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Adaptive robust motion/force coordinated control of nonholonomic
wheeled mobile robot via a double closed-loop strategy
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Abstract: Path following of a nonholonomic wheeled mobile robot should harmoniously guarantee the accurate robot
posture tracking and the enhancing terrain-adaptive performance. To realize this coordinated motion/force objective, we
propose a double closed-loop control structure with the outer loop to improve the motion accuracy and the inner loop to
enhance the dynamic terrain friction adaptability. Meanwhile, the uncertain terrain friction is estimated by an observer con-
sidering its slow time-varying characteristic. In order to realize the control algorithms, we developed the motion controller
for the outer loop via backstepping method; and apply the integral sliding mode technique to design the observer and the
force controller for the inner loop. Simulations are performed and the results demonstrate the effectiveness of the proposed

control schemes.
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1 Introduction

Wheeled mobile robot is attracted a great deal of at-
tentions in recent years due to the nature of nonholonomic
constraints. Many efforts are devoted to the tracking con-
trol of nonholonomic mobile robots!'=*!. The nonholo-
nomic constraint is introduced on system kinematic level
which is only related to the robot’s posture and velocities.
Because of the nonintegrable characteristic of nonholo-
nomic system, more state variables should be controlled
by less control inputs, and so the nonholonomic system is
substantively an underactuated system!*-1,

Moreover, most of control schemes ignore the dy-
namic disturbances such as the unavoidable terrain friction
acting on the wheels. It is well-known that the dynamic
disturbances is an important part for the design of control-
ling system, especially for a practical mobile robot in the
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real environment. However, different from the nonholo-
nomic issue, this terrain friction is in the force form that
is related to the system dynamic level. Therefore, how to
both guarantee the posture tracking precision under non-
holonomic constraint and enhance the disturbance adap-
tivity is a challenging problem to be resolved.

This problem is a motion/force coordinated control is-
sue, where the system on kinematic level and dynamic
level should be considered simultaneously. Lots of in-
vestigations address posture tracking control®7!, and most
studies report dynamic control of mobile robot!®!; how-
ever, only a few of literatures discuss the harmonious mo-
tion/force control problems. Li had investigated an adap-
tive robust motion/force control for wheeled inverted pen-
dulums with parametric and functional uncertainties!!%-!!1,
Hashemi had addressed a PI-fuzzy controller to realize
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path following and meanwhile, the anti-slippage objective
had also been achieved in [12]. Yue had proposed a slid-
ing mode robust control method for a two wheeled mo-
bile robot with lower center of gravity, where the posture
tracking and dynamic characteristic of mass center were
both considered together 131, Motivated by these works,
we propose a double closed-loop control structure and im-
prove it with an observer scheme to estimate the uncertain
disturbance in this study. This improved double closed-
loop control strategy is essentially a two feedbacks struc-
ture and could realize the motion/force coordinated con-
trol. Particularly, since the desired trajectories are gener-
ated online under the double closed-loop control structure,
it ought to assure that the convergence rate of the outer
loop should be slower than that of the inner one. Such
treatment could guarantee the global control performances
of both inner and outer loops.

Furthermore, the backstepping technique is widely
used as one of the representative methods for control-
ling nonholonomic mobile robot 4161 Then, we adopt
this method to construct the motion controller on system’s
outer loop. Here, a simple function z/(1 + 22) is applied
to connect a relationship between two related state vari-
ables. Additionally, the sliding mode control technique is
also employed to derive the control algorithms due to their
better robustness and parameter insensibility '”1. Mean-
while, an integral sliding mode surface and continuously
differentiable hyperbolic tangent function are adopted in
this study to suppress the inherent chattering behaviors of
the sliding mode method ['8-1°1,

The organization of this paper is as follows: some
preliminaries about nonholonomic wheeled mobile robot
including mathematic model and double closed-loop con-
trol structure are described in Section 2. Section 3 reports
the motion controller to realize the robot’s postures track-
ing. While in Section 4, the force controller besides the
observer scheme is addressed. Simulation study is devel-
oped in Section 5, and finally, some conclusions are sum-
marized.

