer]* + 0fer ] + fi(xq, 2, &3, 24),
where a; =i — (i — 1), 8, =i — (i —1),1 < i
<4, a =09 ¢ =09, ¢ = 1.1, p3 = 0.01,
0 =5 Leto = 0.5, 8 = 2.2, we have py 45 = 2 <

4-05 o 4-22-1) 4-2(2-1)
A=Uo el Gt i G
2-1+05 7 o+1 7" T202-1)

dl+—— ! <p<1l+ !
e T 505 0.5

The initial conditions of (3) and its observer are
given by (2, —14,—8,3)" and (—7,10,11, —4)", re-
spectively. The simulation can be performed by em-
ploying integration of ODE45. Fig. 2 and Fig. 3 show
the trajectories of the system states and the error states,
respectively. The simulation results with noisy mea-
surement is shown in Fig.4.

t/s

Fig. 2 The trajectories of the system states

200 T T T T T T T
TEN.
0 "\\
J
200 f i
]
-400 B
>
-600 I- —e
—800 l_ ...... eZ i
———y
-1000 | ——e,
,1200 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

t/s

Fig. 3 The trajectories of the error states
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200 ; ; . Qu,z1,22) =
0 :‘l‘-"s" ane ~ = Ap/al—p 1—p
Filhe - max [my + ma@h (2,7 + 257",
-200 £ z2€lz, (15),22(715)]
i
oy Iy = max |moz "),
-600 b (21,22,82)EMg X [z, (e1),F2(1—€2)]
800 fi ¢ where 0 < p < 1. Then,
I - ¥
1000; ...... e, |f1(a;1,a:2,u)—fg(acl,xg,u)| <
-1200 | -—e, K N o
~1400 £ ey Qu, 1, B2) T2 — To| + 3|22 — Zo| 7.
~1600 ! : ' We construct the following observer for (23)
0 5 10 15 20

t/s

Fig. 4 The simulation results with noisy measurement
(a band-limited white noise with noise power 0.1)

Example 2 A bioreactor is a reactor in which mi-
croorganism grow by eating a substrate. Let 7; and 7o
denote the concentrations of microorganisms and sub-
strate, respectively. We obtain the following equations
for the bioreactor'!3!:

M2

g = — U N

n m + 12 n

. UiYUP

T2 o+ (1—m2)
y = 7”1’

where u is the control and is in the interval M, =
[Umins Umax] C (0,1). Note that the following set is
forward invariant!’):

M, =
{n,m2) €R? iy > €1,mp > €0,m1 +10 < 1},

(1 - umax)EZ

umax
sures that the bioreactor state remains in a known com-

pact set.
Consider the following coordinate transformation
72 )
o+’

where ¢, = , and U, = €. This en-

(Mmsm2) = (@1, 22) = F(n,m2) = (1,

Then, we obtain
Ty = Ty — ULy,
To = fox1, 22, u), (23)
Yy =T,

_ 2 _
where fo(x1,22,u) = mo + myzy + Max3, my =

2u 2 U
u,my =—u—1——,my=—+ —. Let M, de-
I I Ty

note the set in which x evolves. Then, M, = F'(M,).

‘We have
€2

T+ €
As in[10], let
x1, = max{e;, min{l — ey, 1 }},
Tos = max{ L, (1), min{Zs(x1s), T2 }},

Tas = max{z,(x1,), min{Zs(z15), T2}},

ZTy(21) = 21 <o <2 (1 —21) = To(2q).

Iy = &y — udy + 3L[ey | + 3L[ey |,
Ztg = fg(.’lﬁ'l,.’i’g, U) + 2L(€1Ja2 + 2LIV61J627
L = _L(Spl(Ll_g - SOQ) - 903‘(2(“7'%'17'%2))7
(24)
where e; =x1—1, o; =ia—(i—1), 3;=1i/—(i—1), i=
1,2, a=0.9, 91 =0.8, p2=1.5, ¢3=0.01, the con-
trol input = 0.4. Letp = 0.6, 0 = 0.1, B = 7, then
2—-1.6(2-1) 2—1.6(2—1)
1+1.6 2(1.6-1) °’
d1l+ 1 <p <1+ !
T 02 0.1
By Theorem 1 in[10], a global asymptotic stable
observer is given as follows:

D2,22 = 16, o<

€1

£1 =29 —u; + L1'4Q1(l1 L0'4)7

. . e
To = fQ(.Tl, JIQ,U) + L2'4q2(l2ql(llLT1‘4))a

L=—L(p:1(L — p2) — 0302(u, 21, %5))
(25)

where q1(s) = s+ sY/07P) gy(s) = s+ s'HP, p; =
0.03, po =1, 3 =3,1; =1, =0.01.

