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Stabilization for discrete-time interval switched positive linear systems

WANG Chang—hongT, TONG Yan-hui, WANG Jian
(Space Control and Inertial Technology Research Center, Harbin Institute of Technology, Harbin Heilongjiang 150080, China)

Abstract: In our investigation, both fast switching and slow switching—the arbitrary switching and the average dwell-
time switching are considered, and the original system is not necessarily to be positive. In each switching case, we derive
a sufficient condition for the existence of a set of state-feedback controllers guaranteeing the positivity and stability of
the closed-loop system for all admissible interval uncertainties. All the obtained sufficient conditions are formulated in
terms of linear inequalities, thus the desired controller parameters can be conveniently determined by solving simple linear
programming problems. A numerical example is given to illustrate the effectiveness and the potential of the proposed
approach.
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1 Introduction

As a typical class of hybrid systems, switched systems
have received considerable attention in the past decades.
By a switched system, it is usually composed of a family
of subsystems and a rule orchestrating the switching be-
tween them!!!. The motivation for researching such sys-
tems comes from many facts, for example, there are a
lot of practical systems operating in different modes with
the variation of work environment!?!, and in the control of
some complex systems, a single controller cannot guaran-
tee several conflicting performance requirements®®]. Ow-
ing to the multiplicity of switching rules, a switched sys-
tem does not generally inherit the dynamics of all its sub-
systems, and the basic stability problem of such systems is
not trivial at all*>!. To date, the stability issue of switched
systems primarily concentrates on two topics, the stabil-
ity under arbitrary switching and the stability under con-
strained switching!®. The former topic is studied mainly
based on common Lyapunov function approach!’!, while
multiple Lyapunov function approach!® is proven to be
more flexible and efficient in studying the latter topic. In
the category of constrained switching, a concept of average
dwell time (ADT) was proposed to characterize a class of
typical restricted switching signals in [9], as an extension
to the dwell time!'”!, and there an ADT-based approach
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for stability analysis of switched systems was also derived.
This approach actually belongs to the multiple Lyapunov
function methodology, and its peculiarity lies in that the
used functions are allowed to increase to a certain bound
at switching times whereas the stability is guaranteed at
the expense of on average sufficiently slow switching. The
arbitrary and ADT switchings are also viewed as fast and
slow switchings, respectively.

Recently, switched positive linear systems (SPLSs)
have been highlighted by several articles showing their
applications in network congestion control!'!!, formation
flying!?!, and viral infection treatment!!*. A positive sys-
tem means that any trajectory of the system starting from
nonnegative states remains nonnegative for all nonnegative
inputs!'*l, The mathematical theory of such systems can be
traced back to nonnegative matrix theory!!>!, which takes
the famous Perron-Frobenius Theorem as its fundament.
Since positive systems are defined on nonnegative cones
rather than linear state spaces, some new problems are en-
countered in studying such systems, to name a few, all the
poles of a controllable positive system cannot be placed
arbitrarily due to the sign pattern constraint on its system
matrix, and the conventionally required Lyapunov condi-
tions are too conservative in proving the stability of posi-
tive systems. So far, it has been revealed that the existence
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relations between a linear copositive Lyapunov function,
a quadratic Lyapunov function, and a diagonal quadratic
Lyapunov function are equivalent for a stable positive lin-
ear system. And some useful results on stability analysis
and control synthesis of positive systems have been ob-
tained by means of quadratic and linear copositive Lya-
punov functions in [16—18] and [19-21], respectively. Al-
though the main properties of both switched systems and
positive systems have been well understood, some basic
problems on SPLSs remain open. In this regard, there are
several papers reporting the stability of SPLSs under ar-
bitrary switching based on common linear copositive Lya-
punov function method, see, e.g., [22-26].

On the other hand, it is well known that uncertain-
ties always exist in many practical systems due to some
unpredictable factors, such as the aging of equipments,
the changes of operating conditions, and the inabilities in
measurements, so it is of great significance to research
the stabilization problem of uncertain systems. Note that
the stabilization issues of uncertain switched system!?’-2°]
and uncertain positive systems3*-3?! have been seriously
studied in the literature. However, to the best of authors’
knowledge, there are few results concerning the stabiliza-
tion of uncertain SPLSs, which motivates the research of
this paper.