2 Preliminaries

2.1 A nonholonomic wheeled mobile robot

A typical mobile robot considered in this case has two
actuators and a steering wheel, as illustrated in Fig.1. Here,
r and R represent the wheel radius and the half width of
the robot, respectively. For simplify, it is supposed that
the mass center is coincident with the robot’s centroid, i.e.,
the mass center C'(z, y.) locates on the axis center be-
tween the two wheels. Then, the robot’s postures could
be described by three system state variables: the two co-
ordinates of the gravity center (z., y.) and the orientation
angle 6 of the robot. Therefore, a general dynamic model
of wheeled robot can be governed by

M(q)§ + V(g 4)q + F(q) + G(q) =
B(g)r — AT (@), M)
where ¢ = [v. y. 0]T € R, 7 € R? represent state,

input vectors of the system, respectively. M(q) is a sym-
metric positive definite inertia matrix; Vi, (g, ¢) is a cen-

tripetal and coriolis matrix and it should be noted that
Vin(q,¢) = 0 if the mass center is coincident with the
centroid; F'(¢) and G(g) denote the surface friction and
gravity matrix, and in this case they are supposed to zero
since the robot operates on the plane; B(q) represents in-
put transformation matrix; A and A(q) are all related to the
system nonholonomic constraints. The elements of the ma-
trices in system (1) can be achieved in [2] for more details.
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Fig. 1 The nonholonomic wheeled mobile robot

Meanwhile, the nonholonomic constraint of pure
rolling and non-slipping can be described as

ve(t)

y.c = [sinf 0
0 0 1

where S(q) € R3*2 and v.(t) = [vc(t) we(t)]T € R? are
the velocity transformation matrix and velocity vector, re-
spectively. Here, v.(t) € R denotes the linear velocity of
the mass center and w,(¢) € R indicts the angular velocity
of the mobile robot. Obviously, this is a typical nonholo-
nomic constraint because it could not be integrated to be a
linear relationship between the system state variables. This
nonholonomic system (2) is also defined as steering system
of wheeled mobile robot.

Note that S(g) is the null space of the matrix, i.e.,
ST(q)A™(q) = 0. Differentiating (2) and substituting the
result in (1), and then multiplying by ST (q), the constraint
matrix AT (g) can be eliminated with this condition. Then,
another dynamic form of wheeled mobile robot is achieved
by

(STB)"*STMSv. +

(STB)1ST(MS 4 ViuS)ve + 74 = T, 3
where 74 = [rq 7a,]T is introduced to represent distur-
bances for the terrain friction on robot’s wheels with the

form of force. For simplify, the system (3) can be rewrit-
ten as follows:

M(q)Pe + Vin(g, 4)ve + 7a =T, 4)
where M(q) = (STB)"1STMS € R?>*? is a symme-
tric positive definite inertia matrix, Vi, (g, ¢) = (STB)~! x
ST(MS + VinS) € R2%2 is the centripetal and coriolis
matrix. System (4) describes the behavior of the nonholo-
nomic system in a new set of local coordinates. Therefore,
the properties of the original dynamics hold for this new
set of coordinates.
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2.2 Double closed-loop control structure

To realize the coordinated control of both motion and
force behaviors of the mobile robot, a double closed-loop
control structure is proposed, as shown in Fig.2. Such con-
trol strategy is essentially a two feedback structure. On
outer loop, the steering system which is related to robot’s
postures could be controlled by motion controller. The
nonholonomic constraint affected on the steering system is
a challenging issue on the outer loop. Here, we adopt back-
stepping technique to resolve this problem by which could

enhance tracking precision of the robot’s postures. While,
on inner loop, the dynamic model of mobile robot is con-
trolled by a force controller. The disturbance in force form
acting on the robot’s wheels is unavoidable which should
be considered in force controller. To solve this problem,
an disturbance adaptive scheme is introduced and it can
estimate the dynamic disturbance value on line. In addi-
tion, the sliding mode technique is applied to derive the
dynamic controller by which could increase the adaptivity
and robustness of the robot system.

