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Stability analysis of networks of wave equations with
boundary switch feedback controls

XIAO Qi†, XU Gen-qi
(College of Science and Technology, Tianjin University, Tianjin 300072, China)

Abstract: We consider the system with two different kinds of switch controls. The system is described by the wave
equations with the structure of binary tree, of which one end is fixed and the other two ends are damped by the velocities
feedback controls α(t)u2t(x, t), β(t)u3t(x, t) respectively, where the α(t), β(t) are both Heaviside-type functions of pe-
riodic 2T . According to two different cases, we analyze the stability of the closed-loop system. The first one is that the two
controls are on-off simulatively, the other case is that there is only one controller working at anytime. Using the D’Alembert
formula, we get the explicit expression of the solution for the closed loop system. And then, we analyze the spectrum of
the iterate matrices, from which we obtained the properties of the solution. Finally, we get the exponential stability and the
decay rate.
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1 ÚÚÚóóó(Introduction)
éud~��§£ã�äk�C�"���XÚ

�	½5®²��éÐ�ïÄ,¿����
�þ`
D�¤J[1–4],Ù¥,�²;�¯KÒ´km'{Z�
��ì[1]: {

u′′ + a(t)u′ + u = 0,

u(0) = u0, u′(0) = v0.
(1)

XJ/{Zv
¹�0�{,XÚ�Uþªu0. (J
w«,XJa(t)3,
«mþ´~ê�

∑
n

|In|3 = ∞,

@oXÚ�Uþ´ªu0�,¿�3´�`�ê. Pucci
ÚSerrin3©z[5]¥JÑ/°(���gê´�~
��0. 3,
�¹e,=¦^�

∑
n

|In|3 = ∞Ø÷

v,3�y��gêÜn��¹e, 0E,´¯K��
ÛáÚf.

�´,�rd~�£ã�XÚ�.*Ð� ��
§�,=



∂2w(x, t)
∂t2

=

∂2w(x, t)
∂x2

− a(t)
∂w(x, t)

∂t
+ w(x, t),

w(0, t) = w(1, t) = 0,

w(x, 0)=w0(x),
∂w(x, 0)

∂t
=w1(x), x ∈ (0, 1),

�¹Ò¬C��~ØÓ.~X, a(t)´��±2T�±

Ï�¼ê,/ªXe:
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a(t) =

{
1, t ∈ [0, T ),
0, t ∈ [T, 2T ),

5¿�,¦+�3éõ�T�¦�e¡�ªf¤á:w +∞

0
a(τ)dτ = ∞,

∑
n

|In|3 = ∞,

�XÚ�UþE,Øªu0,Ù¥In = (2nT, (2n +
1)T ).

�
�Ñ�éù«¯K��{, Haraux�<ïÄ

äk��m'�"{Z���uÐ�§��¹,¿
���
'uXÚì?½�^�[6],ùòª(1)¥~
��§�(JéÐ/í2�
 �©�§¥. 32004
c, Ammari�<é(/u�ä�XÚ?1©Û,�Ñ
XÚ�,´·½5,3¤½Â�Uþ�m¥Ø´�ê
½�,¿�ÑÚu�k'�õ�ªP~��O[7],
��qu2007c?Ø
ä/u�ä�½5,�Ñ

aq�(Ø[8].

MartinezÚVancostenoble[9]�Ä
äkm'½ö

�K�"���u�Å�§�	½5¯K,XÚ�§
Xe: 




wtt(x, t) = wxx(x, t), x ∈ (0, 1),

w(0, t) = 0,

w(1, t) = −a(t)wt(1, t),
w(x, 0) = w0(x), wt(x, 0) = w1(x).

|^�K���{,Äuτ�f�5�,¦��Ñ
X
ÚUþ¼ê�O�L�ª. �âþãL�ª,¦�y
²
,XJT´,
AÏ�ÛÉ�,@oXÚ�Uþ´
Ø�6u�mCz�,���~þ. ÄK,XÚ�Uþ
�êP~�0.

AÏ/, Gugat?Ø
äk�5�CÑ\�ò��
�Å�§�	½¯K,¿���
4�XÚ��ê
½�(J[10].

ÄuþãïÄ�µ,�
òäk�C�"���
��u��¹í2�õ���¹,�©ò�Ä��Å
�§¤£ã�äk3�u��äXÚ,Ù¥�à�½,
,	üà�\ü«ØÓ�k.�"����α(t)u2t

Úβ(t)u3t,Ù¥α(t)Úβ(t)Ñ´±2T�±Ï�Heavi
side.¼ê. 3ù«�¹e,�©��
XÚ½5�
(J,l!�
��ì�$��m,��~�
õ
Ç�ÑÑ,��
!U��J.

2 ýýý������£££(Preliminaries)
2.1 XXXÚÚÚ£££ããã999���)))555 (Description of the system

and its solution)
�α0, β0 ∈ R+,�Äd3�u|¤���äXÚ.

�XÚ·���ÿ,XÚ(�Xã1¤«.

ã 1 ��ä(��äXÚã

Fig. 1 The network system with the structure of binary tree

�ui(x, t), i = 1, 2, 3L«z�u t��3:x?

 l²ï �� £,b�XÚ��!:�½,�!
:´gd�,KXÚ�$ÄdXeäk>.�"��
ì�Å�§¤£ã:



uitt(x, t)−uixx(x, t)=0, x∈(0, `i), i=1, 2, 3,

u1(0, t) = 0,

u1(`1, t) = u2(0, t) = u3(0, t),
u1x(`1, t)− u2x(0, t)− u3x(0, t) = 0,

u2x(`2, t) = −α(t)u2t(`2, t), α(t) > 0,

u3x(`3, t) = −β(t)u3t(`3, t), β(t) > 0.