The initial conditions of (23) and (24), (25) are
given by (0.7,0.3) and (0.3, 0.5), respectively. Fig. 5
shows the simulation results. The trajectories of the
states obtained by the observer (24) converge faster in
transient than the ones obtained by (25).

0.4 T T T T T T T T T
0.3R B
\

02 J
0.1f 0 e
0.0 >

®
0.1 f," 1
02k ¢ — €, obtained by (25) |

e €, obtained by (25)

03 -—- €, obtained by (24) |
-0.4 & — = €, obtained by (24)

_0'5 | I I (SN N I — N —
0 2 4 6 8 10 12 14 16 18 20

t/s

Fig. 5 The trajectories of the error states

4 Conclusions

In this paper, global asymptotic stable observers are
proposed for a class of systems with uniform observ-
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ability. The characteristic of the class of systems is the

non-Lipschitz type of conditions with mixed rational
n—1

powers (———

n—j—1

of the increments. Two numerical examples were given
to show the validity of our method.

i
<P <L 1< py; < jj)
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Appendix: Proof of Proposition 1
By an obvious change of integration, we can easily ver-
ify i).

Let
S ={e:ete=1},

Bis 2 (e:e"e<a), Bi,s 2 (e Te < o),
A L _ A n
By ={e: 22512 < 8%}, Bys = {e: 2253 < 6%},
1= 1=

A — _
8/27570— 2 {(0 (7'/\1&27... ,0 O’)\n*lgn)T76 c 82}5},

2 A —oA —0An— T s
8/2,6,17:{(0 o 1827‘",0 o IETL) 78662,5},

Ps a {e: |e1] < 0},

and Ps 2 {c : |e1| < 6}, F5 2 {e : |e1| = 6} where 6 > 0.
The proof is divided into four parts. The first three parts are
to construct a compact set containing the origin and the homo-
geneous Lyapunov function (9) satisfies some inequalities on
this set. Then, these inequalities imply (10). The illustrative
diagram is given as follows.

Fig. A The illustrative diagram of the compact set

Firstly, we shall prove
V3 (e)
dt

for a constant d; > 0. Secondly, we shall prove that there exist
41, d2 > 0, the inequality

|(8) < —0d1, € € 81 N Py—o(dotted line), (Al)

dVQ)‘(s) 1—r
—a e <0z, .
€ € (P(1461)0-2 \P(1-5,)0-)" (A2
5/2,51,02 (shaded area)
1 1
holds, where 02 = o + 01, 01 = max{~—, —— }—(\ —
A1 An—t1

1)o + 2). Thirdly, we shall prove that there exist 6 > 1,
h > max{1, 22 — 1}, d3 > 0 such that
g

dVeA(é‘) 1—(ri+A—=1)o2 j(r1+A—1
T‘(S) < —0 7(T1 )029(T1 )Ud?” (A3)
Ve € Fo-(1+nye N (6171\35751’02)(dashed line).
avy
Note that %l(g) is continuous on R"™, we can obtain
v (o)

T‘(g) < O, VE S (730—0\7)9—(1+}L)o) n (6/2’51,0.2 N

(B1,1\B3 5, »,)). Then, we obtain a compact set (S N
Po-a+ma) U (Fp-a+ma N (31,_1\3/2,51,02)2 U (Bys,,0, N
Fo-o) U ((Pg—o \Pg-t1410) N (By 5, 5, N (B1,1\Bh 5, 1,)))

dvi(e)

containing 0 such that T“g) < 0.
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. . I ¥ A An—
When the compact set is derived, it is easy to prove the 20 K (V(ver,vMieg, -+, 07" lep)) )
following inequalities 41 pritA
0 T
_ _ _ - -1 A
V)™ > dy ", Ve € 81 N Py-anme (Ad) ey 0 ”[5111 o™
Va)\(g)*’}/l >d5—71 9(7“1+)\71)C"7 V&Efg—a 05/275170_2, (A5) ( : S : R +
: —o—nt1rg1=1, An
VQA(E)_% N dg7197-102%§—7'10'717 (A6) e, g=o—nt (Sl v
Ve € Fg—@+nye N (3171\8/2751702) i
0 vMey — O_U[S]ilv)‘l
hold for three constants dy, d5 and dg > 0. Then, for any ¢ € g . )dv
R", there exist vg >0, g9 € (S1 N ﬁe—(lJrh)a)U(fef(l#»h)a N n+1 '
_ - " : o
(B1,1\B3 5, 5,) U (B 5, 5y N Fp—) U (P \Py—1+ms) N 0 —0 [S]ai o™