_________________________________________________

i i |Inner loop | i

| i Observer | |

i i [d i i
%+ Motion | rce 7 | Dynamic i Steering 14

N controller | | controller model 1v|  system |

; : < aj | :

| Outer loop i

Fig. 2 Double closed-loop control structure

It should be noted that the outer and inner loops are
strongly interrelated and reacted upon each other. The
virtual velocity vector produced by the motion controller
of outer loop is just the desired trajectory of inner loop.
Therefore, this virtual velocity vector is building up the
relationship between the system’s kinematic and dynamic
subsystem directly. Besides, it should also be noted that the
driving torque produced on inner loop by force controller is
the practical system input to the mobile robot because the
velocity vector is indeed a virtual intermediate variables.

If the desired reference trajectory of the postures of
robot are described by ¢,(t) = [z:(t) v.(t) 6:(¢)]T, the
current postures are ¢ = [x¢(t) y.(t) 0(t)]T and the prac-
tical and virtual velocity vector is represented by v, v, re-
spectively, the whole control objectives of the mobile robot
might be summarized up as follows:

Step 1 Find an appropriate control input v, =

[Ve(t) we(t)]™ such that Jim q(t) = q:(t);
—00

Step 2 Find an appropriate control input 7 =
[ 7]T such that tlim v(t) = ve(t);

Step 3 Find a coordinated control input 7 =
[ 7]T such that tlim q(t) = q:(t).
3 Motion controller

On outer loop, to achieve the tracking performance of
q — qr as t — 00, a tracking error space

e = [‘Te Ye Qe}T

should be introduced as follows2%:

Te cosf sinf 0| |z, — 2.
Go= |Ye| = |—sinf cosf 0| |y — ye
0 0 0 1 0. —0

Obviously, (Ze,¥e,0.) = 0 if and only if (z¢,yc,
0) = (xy,yr,0,) for any value of #. Differentiating the
above tracking errors and substituted ¢ by (2), it can be

obtained that:

T Uy €08 O + Wele — Ve
Cjc = y_c = Ur sin ee — WcTe ) (5)
9,3 Wr — We

where v;, w, € R are the desired linear and angular veloci-
ties of the mobile robot system respectively. Under system
state error space, the tracking problem is transformed to
find an appropriated control input v = [v. w.] T, such that
Jm ([ze (@) 4 [ye ()] + [0e(t)]) = 0.

As can be seen in the tracking error model (5), the vari-
able g, = —T.w. + v, sin §, is also controlled by the con-
trol input w,. It can be further concluded that g, = —zew,
as f, = 0. Suppose a Lyapunov function V;, = y2/2, and
an appropriated function, to which x, should approach,
ought to be find for driving Vy = Yo¥Ye < 0. Fortunately,
we find that w. /(1 + w?) is such a function. Based on this
consideration, the preliminary of the backstepping method
is constructed. To sum up, if the appropriated v and w
could be found to realize z, — k120w./(1 + w?y,) and
0. — 0, the stability of system (5) will be achieved. Then,
we define a new variable Z. as follows:

20w,

Toe = a0 — k1 mye’ (6)
where k1 and ¢ are all positive constants.
And then the differentiating z. yields
26 — 20w? 20w,
,e:.e_ c .Ce_k C~e. 7
Te=1 17w§+2w2+1wy 171“)31/ (N

According to system (5), when z, — k120wcye/
(1 + w?) and 6, — 0, it obtains that
26w?
1 1 + wg Ye-

®)

ye = —Tewe = —k

~ Note that V, = —k120w?y2/(1 + w?), and obviously,
Vy <0, i.e., the system will be stabilized. According to
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the proposed preliminary, a theorem can be achieved as
follows:

Theorem 1 For V¢ € (0, + o), the system (5)
will be globally stabilized, and the tracking error
tlim [lze(t)] + |ye(t)] + |6c()|] = 0, with the controllers
—00

as follows:

We = Wy + 20,-k3ye €OS % + k4 sin %, ©)]
Ve = Uy €08 O + k1 IijEg Te —
2
klvri?f‘:;g sin @, — kq mwcye +
koo — klkgmye, (10)

where k1, ko, k3, k4 are all positive constants whose value
could determine the control performances directly, and the
w used in (10) can be achieved by

0
We = Wy + 2k3ye Uy cOS Ee +

0
2k3(vy sin 0 — wexe ) vy COS Ee —

0 1 0
k3yevy (wy — we) sin — + §k4(wr — We) COS —.