This paper investigates the stabilization problem of
discrete-time SPLSs with interval uncertainties in both fast
and slow switching cases. In each case, a sufficient condi-
tion for the existence of a set of state-feedback controllers
guaranteeing the closed-loop positivity and stability un-
der corresponding switching for all admissible uncertain-
ties is derived. By fully exploiting the positivity nature
of the closed-loop system, all the sufficient conditions are
formulated in terms of linear inequalities rather than the
conventional LMIs, and hence the desired controller gains
can be conveniently determined by solving simple linear
programming problems. The reminder of the paper is or-
ganized as follows. Section 2 introduces some necessary
definitions and lemmas and formulates the problem to be
treated. In Section 3, the stabilization problem of the un-
derlying system is studied in fast and slow switching cases,
respectively. Section 4 gives a numerical example to illus-
trate the validity of the developed controller design meth-
ods. Finally, the conclusion to the paper is drawn in Sec-
tion 5.

Notation The superscript ‘T’ stands for matrix (vec-
tor) transposition and the inverse of matrix AT is abbrevi-
ated as A~T. R" represents the n-dimensional Euclidean
space and for z = [x;] € R", the notations > 0 (x > 0)
and ¢ < 0 (z < 0) mean that x; > 0 (x; > 0) and
x; <0 (x; <0)for1 < i< n, respectively, where x; de-
notes the ith component of z. R™*™ represents the space
of n x m real matrices and for A = [a;;] € R"*™, the
notations A = 0 (A > 0) and A < 0 (A < 0) mean that
Qij > O(Clij > 0) andaij < O(G,ij < 0) forl <1< n,
1 < j < m, respectively, where a;; denotes the element
in the (4, j) position of A. The notation A € [A, A] means
that A < A < A. A real square matrix A is called Met-
zler if all of its off-diagonal entries are nonnegative, i.e.,

a;; = 0,17 # j; and it is said to be Hurwitz if the real
part of any eigenvalue of A is less than zero. A continuous
function «: [0,a) — [0, 00) is said to belong to class K
if it is strictly increasing and «(0) = 0; if « is also un-
bounded, then it is said to be of class K. Also a contin-
uous function S : [0, 00) x [0, 00) — [0, 00) is said to be-
long to class ICL if (-, t) is of class K for each fixed ¢ > 0
and [(r,t) is decreasing to zero as t — oo for each fixed
r 2 0. N (Np) denotes the set of all positive (nonnegative)
integers, R’} (R ) represents the set of all n-dimensional
positive (nonnegative) vectors, and A corresponds to the
set {1,2,--- ,n}.

2 Problem formulation and preliminaries

Consider a class of discrete-time switched linear sys-
tems given by

I(k + 1) = Ag(k)l’(k) + Bg(k)u(k’), (])
x(0) = zg, k €N,

where (k) € R™ is the state vector; u(t) € R™ is the
control input; o is a piecewise constant function, called
a switching signal, which takes its values in the finite set
P ={1,---,N}; N > 1is the number of subsystems;
Ay = [aj;] € R™" and B, = [b};] € R™™ are
the system matrices of the pth subsystem. The switching
signal (k) can be either autonomous or controlled, and
it may be dependent on k or z(k), or both, or be gen-
erated by other logics. For a switching time sequence
0 < ko < k1 < kg < -+, when k € [k, kizrq), we
say that the o (k;)th subsystem is active, and hence the tra-
jectory of the system (1) is just the trajectory of the o (t;)th
subsystem.

Definition 1°°!  System (1) is said to be positive if,
for any initial condition zy > 0, any input u(k) > O,
and any switching signal o(k), the corresponding trajec-
tory z(k) > 0 holds for all k£ € N.

Definition 2!!!  The unforced system (1) (u(k) = 0)
is globally asymptotically stable (GAS) if there exists a
class ICL function (3 such that for a class of switching sig-
nals o, the solution to the system with any finite initial con-
dition z satisfies ||z(k)|| < B(||xo]|, k) for all k € N.