(2)

XÚ�Uþ¼ê½ÂXe:

E(t) =
1
2

3∑
i=1

w `i

0
|uit(x, t)|2 + |uix(x, t)|2dx.

��¦��±��

dE(t)
dt

= −α(t)|u2t(`2, t)|2−β(t)|u3t(`3, t)|2 6 0.

w,,XÚ�Uþ�X�m�O�´Ø4O�.

�
?Ø3����eXÚ�½5,�þãX
Ú¥α(t), β(t)Ñ´± 2T �±Ï�Heaviside.¼ê,
�©ò©±eü«�¹?Ø:

1) ü���ìÓ�mÓ�'��¹,=sgn(α(t))
= sgn(β(t)),Ù¥:

α(t) =

{
α0 > 0, t ∈ [0, T ),
0, t ∈ [T, 2T ),

β(t) =

{
β0 > 0, t ∈ [0, T ),
0, t ∈ [T, 2T ).

2) 3?¿��mã�k����ì3ó���
¹,=sgn(α(t)) · sgn(β(t)) = 0,={

α(t) = α0 > 0, β(t) = 0, t ∈ [0, T ),
α(t) = 0, β(t) = β0 > 0, t ∈ [T, 2T ).

3�©¥,Ì�?Ø¤k�u�`1 =`2 =`3 =T�

�¹.

½Â�5�m

V = {u = (u1, u2, u3)T ∈
3∏

i=1

H1(0, `i),

u1(0) = 0, u1(`1) = u2(0) = u3(0),
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u1x(`1)− u2x(0)− u3x(0) = 0}
±9

L =
3∏

i=1

L2(0, `i),

Ù¥H1(0, `i)´«m[0, `i]þ�Sobolev�m.

½ÂH = V × Lþ�SÈXe:

∀(u, v), (f, g) ∈ H,

((u, v), (f, g))H =
3∑

j=1

(
w `j

0
ujx(x)f̄jx(x)dx +

w `j

0
vj(x)ḡj(x)dx).

w,, H´Hilbert�m.

3H¥,½Â�fA�
D(A) = {(f, g) ∈ V × L | f ′(T ) =

CTf ′(0)− Γg(T )},
A(f, g) = (g(x), f ′′(x)),∀(f, g) ∈ D(A).

d�5�f�+nØ�£��XÚ(2)�3���),
¿�÷v

u ∈ C([0,∞]; V ) ∩ C1([0,∞]; L).

2.2 XXXÚÚÚ)))������KKK������///ªªª (D’Alembert form
solution of the system)
�
ïÄXÚ(2)�UþCz,ùpÏL²;��

K���{¦�XÚ)��K��/ª.

½½½nnn 1 XÚ(2)�)��K��/ªXe:

u1(x, t) = f1(t + x)− f1(t− x), (3)




u2(x, t) =

f2(t + x)− f2(t− x) + f1(t− x + T )−
f1(t− x− T ),

u3(x, t) =

f3(t + x)− f3(t− x) + f1(t− x + T )−
f1(t− x− T ),

(4)

Ù¥þª¥�f¼ê´?¿���ëY���¼ê.

yyy éu?¿�(x, t) ∈ [0, T ]× [0,∞),�

ui(x, t) = fi(t + x) + gi(t− x), i = 1, 2, 3.

d�½à:^�u1(0, t) = 0�±��

f1(t) + g1(t) = 0, ∀t > 0,

u´,�±O�Ñu1(x, t)�L�ª:

u1(x, t) = f1(t + x)− f1(t− x).

dë�^�u1(T, t) = u2(0, t) = u3(0, t)�

f1(t + T )− f1(t− T ) =

f2(t) + g2(t) = f3(t) + g3(t).

dþ¡�L�ª��

g2(t−x)=f1(t−x+T )−f1(t−x−T )−f2(t−x),

g3(t−x)=f1(t−x+T )−f1(t−x−T )−f3(t−x).

Ïd

u2(x, t) =

f2(t + x)− f2(t− x) + f1(t− x + T )−
f1(t− x− T ),

u3(x, t) =

f3(t + x)− f3(t− x) + f1(t− x + T )−
f1(t− x− T ).

u´½n1�y.

d½n1,éN´O�E(0)�/ªXe:

E(0) =
1
2

3∑
i=1

w T

0
(|uit(x, 0)|2 + |uix(x, 0)|2)dx =

w T

0
[|f ′1(x)|2 + |f ′1(x− T )|2 +

|f ′2(x)|2 + |f ′3(x)|2]dx +w T

0
|f ′1(x)− f ′1(x− 2T )− f ′2(x− T )|2dx +

w T

0
|f ′1(x)− f ′1(x− 2T )− f ′3(x− T )|2dx.

3½n1�Ä:þ,éXÚ(2)��K��/ª�)?
�Ú©Û,��Xe�(Ø:

íííØØØ 1 XÚ(2)�)��K��/ªäkXe
�S�'X:


f ′1(t + 2nT )

f ′2(t + 2nT + T )
f ′3(t + 2nT + T )


 = An(t)




f ′1(t)
f ′2(t + T )
f ′3(t + T )


 ,

Ù¥A(t)´S�Ý
,/ªXe:

A(t)=
1
3




1 2 2
−2ξ − ξ 2ξ

−2η 2η − η


 ,

ξ =
1− α(t)
1 + α(t)

, η =
1− β(t)
1 + β(t)

.

yyy 3½n1�Ñ)��K��/ª�Ä:þ,d
�äXÚSÜë�:�å²ï^�,=Neumann-
Kirchhoff^�:

u1x(T, t)− u2x(0, t)− u3x(0, t) = 0,

��Xe�§:

f ′1(t)=
1
3
f ′1(t− 2T ) +

2
3
f ′2(t− T ) +

2
3
f ′3(t− T ).