2 2
Proof Consider a candidate Lyapunov function as
follows:

Ve ) = 572+ 522 + (1= cos ).

As can be directly verified that V] is a positive-definite

and radially unbounded function. Taking the time deriva-
tion of V7 along trajectory of (5)—(7) yields

. . 16,
Vl =TeTe + yeye + —sin gee =

k3
el 26 — 20w? . i 20w, . )+
Te(Te — o 5 . 1 WclYe — T o Ye
"ol 120241 Y 11—|—w§y
Ye(Ur sin O — Towe) + — sin — (wy — we) =
ks 2
i’e[(Ur COs ee — Ve + yewc)_
26 — 20w?
et S
"ot 42w +1 Y
20w .
k1 T ;g (vp sin by — zowe )]+
20w, .
Yo[—we(Te + K1 TL‘;gye) + v, sin 0]+
1 0.
™ sin 5(% —w) =
B 20 — 26w§
Zo[(vy cO8 0 — V) — Ky mwcye,
20w . 20w?
k1 T uj? (v sinbe — zowe)] — k1 T ;g Y2
1

0
™ sin ;[(wr — we) + 2k3yevy cos Ee]

Substituting (9) and (10) into V; indicates

Vl _ —k‘z.’i‘2 _ klyQ 25(4}? _ k?4 .92 0

15wl Ty sin” =

Obviously, Vi < 0 for V¢ € (0,400). By Lyapunov
stability criterion, it can be concluded that for all initial
conditions ¢.(0), the corresponding solution g.(¢) con-
verges to zero, i.e.

Jim [Jze(8)] + lue (6] + [6c(£)]) = 0.
This proof is completed.
4 Force controller

4.1 Integral sliding mode technique

Different from the outer loop, the inner one should
track the virtual velocity vector generated by the outer loop
on line. Generally, the terrain friction acting on the wheels
is in the form of torque, which can be considered as distur-
bance. Then we develop the dynamic model and explore
force controller to enhance the robot’s dynamic adaptabil-
ity to this uncertain disturbance. If v, = [v. w.]T,
v = [v w|T represent the virtual velocity produced by mo-
tion controller and the current velocity measured by sen-
sors, an auxiliary velocity tracking error vector could be
introduced as e, = v, — v. With this tracking error space,
the tracking problem is thus transformed into a stabiliza-
tion problem.

In order to guarantee the tracking performances of mo-
bile robot, integral sliding mode control technique is ap-
plied to derive the system dynamic controller in this case,
since integral sliding manifold has many better proper-
ties than the traditional sliding mode surface, such as ro-
bustness against the input channel parametric variations,
and external disturbance rejection?!!. The integral sliding
mode surface is constructed as follows:

o t
S(t) =€, + Cjo evds, (11)

where ¢ = [c; ¢] is a positive matrix and ¢, ¢ > 0.
Suppose that the disturbance 7q = [7q1 Ta:|* in (4)

is known well, its value can be directly used in the force
controller. Then, the system control input can be given by:
7= Mv.+cMe, + Vive + 74 +

Mo tanh(kS) + 025, 12)

where o1, o2 > 0 and k > 0. Note that the hyperbolic
tangent function tanh(xS), by which the better chatter-
ing suppression characteristic could be achieved, is used in
force controller to replace the signal function. The constant
x might determine the transient time.

To sum up, a theorem can be addressed as follows:

Theorem 2  The velocity tracking error e, = v, —
v will asymptotically converge to zero, if the controller
(12) is applied to system (4).