Lemma 12" The system (1) is positive if and only
it A, =0and B, = 0,Vp € P.
Lemma 226! The unforced positive system (1) is

GAS for all switching signals if and only if there exists a
vector d € R} such that (A, — I)d < 0, Vp € P.

For the purpose of this paper, the definition of ADT is
recalled as follows to characterize a typical class of con-
strained switching signals.

Definition 3! For a switching signal ¢ and any
times to > t1 > to, let N,(t1,t2) be the switching num-
bers of o(t) in the open interval (t1,ts). If Ny (t1,t2) <
No + (t2 — t1)/7a holds for given Ny > 0 and 7, > 0,
then the constants 7, and Ny are called an average dwell
time and a chatter bound, respectively.

Remark 1 Definition 3 means that if there ex-
ists a switching signal possessing the ADT property, with
ADT 7, and chatter bound Ny, then the average time be-
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tween consecutive switches is at least 7, and the number
of switches in any interval smaller than 7, is smaller than
Ny. Therefore, a basic problem for switched systems under
such switching is to determine the minimal 7, and the cor-
responding switching signals such that the system is stable.
It has been analyzed in [1] that the ADT degenerates into
the dwell time for Ny = 1 and it corresponds to the arbi-
trary switching for 7, = 0.

Lemma 32! Consider the switched system x| =
fotky(xr), o(k) € Pandlet0 <y < 1, u > 1 be given
constants. Suppose that there exist continuously differen-
tiable functions V() : R™ — R, o(k) € P, and two class
K functions 37 and (5 such that

Vo(k) =p € P, Bi(lzx]) < Vp(zk) < B2(|zkl),
AVy(zk) £ Vp(zpa1) = Volan) < =V (a),
V(O’(k‘l):p7 o—(klfl): )EPX'P, Vp(xkl,)gruv:](zk‘z%

then the system is GAS for any switching signal with ADT

Inp

W > Th = .
Ta T In(1 — «)

Lemma 4!"! A Metzler matrix A is Hurwitz if and
only if there exists a vector d € R} such that Ad < 0.

Lemma 55! Let A and B be Metzler matrices and
assume that A is Hurwitz and B < A. Then, the following
statements hold:

i) B is a Hurwitz matrix;

ii) A7t < Bt <0;

iii) All the diagonal entries of A are negative.

This paper considers a class of discrete-time interval
switched linear systems described by (1), where A, €
[Ay, Ap] and B, € [By, By, with A, = [al}], A, = [a})],
B, = [B?], and By, = [bY;]. Our main objective s to de-
sign a set of state-feedback controllers

U(k’) = Go(k)x(k)v @)
such that the resultant closed-loop system given by
z(k) = Aporyz(k), 2(0) = w0, (3)

is not only positive but also GAS under the given inter-
val uncertainties and the corresponding switching signals,
where

Avok)y = Aoy + Bo()Go k- 4)
3 Main results

In this section, the stabilization problem of the interval
switched linear system (1) with positivity constraint is first
studied in the fast switching case. Then, the corresponding
results are extended to the slow switching case.

3.1 Fast switching case

We start with the following lemma.

Lemma 6 The unforced interval switched linear
system (1) is positive and GAS for all switching signals
if the matrices A, are nonnegative for all p € P and there
exists a vector d € R”} such that

(A, —I)d <0, VpeP. 5)

Proof Since flp =4, = flp, it is easily known that
A, = 0and (A, — I)d = (A, — I)d. In view of (5),
we obtain (A, — Id < 0. Hence, the unforced interval
system (1) is positive and GAS under arbitrary switching
according to Lemmas 1 and 2, which completes the proof.

Next, the main result in the fast switching case is ob-
tained in the following theorem.