(5)

d"àà:^�u2x(T, t) = −α(t)u2t(T, t)Ú
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u3x(T, t) = −β(t)u3t(T, t),��

f ′2(t + T ) =

−2
3
ξf ′1(t− 2T )− 1

3
ξf ′2(t− T ) +

2
3
ξf ′3(t− T ),

(6)

f ′3(t + T ) =

−2
3
ηf ′1(t− 2T ) +

2
3
ηf ′2(t− T )− 1

3
ηf ′3(t− T ),

(7)

Ù¥:

ξ =
1− α(t)
1 + α(t)

, η =
1− β(t)
1 + β(t)

.

w,, ξ, η ∈ (−1, 1], ∀t > 0.
òª(5)−(7)�¤Xe�Ý
/ª:


f ′1(t)

f ′2(t+T )
f ′3(t+T )


 = A(t)




f ′1(t−2T )
f ′2(t−T )
f ′3(t−T )


 , (8)

Ù¥A(t)´S��f,/ªXe:

A(t) =
1
3




1 2 2
−2ξ − ξ 2ξ

−2η 2η − η


 .

Ï�ξ, ηÑ±2T�±Ï,dª(8)��


f ′1(t+2nT )
f ′2(t+2nT +T )
f ′3(t+2nT +T )


 =

n∏
j=1

A(t+2jT )




f ′1(t)
f ′2(t+T )
f ′3(t+T )


 =

An(t)




f ′1(t)
f ′2(t+T )
f ′3(t+T )


 . (9)

�!|^�K���{¦Ñ
)�äN/ª¿|

^XÚ�Ð©^���
XÚ��K��/ª)�

'Xª,e¡òé¥m�)�S�Ý
A(t)?1Ì©
Û.

3 A(t)���ÌÌÌ©©©ÛÛÛ(Spectral analysis of A(t))
�!Ì�?ØÝ
A(t)�Ì,¿��ÑÌ�»�

�O.

éu?¿�λ ∈ C,O�det(λI −A(t)),��
A(t)�A�õ�ª:

p(λ) = λ3 +
1
3
(ξ + η − 1)λ2 +

1
3
(ξ + η − ξη)λ + ξη.

w,

p(−1) =
4
3
(ξη − 1) < 0, p(0) = ξη,

p(1) =
2
3
(ξ + 1)(η + 1) > 0.

dd�±�����3��¢�λ1 ∈ (−1, 1).
�
?ØÙ¦ü��λ2, λ3��¹,Äk�Ñe¡

'up(λ)üN5�Ún:

ÚÚÚnnn 1 éuλ ∈ C, p(λ)�üN5Xe:
1) XJ ξ, η÷v^� η ∈ (−1, 11− 6

√
3), ξ ∈

(ξ′, 1)½öη ∈ [11− 6
√

3, 1), ξ ∈ (−1, 1),Kp(λ)´
î�üN4O�;

2) XJη∈(−1, 11− 6
√

3), ξ∈(−1, ξ′),Kp(λ)
3(−1, x1) ∪ (x2, 1)þüN4O,3(x1, x2)þüN4
~. Ù¥:

ξ′ =
11(1− η)−√117η2 − 198η + 117

2
,

x1 = −1
9
(ξ + η − 1)−

1
9

√
ξ2 + 11(η − 1)ξ + η2 − 11η + 1,

x2 = −1
9
(ξ + η − 1) +

1
9

√
ξ2 + 11(η − 1)ξ + η2 − 11η + 1,

�ξ′, x1, x2 ∈ (−1, 1).

yyy O�p(λ)��êp′(λ):

p′(λ) = 3λ2 +
2
3
(ξ + η − 1)λ +

1
3
(ξ + η − ξη).

Ù���:

λ = −1
9
(ξ + η − 1) ∈ (−1, 1), (10)

����

p′(−1
9
(ξ + η − 1)) = − 1

27
h(ξ),

Ù¥

h(ξ) = (ξ + η − 1)2 − 9(ξ + η − ξη) =

ξ2 + 11(η − 1)ξ + η2 − 11η + 1.

©e¡ü«�¹?1?Ø:
1) h(ξ) < 0.
3ù«�¹e,w,, p′(λ) > 0. u´, p(λ)´î

�4O�¢¼ê.
2) h(ξ) > 0.

3ù«�¹e,�§ p′(λ) = 0kü�":,��
x1, x2:

x1 = −1
9
(ξ + η − 1)− 1

9

√
h(ξ),

x2 = −1
9
(ξ + η − 1) +

1
9

√
h(ξ).
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du

p′(−1) =
1
3
(11− ξ − η − ξη) > 0,

p′(1) = (2 + ξ + η) +
1
3
(1− ξη) > 0,

(Üª(10),�±��x1, x2 ∈ (−1, 1). u´, p(λ)�
5��±o(Xe:{

p(λ) ↗, XJλ ∈ (−1, x1) ∪ (x2, 1),
p(λ) ↘, XJλ ∈ (x1, x2).

3ù«�¹e, p(λ)���ª³Xã2–4¤«.

ã 2 ¤k��Ñ´¢ê,�3(−1, 1)¥

Fig. 2 All roots are real and in (−1, 1)

ã 3 �k��¢�,�3(−1, 1)¥

Fig. 3 There is only one real root and in (−1, 1)

ã 4 �k��¢�,�3(−1, 1)¥

Fig. 4 There is only one real root and in (−1, 1)

e¡,éh(ξ)�ÎÒ?1?Ø.