Proof A Lyapunov function candidate can be de-
fined as 1

Vo= §%T%.

Clearly, V2 > 0. Differentiating V5 yields

Vo=3gTS =

ST(cey + e — MY + M Wyve + M~ t7g). (13)

Substituting (12) into (13) achieves that

Vo = —01 ST tanh(kS) — 0237 S,
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Obviously, Vy < 0. By Lyapunov stability theorem,
the tracking errors converge to zero globally, and then the
Theorem is proved.

4.2 Observer scheme

In practical application, the controller (12) based on
the accurate disturbance value is unrealistic to be applied
since the disturbance 74 is usually uncertain and could
not be predicted in advance. Although the sliding mode
control scheme might realize the system stabilization ul-
timately, however, this uncertain disturbance is mostly so
great that it could result in violent chattering to the system
variables around the sliding mode surface. Fortunately,
it should be noted that, although the disturbances (terrain
friction) are uncertain, the change rate of disturbances are
much slower in practical exploration. Considering this
fact, we determine to introduce an adaptation scheme as a
disturbance observer to estimate this uncertain disturbance
in real-time.

Suppose that 7q = [7q1 7a.]T represents the estimated
vector of disturbances acting on the left and right wheels,
and thus, the estimated error 74 = [fq1 7a:]T could be
achieved by 7q = 74 — 74. The disturbance value and their
estimated errors can be governed by 74 = 74 due to the
slower change rate of the disturbance. Therefore, the con-
troller (12) could be extended to be a new force controller
with an additional observer scheme as follows:

T = Mv.+cMe, + Vipve + 7q4 +

Moy tanh(kS3) + 025, (14)
Ta = p(M~HTS. (15)

Note that the control law of (15) is essentially an adap-
tive scheme to observe disturbances for the mobile robot.
In this force controller, the parameter ;x > 0 determines
the convergence time. Generally, bigger of this setting
value yields shorter of the convergence time; however, the
overshoot of the system variables will increase abruptly. In
summary, an improved theory could be given as follows:

Theorem 3  The velocity tracking error e, = v, —
v with uncertain disturbances will asymptotically converge
to zero, if the controller (14) and adaptive law (15) is ap-
plied to system (4).

Proof An improved positive Lyapunov function is as
follows:
Vo = EOTO i~T~
3= 2\s S+ QMTd T4-
Differentiating V3 along the trajectory (4) and noting
that 7174 = 7. 74, yields

. 1 .
Vs = ST (ce, + 0 — D) + —7d 7a =
W
37

cey, +ve+ M1+

o 1.
M*Isz/CJrM Ta—M le)‘i’; (rerd:
C\}T [C@V + Ve — Mﬁl(T - ‘/ch 72(1)} -
_ 1.
@i - Ly,
1

(16)

Substituting (14) and (15) into (16) obtains that:
Vs = —013T tanh (k) — 02373,
Obviously, Vg < 0. The Theorem is proved.

S Simulation study

Simulations are performed with a mobile robot by us-
ing the proposed motion and disturbance observer-based
adaptive controllers in this section. The simulated phys-
ical parameters of a mobile robot are given as follows:
m = 3kg, R = 0.25m, d = 0.1m, r = 0.3m. The
desired trajectory is supposed to be an eight-shaped curve
which is much similar to the practical road, and it could
demonstrate the steering and tracking performances of the
mobile robot much better. As reported in [6], the eight-
shaped trajectory could be defined by

t
x(t) = sint, y.(t) = sin 3 t e [0,77.

Meanwhile, the desired orientation angle

t/2
0. (t) = arctan M,
2cost
which is generated by the ¢, and x; on line. Suppose that

the error space of a start point is
™

QC(O) = [(EC(O) yc(o) 90(0)]T = [02 -02 - §]T
A full cycle is completed in 7" = 27 - 2 ~ 14 s. Note that
o 1s different from ¢ since g, is the tracking error space
introduced by coordinate transformation. In order to sat-
isfy the control performances, the controller’s parameters
are chosen as follows:

(521, k1:k2:k3:2, k‘4:3, 0'120'2:5,
¢ =ce =4, k=10, p = 2000.

