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Iterative learning control for
a class of linear continuous-time switched systems

BU Xu-hui1, HOU Zhong-sheng2, YU Fa-shan1

(1. School of Electrical Engineering and Automation, Henan Polytechnic University, Jiaozuo Henan 454000, China;
2. School of Electronics and Information Engineering, Beijing Jiaotong University, Beijing 100044, China)

Abstract: The problem of iterative learning control for a class of linear continuous-time switched systems with arbitrary
switched rules is considered. It is assumed that the considered switched systems are operated during a finite time interval
repetitively, and then the iterative learning control scheme can be introduced. It is also shown that under some given
conditions, the D-type iterative learning control law can guarantee the asymptotic convergence of the output error between
the desired output and the actual output for the entire time interval through the iterative learning process. And then an
example is given to illustrate the effectiveness of the proposed approach.
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2 (Problem formulation)
:{

ẋ(t) = Aα(t)x(t) + Bα(t)u(t),
y(t) = Cα(t)x(t),

(1)

: x(t) ∈ R
n, u(t) ∈ R

p, y(t) ∈ R
m

, t , α(t)
, α(t) : (1, 2, · · · ) → M = {1,

2, · · · ,m},

[Aα(t) Bα(t) Cα(t)]

:

{[A1 B1 C1], · · · , [Am Bm Cm]}.
(1) t ∈ [0, T ] ,

{
ẋk(t) = Aα(t)xk(t) + Bα(t)uk(t),
yk(t) = Cα(t)xk(t),

(2)

k . (2) :

1
, k xk(0) = xd(0).

2 yd(t),
ud(t) xd(t){

ẋd(t) = Aα(t)xd(t) + Bα(t)ud(t),
yd(t) = Cα(t)xd(t).

(3)

3 yd(t)
, k yk(t) = yd(t).

1 3

. 1 3 , 2

, ,

.

D :

uk+1(t) = uk(t) + Γ ėk(t), (4)

: ek(t) = yd(t) − yk(t) , Γ

. ,
.

3 (Main result)
, [0, T ]

,

α(t) = i =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, t ∈ [0, t1],
2, t ∈ [t1, t2],
...

m, t ∈ [tm−1, T ],

(5)

(2){
ẋk(t) = Aixk(t) + Biuk(t),
yk(t) = Cixk(t),

(6)

i ∈ {1, 2, · · · ,m}. (6)
m :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk(t)=eA1(t−t0)xk(t0)+� t

t0
eA1(t−τ)B1u(τ)dτ, t ∈ [0, t1],

xk(t)=eA2(t−t1)xk(t1)+� t

t1
eA2(t−τ)B2u(τ)dτ, t ∈ [t1, t2],

...
xk(t)=eAm(t−tm−1)xk(tm−1)+� t

tm−1

eAm(t−τ)Bmu(τ)dτ, t ∈ [tm−1, T ].

(7)

t0 = 0, tm = T , (7)

xk(t) = eAi(t−ti)xk(ti) +
� t

ti

eAi(t−τ)Biu(τ)dτ,

t ∈ [ti, ti+1], 0 � i � m − 1. (8)

2 (7)

, .

, , 1 1

, ,

.

3 (7) α(t)

(5) . , α(t)

, (7) ,

. (5)

, .

λ , h :
[0, T ] → R

n λ

‖h‖λ = sup
t∈[0,T ]

{e−λt‖h(t)‖}, λ > 0.

, :

1 zi ⊂ R, δi ⊂ R ,
i ∈ Z

+. ∀i ∈ Z
+

|zi+1| � θi|zi| + |δi|,
0 < θi � θ < 1, θ . lim

i→∞
|δi| = 0

lim
i→∞

|zi| = 0.