∀η ∈ (−1, 1], h(ξ)�é¡¶´

ξ =
11(1− η)

2
> 0,

�∆ = 117η2 − 198η + 117 > 0.u´

h(1) = η2 − 9 < 0,

sgn(h(−1)) = sgn(η2 − 22η + 13) ={
1, η ∈ (−1, 11− 6

√
3),

−1, η ∈ (11− 6
√

3, 1].

Ïd,éuη ∈ (−1, 11− 6
√

3), h(ξ)�k���ξ′:

ξ′ =
11(1− η)−√117η2 − 198η + 117

2
∈ (−1, 1),

¤±

sgn(h(ξ)) =

{
1, ξ ∈ (−1, ξ′),
−1, ξ ∈ (ξ′, 1).

éu∀η ∈ (11−6
√

3, 1],kh(ξ) < 0, ∀ξ ∈ (−1, 1].
nþ©Û,Ò�±��Ún1.

|^üN5Ò�±��p(λ)����¹Xe:

ÚÚÚnnn 2 �p(λ)î�4O½öp(λ)Øî�4O
�´p(x1) · p(x2) > 0�, p(λ)�k��¢�,,	ü
����Ý�Eê;

�p(λ)Øî�4O�´p(x1) · p(x2) < 0�, p(λ)
k3�¢��3(−1, 1)¥.

e¡�½n�ÑA(t)�Ì�»��O.

½½½nnn 2 éu∀ξ, η ∈ (−1, 1], A(t)�Ì�»
r(A) = max{|λi|, i = 1, 2, 3} < 1.

yyy dÚn1Ú2�,XJp(λ)��þ�¢ê,@
oéN´��A(t)�Ì�»r(A) = max{|λi|, i = 1,

2, 3} < 1�(Ø.

�p(λ)k��¢�,ü�E���ÿ,�
(½Ù
¦ü�E�λ2, λ3�����,�ÄXeü«�¹:

1) ξη = 0. Ø���5,�η = 0. u´

p(λ)=λ3+
1
3
(ξ − 1)λ2+

1
3
ξλ.

Ïd,E���÷v|λ2| = |λ3| =
√

1
3
|ξ| < 1.

2) ξη 6= 0. d��Xê�'X��

λ1λ2λ3 = λ1|λ2|2 = −ξη. (11)

u´|λ2|2 − 1 =
ξη + λ1

−λ1

.d�ª(11)�sgn(−λ1) =

sgn(ξη).�
(½λ1 + ξη�ÎÒ,O�

p(−ξη) =

−ξη[(ξη)2 − 1
3
(ξ + η)ξη +

1
3
(ξ + η − 3)].

w,,

(ξη)2 − 1
3
(ξ + η)ξη +

1
3
(ξ + η − 3) 6 0,

∀ξ, η ∈ (−1, 1],

�Ò´`, sgn(p(−ξη)) = sgn(ξη).

e¡,ò�âp(λ)�üN5?Ø
ξη + λ1

−λ1

�ÎÒ:

i) p(λ)üN4O.

XJ ξη > 0,@o−λ1 > 0¿� p(−ξη) > 0 =

p(λ1). u´−ξη > λ1,�Ò´`
ξη + λ1

−λ1

< 0,=|λ2|
= |λ3| < 1.
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XJ ξη < 0,Ó���|λ2| = |λ3| < 1.

ii) p(λ)Ø´üN�.

dã3�w�,XJξη>0,=−λ1 >0�p(−ξη)>

0. u´−ξη>λ1. Ïd
ξη+λ1

−λ1

<0,=|λ2|= |λ3|<1.

XJξη < 0,Ó�,k|λ2| = |λ3| < 1.

Ón,éuã4, p(λ)�k��¢���¹,�±�
�(Ø|λ2| = |λ3| < 1.

nþ¤ã,ÃØp(λ) = 0��´¢ê�´Eê,Ñ
©Ù3E²¡þ�ü �S,�Ò´`, A(t)�Ì�
»�u1.

4 XXXÚÚÚ���)))���555���(The solution’s properties
of system)
�
�¡�OUþ�P~�¹,3�!©Ûf ′1(t+

2nT ), f ′2(t + 2nT + T )Úf ′3(t + 2nT + T )�5�.

½½½nnn 3 éu?¿�t ∈ [0, 2T ],k

lim
n→∞

f ′1(t + 2nT ) = lim
n→∞

f ′2(t + 2nT + T ) =

lim
n→∞

f ′3(t + 2nT + T ) = 0,

¿�§��P~�Ç/ªXe:

lim
n→∞

|f ′1(t + 2(n + 1)T )|
|f ′1(t + 2nT )| =

lim
n→∞

|f ′2(t + 2(n + 1)T + T )|
|f ′2(t + 2nT + T )| =

lim
n→∞

|f ′3(t + 2(n + 1)T + T )|
|f ′3(t + 2nT + T )| = γ,

�γ ∈ (0, 1).

yyy �â��ê,ò©Ûþã¼ê�Âñ5.

1) êþ�1��¹,=λi 6= λj, i 6= j.