Consider the interval switched lin-
ear system (1). If there exist a diagonal matrix D =
diag{dy,dz, -+ ,d,} > 0 and matrices Z, = [2}}] €
R™*"™ satisfying Vp € P,

Theorem 1

m ~ ~
dfjdj—l—kzlmin(bszzj,bszzj) >0,Vl1<i,7<n, 6)

Z i+ Zlkz max (0P TR bszkj) <d;, V1<i<n,
: 7 1
(N
then there exists a set of controllers (2) such that the
closed-loop system (3) is not only positive but also GAS
for all switching signals. Moreover, if the above conditions
hold, an admissible controller is given by

Gp=Z,D". ®)
Proof Taking account of (4) and letting Ay, =
[at,;], we have

a’bz] 7(11] + Z bzkgkj + Z mln(bzkgk]’ zkgk]) (9)

Due to the fact that df >0 for 1<j<
(9) is equivalent to

n, the inequality

m

ap;;dj = ajd; + kzl min (b kngdJ7bzkgk]d ). (10)

Since the equality (8) implies z
(10) as

=g, Jd we can rewrite

m

ap;dj = af;d; + Z min (b, U,bzkzu) (11)
In virtue of (6), one gets from (11) that agi j d; > 0, which
implies that aﬁij > 0, ie., App = 0. Thus, the closed-loop
system (3) is positive.

Next, let us analyze the stability of the positive system

(3). Defining d = [d; dy --- d,]T, one obtains that
[Appd]; = Zl[(afj + kzl bir.9r;)di] =
]: =
> afjdj + Z bfkgﬁjdj =
j=1 Jj=1k=1
doapdi+ 30 3 b <
j=1 j=1k=1
) ald; + ’szl max(Pf, 20, 00,20 ). (12)
j= j=1k=

Therefore, it follows from (7) and (12) that (Ay,, — I)d, <
0. Thus, by Lemma 6, we conclude that the positive closed-
loop system is GAS for all switching signals. This com-
pletes the proof.

3.2 Slow switching case

The main result in the slow switching case is derived
in this subsection, beginning with the following lemma.
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Lemma7 Consider the unforced interval switched
linear system (1) and let a constant 0 < ~ < 1 be given.
If the matrices A,, are nonnegative for all p € P and there
exist vectors A, = [A] A5 --- A2]T € R” such that

AT(A, —~I) 20, VpeP, (13)

then the system is positive and GAS for any switching sig-
nal with ADT 7, > 7 = —In uu/Iny, where
/\p
r= (p,q,k)e']%)fdjx./\f )\q (14)

Proof It is obvious that the system (1) is positive in
virtue of the fact /ip >0 forallp € P.

Choose the multiple Lyapunov function candidates as
Vp(x(k)) = AJx(k). Then, computing the derivative of
V), along the pth subsystem of the system (1) and applying
(13) yields

AVy(z(k)) = Aya(k+1) — Al a(k) =

P
Ay (Ap = Da(k) = X (A, — Da(k) =
—(L =)V (z(k)). (15)
Furthermore if we select the norm of vector x € R™ as ||z||
= ;| and let in A, fBy= AP
=S lnlmdietfi= min NoG= s N
= NP )\q, then it gi
(p,q,k)rgg)ipx/\/ o/ AL, then it gives
Billa ()l < Vp(@(k)) < Bollz(k)]l,
Ve e R, peP, (16)
Vol (k) < uVy(z(k)),
Ve €Ry ., (,q) €EPXP,p#q. (17)

Therefore, taking account of (15), (16) and (17) and ac-
cording to Lemma 3, it is concluded that the positive sys-
tem (1) is GAS for any switching signal with ADT 7, >

= —Inp/ln~ if p is given by (14). So, the proposed
lemma is proved.

Theorem 2  Consider the interval switched linear
system (1) and let a scalar 0 < v < 1 be given If there
exist a diagonal matrices D, = diag{d},d5,--- ,d} = 0
and matrices Z,, = [2;] € R™*" satisfying Vp € P,

P

.p A
.. =

i + Z mln(bzkzkj7bzkzkj) > O’

k_
<ijs<n, (18)
Zlﬁ. Z A'ijd?_'_ Zlkz maX( lkzk]’bszk])<7dl’
Jj= = J
Vl <i<n, (19)
then there exists a set of controllers (2) such that the
closed-loop system (3) is not only positive but also GAS

V1

for any switching signal with ADT 7, > 7 = —In p/In~,
where
35 i
P=MAX(p,q.i)ePxPXN T = ;. (20
Z Z dqhkzqhzj
k=1j=1,j#k
with 7}, = 7y — vy, [hF) = [h},]) ", and

i _ [#h ifi # k,
ki =\ —Adb, ifi = k.