δ̃
Δ= {δ̃0, · · · , δ̃i, · · ·}, δ̃n

Δ=
sup{|δn|, · · · , |δi|, · · ·}, δ̃n � δ̃n+1 � 0 δ̃n �
|δn|. lim

i→∞
|δi| = 0 lim

i→∞
δ̃i = 0. |zi+1| �

θi|zi| + |δi|
|zi| � θi |z0| + θi−1δ̃0 + · · · + θδ̃i−2 + δ̃i−1. (9)
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i , (9)

|zi| � θ
i
2 (|z0| + δ̃0 + · · · + δ̃ i

2−1) +

δ̃ i
2
(θ

i
2−1 + · · · + θ + 1) �

θ
i
2 (|z0| + i

2
δ̃0) + δ̃ i

2

1 − θ
i
2

1 − θ
, (10)

lim
i→∞

|zi| = 0.

, i lim
i→∞

|zi| = 0.

.

, .

1 1−3 (6),
(4) D ,

‖I − ΓCiBi‖ < 1, i = 1, 2, · · · ,m, (11)

k → ∞ , yk(t) [0, T ]
yd(t), t lim

k→∞
yk(t) →

yd(t).

(4)

δuk+1(t) = ud(t) − uk(t) − Γ ėk(t) =

δuk(t) − Γ ėk(t), (12)

δuk(t)=ud(t)−uk(t). (6) 2

ėk(t) = Ci [ẋd(t) − ẋk(t)] =

Ci[Aixd(t)+Biud(t)]−C[Aixk(t)+Biuk(t)]=

CiAiδxk(t) + CiBiδuk(t), (13)

δxk(t) = xd(t) − xk(t).

[0, t1], [t1, t2], · · · ,

[tm−1, T ] .

1) t ∈ [0, t1] , 1 .

⎧⎪⎨
⎪⎩

xk(t)=eA1(t−t0)xk(t0)+
� t

t0
eA1(t−τ)B1uk(τ)dτ,

xd(t)=eA1(t−t0)xd(0)+
� t

t0
eA1(t−τ)B1ud(τ)dτ.

xk(t0) = xk(0) = xd(0)

δxk(t) =
� t

t0
eA1(t−τ)B1δuk(τ)dτ. (14)

(13) (14) (12)

δuk+1(t) = δuk(t) − Γ ėk(t) =

δuk(t) − ΓC1A1δxk(t) − ΓC1B1δuk(t) =

(I − ΓC1B1)δuk(t) −� t

t0
ΓC1A1eA1(t−τ)B1δuk(τ)dτ. (15)

‖δuk+1(t)‖� ‖I − ΓC1B1‖‖δuk(t)‖ +

� t

t0
‖ΓC1A1eA1(t−τ)B1‖‖δuk(τ)‖dτ,

(16)

e−λt(t ∈ [0, t1])

e−λt‖δuk+1(t)‖ � ‖I − ΓC1B1‖e−λt‖δuk(t)‖ +

b1

� t

t0
e−λ(t−τ)e−λτ‖δuk(τ)‖dτ,

b1 = sup
t∈[0,t1]

‖ΓC1A1eA1tB1‖. λ

‖δuk+1(t)‖λ �

|‖I − ΓC1B1‖ +
b1(1 − e−λt1)

λ
|‖δuk(t)‖λ. (17)

λ , (11)

|‖I − ΓC1B1‖ +
b1(1 − e−λt1)

λ
| � ρ1 < 1,

,

lim
k→∞

‖δuk+1(t)‖λ = 0. (18)

, D
‖I − ΓC1B1‖ < 1, 1
[0, t1] lim

k→∞
uk(t) = ud(t).

2 , [0, t1]
lim

k→∞
yk(t) = yd(t).

2) t ∈ [t1, t2] , 2 .

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xk(t)=eA2(t−t1)xk(t1)+� t

t1
eA2(t−τ)B2uk(τ)dτ, t ∈ [t1, t2],

xd(t)=eA2(t−t1)xd(t1)+� t

t1
eA2(t−τ)B2ud(τ)dτ, t ∈ [t1, t2].

(19)

, (19)
xk(t1)=xd(t1), xk(t1) ,

1
t1.