3ù«�¹e,é?¿�n ∈ N,e¡��ª¤á:

λn
i = g(λi)p(λi) + r(λi) =

r(λi) = a(1)
n λ2

i + a(2)
n λi + a(3)

n ,

Ù¥: p(λ)Xc½Â, r(λi)(i = 1, 2, 3)´gê�p
�2�õ�ª, a(j)

n (j = 1, 2, 3)��6un�Xê. �
�O��±��Xe�L�ª:

a(1)
n =

λn
1

(λ1−λ2)(λ1−λ3)
+

λn
2

(λ1−λ2)(λ3−λ2)
+

λn
3

(λ1 − λ3)(λ2 − λ3)
,

a(2)
n =

−(λ2 + λ3)λn
1

(λ1−λ2)(λ1−λ3)
+

(λ1+λ3)λn
2

(λ1−λ2)(λ3−λ2)
+

−(λ1 + λ2)λn
3

(λ1 − λ3)(λ2 − λ3)
,

a(3)
n =

λ2λ3λ
n
1

(λ1−λ2)(λ1−λ3)
− λ1λ3λ

n
2

(λ1−λ2)(λ3−λ2)
+

λ1λ2λ
n
3

(λ1 − λ3)(λ2 − λ3)
.

dCaylay-Hamilton½n,

An = a(1)
n A2 + a(2)

n A + a(3)
n I =

1
9




a
(n)
11 a

(n)
12 a

(n)
13

a
(n)
21 a

(n)
22 a

(n)
23

a
(n)
31 a

(n)
32 a

(n)
33


 ,

Ù¥:



a
(n)
11 = (1− 4ξ − 4η)a(1)

n + 3a(2)
n + 9a(3)

n ,

a
(n)
12 = (2− 4ξ + 4η)a(1)

n + 6a(2)
n ,

a
(n)
13 = (2 + 4ξ − 2η)a(1)

n + 6a(2)
n ,

a
(n)
21 = (−2ξ + 2ξ2 − 4ξη)a(1)

n − 6a(2)
n ,

a
(n)
22 = (−4ξ + ξ2 + 4ξη)a(1)

n − 3ξa(2)
n + 9a(3)

n ,

a
(n)
23 = (−4ξ − 2ξ2 − 2ξη)a(1)

n + 6a(2)
n ,

a
(n)
31 = (−2η − 4ξη + 2η2)a(1)

n − 6ηa(2)
n ,

a
(n)
32 = (−4η − 2ξη − 2η2)a(1)

n + 6ηa(2)
n ,

a
(n)
33 = (−4η + 4ξη + η2)a(1)

n − 3ηa(2)
n + 9a(3)

n .

(12)

dª(12)Úª(9)�




f ′1(t + 2nT ) = x1λ
n
1 + x2λ

n
2 + x3λ

n
3 ,

f ′2(t + 2nT + T ) = y1λ
n
1 + y2λ

n
2 + y3λ

n
3 ,

f ′3(t + 2nT + T ) = z1λ
n
1 + z2λ

n
2 + z3λ

n
3 ,

(13)

Ù¥xi, yi, zi, i = 1, 2, 3�Ø�6un�Xê,�´õ
�ªf ′1(t), f

′
2(t + T ), f ′3(t + T )��5|Ü.

�â½n2�(Ø, |λj| < 1,éN´��Xe�ª
f:

lim
n→∞

f ′1(t + 2nT ) =

lim
n→∞

f ′2(t + 2nT + T ) =

lim
n→∞

f ′3(t + 2nT + T ) = 0.

� r(A)=max{|λj|, j =1, 2, 3},e¡ò© 3«�

¹�Ñ
|f ′1(t+2(n+1)T )|
|f ′1(t+2nT )| ,

|f ′j(t+2(n + 1)T +T )|
|f ′j(t+2nT +T )| ,

j = 2, 3�Âñ�¹.

XJ¤k�λi, i = 1, 2, 3Ñ´¢ê,@o,dL�
ª(13)�

lim
n→∞

|f ′1(t + 2(n + 1)T )|
|f ′1(t + 2nT )| =

lim
n→∞

|f ′j(t + 2(n + 1)T + T )|
|f ′j(t + 2nT + T )| =

max{|λi|} = r(A), j = 2, 3,

�r(A) ∈ (0, 1).
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XJ|λ2| = |λ3| < |λ1|,Ù¥: λ2, λ3�Eê, λ1�

¢ê. Ó�,�±��Xe�(J:

lim
n→∞

|f ′1(t + 2(n + 1)T )|
|f ′1(t + 2nT )| =

lim
n→∞

|f ′j(t + 2(n + 1)T + T )|
|f ′j(t + 2nT + T )| =

|λ1| = r(A), j = 2, 3,

Ù¥r(A) ∈ (0, 1).

XJ|λ2| = |λ3| > |λ1|,Ù¥: λ2, λ3�Eê, λ1�

¢ê.

�

γ = lim
n→∞

|f ′1(t + 2(n + 1)T )|
|f ′1(t + 2nT )| =

lim
n→∞

|f ′j(t + 2(n + 1)T + T )|
|f ′j(t + 2nT + T )| , j = 2, 3.

e¡òy²γ ∈ (0, 1).

¢Sþ,XJγ > 1,@o,�3�|f�nk÷v

|f ′2(t + 2nk+1T + T )|
|f ′2(t + 2nkT + T )| > 1,

=éu,
k0,�k > k0�,

|f ′2(t + 2nk+1T + T )| > |f ′2(t + 2nk0T + T )|,
ùÚ lim

n→∞
|f ′2(t + 2nkT + T )| = 0gñ.

u´,�ê�1��ÿ,½n3�y.

2) kê�2��.

Ø���5,�λ2 = λ3 6= λ1. 3ù«�¹e,¤
k��Ñ´¢ê.

aq/,k

λn
i = b(1)

n λ2
i + b(2)

n λi + b(3)
n , i = 1, 2, 3.

duλ2�ê�2,kXe��ª¤á:

nλn−1
2 = 2b(1)

n λ2 + b(2)
n .

dþ¡��§,�±¦�XêXe:

b(1)
n =

(n− 1)λn
2 − nλ1λ

n−1
2 + λn

1

(λ2 − λ1)2
,

b(2)
n =

2λn+1
2 + nλ2

1λ
n−1
2 − 2λn

1λ2

(λ2 − λ1)2
,

b(3)
n =
−nλn+2

2 +(n− 2)λ1λ
n+1
2 +(n−1)λ2

1λ
n
2 +λn

1λ2
2

(λ2−λ1)2
.

dHamilton-Caylay½n�

An = b(1)
n A2 + b(2)

n A + b(3)
n .