Moreover, if the above conditions hold, an admissible con-
troller is given by

Gp = Z,D,". 2D

Proof In a similar vein to the proof of Theorem 1,

letting d, = [d} db --- dP]T, the inequalities in (18) and
(19) are respectively equivalent to
Ay, + B,Gp = 0, (22)
(A, + B,Gp, —~I)d, < 0. (23)

Thus, in view of (4), we get from (22) and (23) that Ay, are
nonnegative matrices and Ay, — I are Hurwitz-Metzler
matrices for all p € P by Lemma 4. So, it follows from
Lemma 5 that (A, — ~vI)~' < 0, and hence we con-
clude that there exists a vector A, = (Ap, — 1)~ (App —
~yI)d, > 0 such that A (Ay, —7I) < 0. Next, by invoking
(21) and defining H, = [h;] = A,D, + B,Z, — vD,,

one has
Ay = (Ap + B,Gp — )" (A, + B,G, — yI)d, =
H,"D,H,D,"d,, (24)
and h) is calculated as
f]df Z bzk'zk]v if j #1,

hY, = (25)

agdy + kzl bz — vdy, if j =i
Taking into account the fact that A, = [a}}] € € [4,,4,),
B, = [b}}] € [B,, B, and the definitions of 7;; and 77,
we obtain from (25) that
(WY = Hy = H, = H, = [hY)], (26)
with
= Wit
R vd;, if j=1, ¥ 7 — vd;, if j=1i.

Moreover, it follows from (18) and (19) that hfj = 7y
0, Vj #i, 3 hty=3"
=1 j=1

imply that Hp, Hp, and H p are Hurwitz-Metzler matrices
for all p € P by using GerSgorin’s Theorem and Lemma
5. Therefore, together with (26), one has

[hi_jp]:H;;l = ngl:[h;pi =< H;lz[h;jp

2

i —d; <0, V1 <i<n, which

| <0. @7

Let A, = [A\] AL .-+ A2]T. Then, (24) leads to

/\z Z Z dphkzphzj =
j=1k=1

> dph PR+ >

dih;iphij. (28)
k=1 k=1j=1,#k

From Lemma 5, it is also known that A, < 0 for k € N/
since H,, are Hurwitz-Metzler matrices for all p € P.
Thus, combining (27) and (28), we get

+ Z Z dphkzphz] =
k=1j=1,j#k

phkzphzlw

HMS HM
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N> YA+ Y Y ARy >

k=1 k=1j=1,j#k
s = PL—PLD

Z Z dkh % hk]
k=1j=1,j#k

So, we conclude that the positive closed-loop system (3) is
GAS for any switching signal with ADT satisfying 7, >
7 = —In pu/In~ and p given by (20) according to Lemma
7. This completes the proof.

4 Numerical example

In this section, a numerical example is presented to il-
lustrate the validity of the developed approaches.

Example 1 Consider the discrete-time interval
switched linear system (1) consisting of two subsystems
described by

[ 0.85 0.64] 0.32 0.20
[A4]B1] | —0.42 0.95|—0.35 —0.40
|Ay|B,| | 0.87 0.76] 0.34 0.23 |’
| —0.40 1.00|—0.32 —0.36
[—0.82 0.50 | 0.24 —0.50
[Ay|By] | 044 —0.68]|—0.40 0.25
| A|By| | —0.80 0.54 | 0.25 —0.48
| 0.45 —0.66|—0.37 0.28

It can be verified that all of the matrices A1, Ao, Al,
and A, are neither nonnegative nor stable. The objective
here is to design a set of state-feedback controllers (2) such
that the closed-loop system (3) is not only positive but also
asymptotically stable under fast and slow switchings, re-
spectively.