(19)

δxk(t) = eA2(t−t1)δxk(t1) +� t

t1
eA2(t−τ)B2δuk(τ)dτ. (20)

(13) (20) (12),

‖δuk+1(t)‖ �
‖I − ΓC2B2‖‖δuk(t)‖ +� t

t1
‖ΓC2A2eA2(t−τ)B2‖‖δuk(τ)‖dτ +

‖eA2(t−t1)‖|δxk(t1)|, (21)

e−λt(t ∈ [t1, t2])

e−λt‖δuk+1(t)‖� ‖I−ΓC2B2‖e−λt‖δuk(t)‖+



1054 Control Theory & Applications Vol. 29

b2

� t

t1
e−λ(t−τ)e−λτ‖δuk(τ)‖dτ +

c1e−λt|δxk(t1)|, (22)

:

b2 = sup
t∈[t1,t2]

‖ΓC2A2eA2(t−τ)B2‖, c1 =‖eA2(t−t1)‖.

λ

‖δuk+1(t)‖λ �
‖I − ΓC2B2‖‖δuk(t)‖λ +
b2(1 − e−λt2)

λ
‖δuk(t)‖λ + c1|δxk(t1)|. (23)

λ , (11) :

|‖I − ΓC2B2‖ +
b2(1 − e−λt2)

λ
| � ρ2 < 1,

, (23)

‖δuk+1(t)‖λ � ρ2‖δuk(t)‖λ + c1|δxk(t1)|. (24)

[0, t1] [0, t1]
lim

k→∞
uk(t) = ud(t), lim

k→∞
yk(t) = yd(t),

lim
k→∞

xk(t)=xd(t), lim
k→∞

|δxk(t1)|=0.

1, lim
k→∞

|δxk(t1)| = 0 (24)

lim
k→∞

‖δuk+1(t)‖λ = 0.

, D
‖I − ΓC2B2‖ < 1, 2

[t1, t2] lim
k→∞

uk(t) = ud(t).

2 , [t1, t2]
lim

k→∞
yk(t) = yd(t).

, [t2, t3],
· · · , [tm−1, T ] , 0.

, ‖I − ΓCiBi‖< 1, i=1, 2, · · · ,

m, [0, T ] lim
k→∞

uk(t) =

ud(t) lim
k→∞

yk(t) = yd(t). .

4 1 , α(t)

,

[0, T ] , 1 . 1

(2) .

5 ‖I − ΓCiBi‖ < 1, i = 1, 2, · · · , m

,

. ,

D uk+1(t)=uk(t)+Γiėk(t),

1 ‖I−ΓiCiBi‖<1, i = 1, 2, · · · , m.

6 D

, PID

.

, ,

, λ

∞ 2 , 4

. ,

.

, [31]

[32] .

4 (Simulation study)
,

. :{
ẋk(t) = Aα(t)xk(t) + Bα(t)uk(t),
yk(t) = Cα(t)xk(t),

(25)

: α(t) = 1, 2,

A1 =

[
0.8 0
0.3 −0.4

]
, B1 =

[
1
0

]
, C1 = [1 0.5] ,

A2 =

[
−0.6 0.3
0.2 0

]
, B2 =

[
0.5
1

]
, C2 = [0.5 1] .

α(t) ,
1 2 , 1 . α(t)

= 1 1 , α(t) = 2
2 . t ∈ [0, 1]

, yd(t) = t − t2, t ∈ [0, 1].
(25) D

uk+1(t) = uk(t) + 0.5ėk(t).

1

‖I − ΓC1B1‖ = 0.5 < 1,

‖I − ΓC2B2‖ = 0.625 < 1.

1 α(t)

Fig. 1 The random switched sequence of α(t)

MATLAB ,
0.005 s, xk(0) = xd(0) = 0, 1

u0(t) = 0. 2–6 ,
2 50 ,

0, ,
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. 3–5
5 15 35
, . 6 40

,
,

. ,
,

.

2

Fig. 2 The max tracking error on the iteration domain

3 5

Fig. 3 System output profile in the 5th iteration

4 15

Fig. 4 System output profile in the 15th iteration

5 35

Fig. 5 System output profile in the 35th iteration

6 40

Fig. 6 Control input profile in the 40th iteration

5 (Conclusions)

, D
, .

. ,
,

.
, ,

,
.

,
.
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