Ón,�11«�¹aq,|^Hamilton-Caylay½n�
±y²½n3¥�(Ø.

3) ��ê´3,=λ1 = λ2 = λ3 ∈ R.

3ù«�¹e,kXe��ê�§:



λn
1 = c(1)

n λ2
1 + c(2)

n λ1 + c(3)
n ,

nλn−1
1 = 2c(1)

n λ1 + c(2)
n ,

n(n− 1)λn−2
1 = 2c(1)

n .

)þã�§��



c(1)
n =

n(n− 1)
2

λn
1 ,

c(2)
n = (2n− n2)λn−1

1 ,

c(3)
n =

(−3n2 + 5n + 2)
2

λn
1 .

Ón,�±¦�An�L�ª¿dHamilton-Caylay½
n��

lim
n→∞

|f ′1(t + 2(n + 1)T )|
|f ′1(t + 2nT )| =

lim
n→∞

|fj
′(t + 2(n + 1)T + T )|
|fj

′(t + 2nT + T )| = γ, j = 2, 3,

�γ ∈ (0, 1).

u´½n3�y. y..

555 1 ÏLþ¡?Ø�5�,éN´�� lim
n→∞u2t(T,

t + 2nT ) = lim
n→∞u3t(T, t + 2nT ) = 0. Ïd lim

t→∞
dE(t)

dt
=0,

�Ò´`,XÚ�Uþ¼êªu��4��E∞. �
?�Ú

ïÄXÚUþ�P~�¹,e¡ò©OéXÚ3ü«ØÓ�

����e©ÛUþ�Cz.

5 XXXÚÚÚ���½½½555©©©ÛÛÛ(Analysis of the system’s
stability)

5.1 ÓÓÓ���mmmÓÓÓ���'''������¹¹¹eee,XXXÚÚÚ���½½½555 (The
analysis of the stability when the on-off is si-
multaneous)
�!ò�Ä����ìÓ�mÓ�'��¹,=

sgn(α(t)) = sgn(β(t))�,XÚ�½5¯K,Ù¥
{

α(t) = α0, β(t) = β0, t ∈ [0, T ),
α(t) = β(t) = 0, t ∈ [T, 2T ),

¿�α(t)Úβ(t)Ñ´±2T�±Ï�¼ê.
3ù«����e,XÚ�UþCzo(Xe:

½½½nnn 4 XÚ�Uþ´�êP~�,¿�P~�

Ç�
ln γ(A0)

T
. Ù¥γ(A0) ∈ (0, 1),�

A0 =
1
3




1 2 2
−2ξ0 ξ0 2ξ0

−2η0 2η0 − η0


 ,

ξ0 =
1−α0

1+α0

, η0 =
1−β0

1+β0

.
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yyy �
�ÑUþ�P~�¹,Äk½Â

γn =
E(2nT )− E((2n+1)T )

E(2nT )
,

u´�t ∈ [0, T )�,

γ0 =
E(0)− E(T )

E(0)
.

du�t ∈ [T, 2T )��ÿ,vk��ì3XÚþå�
�^,Ïd

E(T ) = E(2T ),

E(2T ) = (1− γ0)E(0).

Ó�,312�±Ï,

γ1 =
E(2T )− E(3T )

E(2T )
,

E(3T ) = E(4T ),

E(4T ) = (1− γ1)E(2T ).

��/,�±��Xe�L�ª:

E((2n + 1)T ) = E((2n + 2)T ),

E((2n + 2)T ) = (1− γn)E(2nT ).

u´

E((2n + 1)T ) =

(1− γ0)(1− γ1) · · · (1− γn)E(0).

�e5,ò©3«�¹5�Oγn�e..

1) α0, β0 6= 1,=ξ0, η0 6= 0.

dª(4)O�

u2t(T, t) =

f ′2(t + T )− f ′2(t− T ) + f ′1(t)− f ′1(t− 2T ) =
2

1− α(t)
f ′2(t + T )

9

u3t(T, t) =

f ′3(t + T )− f ′3(t− T ) + f ′1(t)− f ′1(t− 2T ) =
2

1− β(t)
f ′3(t + T ).

u´,Uþ�ê�L�ª�de¡�ªf�Ñ:

E′(t) = − 4α(t)
(1− α(t))2

|f ′2(t + T )|2 −
4β(t)

(1− β(t))2
|f ′3(t + T )|2,

�

E(2nT ) =

E(0)−
w 2nT

0

4α(t)
(1− α(t))2

|f ′2(t + T )|2dt−
w 2nT

0

4β(t)
(1− β(t))2

|f ′3(t + T )|2dt =

E(0)− 4α0

(1− α0)2
n−1∑
i=0

w T

0
|f ′2(t + 2iT + T )|2dt−

4β0

(1− β0)2
n−1∑
i=0

w T

0
|f ′3(t + 2iT + T )|2dt.

d½n3, ∀ε > 0Úγ(A0)+ε < 1,�3����êN

¦��∀n > N�,e¡�Ø�ª¤á:

γ(A0)− ε <
|f ′1(t + 2(n + 1)T |
|f ′1(t + 2nT )| < γ(A0) + ε

Ú

γ(A0)− ε <
|fj

′(t + (2n + 3)T )|
|fj

′(t + 2nT + T )| < γ(A0) + ε,

j = 2, 3.

u´,éuv
��n,k

γn =
E(2nT )− E((2n + 1)T )

E(2nT )
=

4α0

(1− α0)2
A +

4β0

(1− β0)2
B

E
(0)− C >

1− (γ2(A0)−ε) > 1− γ2(A0),

Ù¥:

A =
w T

0
|f ′2(t + 2nT + T )|2dt,

B =
w T

0
|f ′3(t + 2nT + T )|2dt,

C =
n−1∑
i=0

w T

0
[

4α0

(1− α0)2
|f ′2(t + 2iT + T )|2 +

4β0

(1− β0)2
|f ′3(t + 2iT + T )|2dt].