Moreover, to assess the performance of the force con-
troller, we also introduce a hypothesis disturbance with
step form, representing the worst condition acting on the
wheels, to verify the effectiveness of the proposed observer
scheme.

Under such hypothesis, Fig.3 demonstrates the practi-
cal tracking process of the nonholonomic mobile robot. It
indicates that the desired eight shaped trajectory could be
tracked well although the initial point start from an arbi-
trary position. The tracking effects are closely related to
the control parameters k1, k2, k3, k4 and §, which are the
main parameters of the motion controller. Furthermore,
the orientation angle 6 is an interesting variable in eight
shaped curve since it yields whether the robot has excellent
steering capability. It is expected that 6 — 6, as t — oo
through the motion controller, especially around the center
point of the eight shaped curve. The whole tracking pro-
cess for this orientation parameter is shown in Fig.4, where
the dash line yields desired angle trajectory and the solid
line is the actual tracking path. The results demonstrate
the required tracking and steering performances has been
achieved. In order to illustrate the precision of the pos-
ture tracking by motion controller, Fig.5 further shows the
tracking errors of system states of the mobile robot. This
simulation results demonstrate that the tracking error of the
robot postures g, = [T Yo 0] are globally stabilized and
rapidly converged to zero in 5's.
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Fig. 3 Tracking for an eight-shaped trajectory
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Fig. 4 Tracking process of orientation angle
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—_X,

0.5 -—=Ve A
...... Qe

Xo,Ve,0, / (rad . s)

i/s
Fig. 5 Posture errors of the mobile robot

Figure 6 tells the estimation process for the uncer-
tain disturbance with the system’s observer scheme. Here,
abrupt frictions, which yield an extremely worst condition,
are supposed to be acted on the wheels to verify the dis-
turbances adaptivity characteristic of the observer-based
scheme. The disturbance 74; acting on the left wheel oc-
curs between 20 kN and 40 kN at 5 s and 10 s, while the dis-
turbance 74, acting on the right one occurs between 25 kN
and 55kN at 2.5s and 7.5s. With the chosen control pa-
rameter ;o = 2000, the observation values are agrees well
with the required estimation performances. Generally, by
increasing the controller’s parameter u, the observe accu-
racy and convergence time are improved, while the observe
overshoots are abruptly increasing. Additionally, the con-
trol parameter « is also an important control coefficient of

the hyperbolic tangent function that could determine the
degree of continuity of the control signals. The simulation
also confirms the chosen constant £ = 10 is acceptable in
this case.

60 T T T T T T
o) — Observe
= 40 ~—N—— Practice
Z
= 20
3
o O 1 1 1 1 1 1
0 2 4 6 8 10 12 14
t/s
(@)
T T T T T T
g 100 | — Observe 7
z e Practice
< 50 .
W
O 1 1 1 1 1 1
0 2 4 6 8 10 12 14
t/s
(b)

Fig. 6 Response of the observation process for
the disturbances

6 Conclusion

Path following control problem of a nonholonomic
mobile robot was investigated in this study. To deal with
the nonholonomic constraint affected on the system’s kine-
matic model which is related to robot’s postures, the back-
stepping technique based on a new function z /(1 + 22) is
applied to construct an additional state variable z.. With
the derived motion controller, a more tracking precision
of robot’s postures was achieved. Additionally, a force
controller made up of an integral sliding mode control
method and a disturbance observer, was also developed to
resolve the uncertain problem of terrain friction acting on
the wheels. This adaptive robust control law could regulate
the controller according to the dynamic exploration envi-
ronment in real-time. Such motion/force multi-objective
could be realized harmoniously by the proposed double
closed-loop control structure. By introducing the virtual
velocity, a motion/force sensitive target for mobile robot
could be coordinately controlled simultaneously. Further
work will develop experiments to verify the effectiveness
of the proposed control methods.
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