(5/2,51’02 N (5’171\35,51’02))) suchthate = [e7 --- 5n]T =
[’Uoé‘ol cee Ué\"fla‘on]T, and
AV e), mae1dVi(eo)
v —a e

& e =
At the same time, note that V) (¢) = volvg (£0). Thus,

dVe ( ) 1 AV (e0)

& =~V (o) L

A
Iy Vs (€)™
The following inqualities also hold

1+()\—1)U>1—0',f0r1—l<>\<1, (A7)

1+ (A=1)o>1,forl< )\<1+* (A8)
By using the inequalities (A1)—(A8) and the continuity of
A
dVgt(e) |(8) on R"™, we can obtain (10) and (11).
Now, we prove these inequalities hold. Firstly, let [; be

the largest such [ > 0 that max max Viver, -,
{v<i} {e€B1,2\B1,1/2}

v)‘"*lsn) < 1. Let Iy be the smallest such [ > 0 that
V(vey, -+, v " 1e,) > 2. Therefore,

min _ min
{v21} {e€B1,2\B1,1/2}

dVe ( )
l8) =
29 l2 K (V(vahv)‘lsg, e 71))‘"*15;“”))
1 pritA .
K(U,é‘l,"' ,En)d’U, VE:EZ§1,2\8171/27 (A9)
where
Ve T ’U>‘152 — 9(/\171)0[5]1_11 |_U81J>‘1
K()= : S
,Uknflan —Q(AW’_l)U_n+1[S};11 |',U€1J)\n

If e € S; N Py—o, we have

N
dVe (€)| _
dt (8)
o [ K (V(ver,vMeg, -, v = 1ey))
A pT1+A ’
o 1° 0
U)\lz’:‘g T v)‘lsg
(SAO+A() S) : dv +
vM=le, vMen

From (6), we have

T

0 0
A A
veo T vileg nooy o
(SAg+AgS) i <—s > vhiter.
: : =2
vA"*IEn v)‘lz-:n

(A10)

Then, it is easy to be obtained there exists #; > 1 such that
when 6 > 61, we have

dVe()

l(8) <

2X;_1 .2
§ZU g

l2 L
9 =2

An—
T 07" en))dv.

K (V(ver,vMeg, -
S NPy C S NPy-o C S N Pyo. Letls be the
largest such I > 0 that maxy, ¢} maxg.cg np,) V(veq,

,v’\"*lan) < 1. Let 4 be the smallest such [ > 0 that

ming, >y ming_cg 5,3 V(ver,---,v™"'ey) > 2. Then,
I3 > 11 and l4 < lo. Therefore,

dVe ( )‘
(8) <
s Z 2N — 15
-0 I3 % (V(Ufl,UAlEzy~~,’L)>\"’1€n))d1)<

—0dy,e € S1 075975, (A11)

where

3
s 3o
=2

2ur1+A

/
K-

g
di = min f
{e€81NPy_o}

(V (veq, vMeg, - 7U)‘"*lsn))dv.

Secondly, it follows from (A9) and (A — 1l)o >
max{(A; — 1)o — j 4+ 1} (2 < j < n) that there exist 62 > 1,
61 > 0 such that when 6 > 65, we have

dVe()

®) <

_20(>\*1)0'+1 le :‘1/(‘7(’051’ ~T~1.+,)z\v>\n715n)) .
1 v

1+/\1)d

sy vt | v =

0
_ A
lo K'(V(vsl, e 71))‘"*15”)) v™en

5 pritA

20 S -

An—1

v En
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6 =DT(S] vey |

dv +

H(An—l)a—n-‘rl [S}’;ll |—’U€1J An

b K/ (V(vey, - v’ 1e,)) | O
1 pr1tA

20

v>‘1€2 T

v ey — 0P27DI[§] 7 [y |2 .
. v <

pAn—1o—n+1 [5]7711 [valj)‘”

K/ (V (0,0, 0)slS]! |
15 ’l)T1+>\ v
S (751+51 \’Plflsl) N 3/2,5170'17
1
)\ )\n 1
Vg (e)
dt

_g(A-Do+1

where o1 = max{— H(=(A=1)o) + 2).