Ïd

E(2nT ) < γ2(n−N)(A0)
N∏

k=0

(1− γk)E(0).

w,,3ù«�¹e,XÚ�Uþ´�êP~��

�Ç�
ln γ(A0)

T
,Ù¥γ(A0 ∈ (0, 1)).

2) α0 = 1, β0 6= 1½öα0 6= 1, β0 = 1¶
Ø���5,�α0 = 1, β0 6= 1,�Ò´`ξ0 =0,

η0 6= 0.

3ù«�¹e:

f ′2(t + 2nT + T ) = 0, t ∈ [0, T ), n ∈ N.

éut ∈ [0, T ),

u2t(T, t) = f ′1(t)− f ′1(t− 2T )− f ′2(t− T ),

u3t(T, t) = −1 + η0

η0

f ′3(t + T ),

u´

u2t(T, t + 2nT ) =

−2
3
[f ′1(t + 2(n− 1)T )− f ′3(t + 2nT − T )],
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u3t(T, t+2nT )=
η0+1

η0

f ′3(t+2nT +T ), n∈N.

aq/,�±��éE(2nT )�O�Ø�ª:

E(2nT ) < γ2(n−N)(A0)
n∏

k=0

(1− γk)E(0),

Ù¥

A0 =




1 2 2
0 0 0

−2η0 2η0 − η0


 .

Ó�,�α0 6= 1, β0 = 1,Ý
A0�

A0 =




1 2 2
−2ξ0 − ξ0 2ξ0

0 0 0


 .

3) α0 = β0 = 1.

3ù«AÏ�¹e, ξ0 = η0 = 0. d"àà:^
�

u2x(T, t) = −α(t)u2t(T, t)

9

u3x(T, t) = −β(t)u3t(T, t),

��

f ′2(t + 2nT + T ) = f ′3(t + 2nT + T ) = 0,

t ∈ [0, T ).

u´

f ′1(t + 2nT ) =
1
3n

f ′1(t), n ∈ N.

�âþ¡�'Xª,éN´��

E(t) =
1
9

w T

0
|f ′1(t + x− 2T )|2 + |f ′1(t− x− 2T )|2 +

8|f ′1(t− x− 2T )|2dx, t > 4T.

w,,XÚ�Uþ±
ln γ(A0)

T
��Ç�êP~

�0,¿�

|γ(A0)|2 =
1
3
, A0 =




1 2 2
0 0 0
0 0 0


 .

nÜ¤ã,½n4�y. y..

555 2 3ù«ü���ìÓ�mÓ�'��¹e,X

Ú´�ê½�,¿�lP~�Ç�/ª�±uy,XÚUþ

�P~¯úÌ��ûuα0, β0ÚT�ÀJ.

5.2 ØØØÓÓÓ���mmmØØØÓÓÓ���'''������ÿÿÿ,XXXÚÚÚ���½½½555©©©
ÛÛÛ(The analysis of the stability when the on-off
is not simultaneous)
�!Ì�?Ø3ü���ì�m����¹eX

Ú�½5,={
α(t) = α0 > 0, β(t) = 0, t ∈ [0, T ),
α(t) = 0, β(t) = β0 > 0, t ∈ [T, 2T ),

�Ò´`,3?¿��mã�k����ì3ó�.

3ù«����e,XÚ�UþCz�¹Xe:

½½½nnn 5 XÚ�Uþ´�êP~�,�P~�

Ç�
lnγ

T
. Ù¥: γ = max{γ(A1), γ(A2)} < 1,�

A1 =
1
3




1 2 2
−2ξ0−ξ0 2ξ0

−2 2 −1


 , ξ0 =

1− α0

1 + α0

,

A2 =
1
3




1 2 2
−2 −1 2
−2η0 2η0−η0


 , η0 =

1− β0

1 + β0

.

yyy aquc¡½n4¥�y²�{,e¡ò©3
«�¹5?Ø.

1) α0, β0 6= 1,=ξ0, η0 6= 0.

?¿�t ∈ [0, T ),éN´��

u2t(T, t + 2nT ) =
ξ0 + 1

ξ0

f ′2(t + 2nT + T )

Ú

lim
n→∞

|u2(T, t + 2(n + 1)T )|
|u2(T, t + 2nT )| =

lim
n→∞

|f ′2(t + 2(n + 1)T + T )|
|f ′2(t + 2nT + T )| = γ(A1).

Ó�,éut ∈ [T, 2T ),k

u3(T, t + 2nT ) =
η0 + 1

η0

f ′3(t + 2nT + T )

Ú

lim
n→∞

|u3(T, t + 2(n + 1)T )|
|u3(T, t + 2nT )| = γ(A2).

�

γn =
E(2nT )− E(2nT + 2T )

E(2nT )
,

dþ¡�(J,��

∀ε>0, ∃N ∈N+, s.t. ∀n>N, i.e. t > 2NT,

γ′n =
E(2nT )−E(2nT + 2T )

E(2nT )
=

ξ2
0

1− ξ2
0

·A +
η2

0

1− η2
0

·B
E(0)−D

>

1− (max{γ2(A1), γ2(A2)} − ε) > 1− γ2,

Ù¥:

A =
w T

0
|f ′2(t + 2nT + T )|2dt,
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B =
w T

0
|f ′3(t + 2nT + T )|2dt,

D =
n−1∑
i=0

ξ2
0

1− ξ2
0

w T

0
|f ′2(t + (2i + 1)T )|2dt +

η2
0

1− η2
0

w 2T

T
|f ′3(t + (2i + 1)T )|2dt,

Ù¥: γ = max{γ(A1), γ(A2)} < 1. u´

E(2nT ) < γ2(n−N)
N∏

k=0

(1− γk)E(0).