By applying Theorem 1, the inequalities (6) and (7)
are feasible and we obtain a family of solutions as D =
diag{5.0076, 3.7011} and

7 _ —8.7360 —5.7066 7. —1.8302 —8.7427
17 1-1.9959 10.3198 |* “2~ | —9.7538 —1.7067 |’
Then, according to (8) and (4), we have

oo [ 717446 —15419]  , _ [-0.3655 ~2.3622
17103986 2.7883 | 727 | —1.9478 —0.4611 |’

A _ [01652 0.6734]  ; _ [0.0236 0.1308
bL = 10,2817 0.3281 |7 “2 7 0.0298 0.0649 |’

A4 [02320 090797 5~ [0.0862 0.2036
b1 = 10.3700 0.5359 | "2 7 0.1092 0.1696 |

By applying Theorem 2, the inequalities (18) and (19)
are feasible when choosing v = 0.6 , and we obtain a fam-
ily of solutions as

Dy =diag{3.3409, 1.2069}, Dy =diag{3.7477, 3.8392},
7. —9.3385 —2.4564 7. —2.5192 —8.4009
17 13.9506  4.7639 |” “27 |—8.3960 —0.9473 |
Hence, it follows from (21) and (4) that
Gi— —2.7952 —2.0353 G —0.6722 —2.1882
T 11825 3.0473 |1 TP |-2.2403 —0.2468 ]

A4, _ [0-1361 0.7374] o [0.0873 0.0714
b1 = 10.0015 0.0224 > "2 = [0.0614 0.0606 |’
A, _ 02475 1.0166]  ; _ [0.1588 0.1382
bL=10.1526 0.2913|° "%~ [0.1588 0.1536 |

According to equality (20), we can also get the minima
ADT 1} = 4.8958.

It can be seen that the closed-loop system is posi-
tive in each switching case. Choosing the initial condition
T = [5.5 9.01T and the system matrices AAl = (/114—
41)/24—(141—141)/2 CQS(2]{?), B]_ :(Bl + AB]_)/Q—F(B:[—
Bl)/2 COS(2]€)7 A2 = (AQ +A2)/2+ (A2 _AQ)/Q COS(QI{),
By = (By + By)/2 + (By — By)/2cos(2k), we can ob-
tain the state response of the closed-loop system under a
randomly generated switching signal o(k), as shown in
Fig. 1. Also, the state response of the closed-loop system
under a randomly generated switching signal o (k) with
ADT 7, = 5 and Ny = 2 is given in Fig. 2. It is clear
that the closed-loop system is asymptotically stable under
both fast and slow switchings.

9 T T T T

8_’ —x,(k)

Tl e xz(k) 4
=2 6 : Switching signal
<5 E 3 T T T T B
s ML ]
g ! 1
< 3 1 i

0 1 1 1 1

2 0 10 20 30 40 507

1 -

0 1 1 1 1

0 10 20 30 40 50

k

Fig. 1 Closed-loop state response under fast switching

9 . ' ' '
8+ — x,(k)
A mz(]{;) -
= o Switching signal(z,=5)
S st ' ' ' ' i
8 I L
g 37 1
2 10 20 30 40 507
1E, i
or , ) ) l
0 10 20 30 40 50
k

Fig. 2 Closed-loop state response under slow switching

5 Conclusion

In this paper, the stabilization issue of discrete-time
switched positive linear systems with interval uncertain-
ties is addressed. Both fast and slow switching cases, i.e.,
the arbitrary and ADT switching cases, are considered. In
each case, a sufficient controller existence condition is ob-
tained. And the developed state-feedback controller can
guarantee that the closed-loop system is not only positive
but also asymptotically stable for all admissible interval
uncertainties without the positivity requirement to the un-
derlying system. All the derived sufficient conditions are
formulated as linear inequalities, and hence the desired
controller parameters can be easily obtained by solving the
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corresponding linear programming problems. Finally, an
illustrative example is given to show the validity of the the-
oretical results. It is expected that the achieved results will
be extended to the underlying system with more general
polytopic uncertainties in the future.
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