Note that
Then, we have

|(8) is homogenous of degree 71 +A—1.

dvi(e)
dt, ~
€ € (Pats)o-\P—s)6-7) N Ba s, 5,5
la k/'(V
where dy = Lf i (V(j:]z;,lti,)\ ’0))§[5]1_11dv, oy =0o+o01.

Thirdly, let Is be the largest such I > 0 that

max V(ver, -+, v’ ley)
{v<l} {EE(P(1+5 yo— oN(B1, 1\Bj, 51, 62)}
< 1. Similarly, let [ be the smallest such [ > 0 that

_ 1-ri0o

V(ve, -+,

min B min
{021} {e€P (5, )0-o N(BL1\BS 5 )}

Thus, for any & € Py 45,)9-+ N (B1,1\By 5, 5,)s We have

dVe ( )|
(8 =
16 K (V(v€1,v)‘162, e ,U)‘”*lsn))
2 IS UT1+)\ K(U7 €1, 7€n)dU~

Forany e € P(1.44,)9-« N(B1,1\Bj 5, ,,)» there exists (> 1)
such that

e=(0"0""¢y, - 79)‘"’1097)\"’10267;)’1‘,

e < (A13)
len] < (1+61)077, _22612:
1=

Then, for any

€2, ",
€ Fy-1+nye N

(:I:édéfaé,f(1Jrh)z77 0~>‘1007)‘102
é>\7L—10'9_)\n—10'25n)T

n
2 2 2
(81,1\65,51,02)7 42:281' :517
1=

we have

dVa()

l(8) <

-0 1}2& 192)\1 100—2)\1 10’282
e

v’\"*len)>2.

22 Z 91 o—j—hXjo—X;_ 10'9)\Z 10 )\L 1+A]Ez[s]”[s]
1=27=1

o~ (1+h)o ) 167)‘]‘—1‘791*)‘1‘*1”25]- —

n
2y ot g]
=
2 3 61 (2o —hAo =iyl tA g gy
j=2
n/(V(iv07(1+h)U’ SR
V1A

nfléknfldngnfld%sn)) q

v.

Note that {z : 1 < 275z < 2} is a bounded set, then, there
exist My, Ms > 0 such that

ls, Z 5 = 41, we have
j_

Then, for I5 < v <

M < v2‘§200—202(5—209—2(1+h)a‘—202_|_

n
> ety < M.
j=1

Note that § > 1 and (1 + h)o > o9, then there exists 03 > 1
such that

n ~ n
Mi/(2 Y 1) < 0262707272 < 2My /(3 ¥/ M),
j=1 =

when 6 > 63. Therefore, there exists 84 > 1 such that when
0 > 04, we have

dVe ( )|
(® <
s Z vaiflagn/(V(vah e ,v>‘"*1€n))
0 le ~ =2
- Is 2uT1 A
K, ,en)dv, € € Fy-aimo N (B1,1\Bs 5, 0, )-

Moreover, for any £ € Fy—+nye N (B1, 1/3'2751702), let I5(e)
and lg(e) be such that 5/4 < V(ver, -, 0™ ten) < 7/4,
I5() < 1 < lg(e) (without loss of generality, we assume

15(5) < 16(5)). Then

dVe( )| o 50 fzf;(s) 1
® < 765 Jig(e) prir VT
50sk le(e) 1 HATL — ()Tt

- iy Al4
165(r1 + A — 1) lg(e)1tA—1ig(e)rtA-1 (Al4)

where § = Amax(5).
Note that {z : 275z = %} N{z:2T5z = Z} = @, there
exists M3 > 0 such that

M < Z 1(?”1-‘,-)\ 1)/Xi-1 _2:1'2(’r‘l—i->\—1)/)\,;_1)27

1=1

) e{z: 218z = Z} and 2% = (27,

22y e{z:2V8z = %}

where 2! = (21, -

(l6(g)éo'(é*ﬂ'e*(l“”h)@')7 16(8)/\15/\10'07)\10'262’ e

en)T €{z:278z = z}

16(6))\"_15)\"—109*)\"—102 1
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and