�Ò´`,XÚ´±
lnγ

T
��Ç�êP~�0.

2) α0 = 1, β0 6= 1½öα0 6= 1, β0 = 1.

b�α0 = 1, β0 6= 1,=ξ0 = 0, η0 6= 0. u´

f ′2(t + 2nT + T ) = 0, ∀n ∈ N.

éut ∈ [0, T ),k

u2t(T, t) = f ′1(t)− f ′1(t− 2T )− f ′2(t− T ),

éut ∈ [T, 2T ),k

u3t(T, t) = −1 + η0

η0

f ′3(t + T ).

Ïd

E(2T ) =

E(0)−
w 2T

0
α(t)|u2t(T, t)|2 + β(t)|u3t(T, t)|2dt =

E(0)−
w T

0
|f ′1(t)− f ′1(t− 2T )− f ′2(t− T )|2dt−

1− η2
0

η2
0

w 2T

T
|f ′3(t + T )|2dt.

Ó��±��

u2t(T, t + 2nT ) =

−2
3
[f ′1(t + 2(n− 1)T )− f ′3(t + (2n− 1)T )],

t ∈ [0, T )

Ú

u3t(T, t + 2nT ) =
η0 + 1

η0

f ′3(t + 2nT + T ),

t ∈ [T, 2T ).

u´

E((2n + 2)T ) =

E(2T )−
w (2n+2)T

T
α(t)|u2t(T, t)|2dt−

w (2n+2)T

T
β(t)|u3t(T, t)|2dt =

E(2T )−
n∑

i=1

w T

0
|u2t(T, t + 2iT )|2dt−

n∑
i=1

β0

w 2T

T
|u3t(T, t + 2iT )|2dt =

E(T )− 4
9

n∑
i=0

w T

0
|f ′1(t + 2iT )−

f ′3(t + (2i + 1)T )|2dt−
1− η2

0

η2
0

n∑
i=1

w 2T

T
|f ′3(t + 2iT + T )|2dt.

�A/,k

E(2nT ) < γ2(n−N)
N∏

k=0

(1− γk)E(0),

Ù¥:

γ = max{γ(A1), γ(A2)} < 1,

A1 =
1
3




1 2 2
0 0 0
−2 2 − 1


 ,

A2 =
1
3




1 2 2
−2 − 1 2
−2η0 2η0 − η0


 .

3α0 6= 1, β0 = 1��¹e,�±��aq�(J,
Ù¥:

A1 =
1
3




1 2 2
−2ξ0 − ξ0 2ξ0

−2 2 − 1


 ,

A2 =
1
3




1 2 2
−2 − 1 2
0 0 0


 .

�âc¡�Ø�ª,éN´�ÑXÚ´±
ln γ

T
��ê

P~�Ç�(Ø.

3) α0 = β0 = 1,=ξ0 = η0 = 0.

311�±ÏS,�t ∈ [0, T )�,

f ′2(t + 2nT + T ) = 0, ∀n ∈ N,

u2t(T, t) = f ′1(t)− f ′1(t− 2T )− f ′2(t− T ).

�t ∈ [T, 2T )�,

f ′3(t + 2nT + T ) = 0,∀n ∈ N,

u3t(T, t) = f ′1(t)− f ′1(t− 2T )− f ′3(t− T ).

��/,�t + 2nT ∈ [2nT, 2nT + T )�,�±íÑ

u2t(T, t + 2nT ) =

−2
3
[f ′1(t + 2(n− 1)T )− f ′3(t + (2n− 1)T )].

�t + 2nT ∈ [2nT + T, 2nT + 2T )�,k

u3t(T, t + 2nT ) =

−2
3
[f ′1(t + 2nT − 2T )− f ′2(t + 2nT − T )].

ÏLþ¡��{,½Âγ =max{γ(A1), γ(A2)},



68 � � n Ø � A ^ 1 32ò

éN´��XÚ��êP~�Ç�
lnγ

T
,Ù¥:

A1 =
1
3




1 2 2
0 0 0
−2 2 − 1


 , A2 =

1
3




1 2 2
−2 − 1 2
0 0 0


 .

nþ¤ã,�±��XÚ�êP~�(Ø.

555 3 �½n4�',�±w�,3ü«ØÓ����

�üÑe,XÚÑU���ê½. ,,P~�Ç�ØÓÌ

��ûuα0, β0�ÀJ,l��K��¥m�)�S�Ý


A�5�.

ÏLéäkØÓ�����Å�äXÚ�½5

�©Û,��
XÚ�êP~�(J.Xd,�±��
/~���ì�$��m,Ø=ü$
õÇ�ÑÑ,
��!U��J,��±�BXÚ��?,lJp
XÚ�S�Xê.

6 ooo(((���ÐÐÐ"""(Summary and prospect)
�©ÒdÅ�§¤£ã�äk>.���"��

ì���äXÚ?1&?. ©¥|^�+�£�ÑX
Ú�)��35,¿d�K���{�ÑäN)�/
ª,�ª��XÚ�êP~�(J.du����ì
�$1�m�� á,��~�
õÇ�ÑÑ,l,
��
!�U��J.,	,3��ìØ$1��
mm�p,�±éXÚ?1�oó�,�y
XÚ�
S�5Ú½5.

,,3�©¥,�´?Ø
u�� `1 =`2 =`3 =
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