(I5(2)0° (6770~ 1HMT) 15 () 192179212y .|

Is(e) 1grn-17g 102 T e fp T gy = g}
Therefore,

M3 <

n ~
Z ((16(5))\i—19A1‘—1U@—M—10252,)(T1+)\—1)/)\,i,1 .
=2

(l5(5))\i71é)\i710'07>\i710'2Ei)(T1+)\71)/)\i71)2 I

(6 () T 1 = 15 (e) TA1) 220+ (A1)
G2(ri+A-—1)og—2(r1+1-1)02 (lG(s)’”H‘)‘—l B

n n

l5(E)T1+A—1)2(-2:25?(7‘14’)\71)/)\1'—1 1), 2253 - 82,
1= 1=

On the other hand, {z : 1 < 2TSz < 2} is a bounded
compact set, then, there exist My, Ms > 0 such that
n
My< zf(rﬁ_)\l_l)/)\i*l <Ms, ze{z:1<2TS52<2}.
i=2
Clearly, there exist &/ € Fy_ 1m0 N (51,1\6’2751702) such that
(1;(£)67 (6770~ ANy ()M gMog Mozl L
l; (e) 1o -1og A2 )T fh 1 < T8z < 23,
j =25,6.
Then

Ms > Z(lj(E)Ai—lé/\i—lUa_ki—10'25‘27_‘)2(Tl+>\_1)/ki—1 _
1=2
52(7‘14’/\71)0’072(’)"14*/\71)0'2lj(E)Q(’r‘1+/\71) .

3

2(r1+A—1)/ X L) )

5{ (r1 )/ 17 253 :6%,]:5,6.
i=2 i=2

Then

16(8)7‘14*)\71 _ 15(5)7‘14*)\71 >

92(’[‘14’/\71)0’2 M3

min
< j - R 2(rAA—1)/ A ’
eS¢ :52} f2(r1+X 1)0(2 gi(m )/ 1+1)
=2 =2
(A15)
1
l (6)7’1—0—)\—1 >
~ n )
§2(ri+A-1)o 22 E?(r1+x—1)/,\1,1
. i=
nmln 602(r1+)\—1)02M5 ’
{e: Y e = 0%}
=2
j=25,6

(A16)

Thus, for Ve € Fy-+no N (B11\By s, ,,)s from (Ald)—
(A15) and (A16), we have

dvg\(e)
dt

|(8) < _01—(T1+>\—1)02é(r1+)\—1)ad37 (A17)

where
d3 =
n
EEVATID DA

. =2
min

n n ’
{e: Z 6?:5%} 8§(T1—|—)\—1)M5\/Z E?(T1+>\_1)/>\i_1 +1
1=2 i=2

A
Note that vy (e)
dt

|(8) is continuous on R™. Then, there exists

Avi(e) _
§ ¢ dr |(8) < 0,Ve € (Py-o\
Po—i+nyo) N (8/2751702 N (6171\8/2751702)). Thus, we obtain a
compact set (S1 N Py—qsmye) U (Fp—asme N B\
By s 00)) U (Bys, 5y N Fog—o) U (Pg-e\Pg-t1+me) N
(By.5,.0, N (Bi1\Bys, ,,))) containing 0 such that
dvg'(e)
dt
The discussion can continue for three cases: i) ¢ € S1 N
7)0—(1+h)a; 11) E € ]:9—0 n 85751702; 111) E € ]:9—(1+h)a n
(8171\8/2,51,0‘2)’
i) Ife € S1NPy—(14n)0, we can select § > {1,061, 602,03,
04,05} such that V()™ > d, ™, e € SiNPy- (1410, Where

05 > 1 such that § > 05 and

|(8) < 0.

+oo /(V(0,0Me, -+ 0 = 1ey))

RTEDY dv.

ii) Ife € Fy—o N By 5, ,, from (A13), we can obtain

V(077,07 %2y o 97 172, ) =

07OV (21,0 Mgy, e A1) s,
where
ds—  max f—&-oo w(V(£1,0Meq, - - 7v)‘”*15n))dv
_ X :
i e2 < 62 = ot
X
i=2

Therefore, V() ™7 > dg "¢ (Mm+A=1),
iii) If e € Fyg—i4ny0 N (51,1\3’2751702), from (1 + h)o —
o2 > 0 and (A13), we have
V(iéaé—ae—(l-‘rh)a, 5’\1”9_)‘1”252, .
§>\n—100*>\n—102€n) < 61657“10'0*?”1027

where

de =

ax +o0 K(V(U&‘l,’l}/\la‘g,~“ ,v/\"*len))dv.

n 9 9 'U'f‘l"rA
le1l<t, D &7 =07
=5

K2

Therefore, V()™ > dg"’lé)“"ﬂlé_”‘”l. The proof is

completed.
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