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Abstract: A new adaptive learning control approach for the synchronization of complex dynamical networks with

unknown time-varying parameters is proposed. By using the reparameterization technique, the adaptive learning laws of

periodically time-varying and constant parameters and an adaptive control strategy are designed to ensure the asymptotic
convergence of the synchronization error. Then, a sufficient condition of the synchronization is given by constructing a
composite energy function. Finally, an example of the complex network is used to verify the effectiveness of proposed

approach.
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1 Introduction

During the past decade, complex dynamical net-
works have been studied intensively in various disci-
plines, such as sociology, biology, mathematics and en-
gineering!"®!. In a complex network, each node rep-
resents an element with certain dynamical characteris-
tics and information systems, while the edges represent
the relationship or connection of these basic elements.
In general, the complexity of dynamical behaviors in
such a network is governed by the intrinsic dynamics
at each node and diffusion due to the spatial coupling
among nodes. Up to now, nonlinear dynamics of com-
plex networks, as well as how topological structure of
the networks influences its dynamical behaviors, has be-
come a strategic subject of considerable interest in vari-
ous fields, for example sociology, biology, mathematics
and physics and others!* =42,

Recently, the controlled synchronization of com-
plex dynamical networks has become a rather signifi-
cant topic in both theoretical research and practical ap-
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plications!=%-11-19:24421 " Among the existing results,

some authors focused on pinning control on complex
dynamical networks by applying fewer linear feedback
controllers based on intuitive knowledge of network
topologies!®!, while other concerned with the same issue
by introducing an adaptive feedback controller based
on some mathematical analysis. In most of these stud-
ies, the controllers have been designed based exactly
on the information of the networked systems, such as
network topology, coupling strength, and output func-
tion of the isolated node. In [7,28], Wang and Chen
pinned a complex dynamical network to its equilibrium
by using local injections. In [29], Li et al. introduced
a linear state feedback controller to synchronize a com-
plex network to a desired orbit. Ref. [30] shows sev-
eral robust adaptive controllers for complex dynami-
cal networks with unknown but bounded nonlinear cou-
plings. In [31], Zhou et al. investigated adaptive syn-
chronization of uncertain complex dynamical networks.
In [32], Wang et al, investigated the problem of con-
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trolling a weighted complex dynamical network with
coupling time-varying delay toward an assigned evolu-
tion, designed an adaptive controller for nodes of the
controlled network. Ref.[33-34] investigated synchro-
nization of a simple uniform dynamical network model,
wherein the coupling strengths are the same for all con-
nections. Ref.[35] extended the uniform model to the
one with coupling delay, and derived several synchro-
nization criteria in the form of linear matrix inequality.
In [36], the authors considered periodic orbits synchro-
nization of a time-varying dynamical network model. In
[37], the author studied synchronization in an array of
coupled nonlinear systems with delay and nonrecipro-
cal time-varying coupling. Synchronization criteria de-
pend on the nonlinear characteristic of uncoupled nodes
in systems and elements of the coupling matrix in sys-
tems. In [38], Li et al, introduced a new robust adap-
tive synchronization approach for the global synchro-
nization of complex dynamical networks. Although so
many approaches have been developed in the field of
complex networks, only a few of them are concern-
ing time-varying coupling strength. On the other hand,
there are many of real-world network systems such as
biological networks, mobile communications networks,
and social networks, whose structure will change over
time, coupling parameter, and other system parameters.
For example, the feed-forward loops are typical net-
work motifs in many real world biological networks.
To the best of our knowledge, up to now little work has
been reported from the viewpoint of time-varying cou-
pling strength to deal with complex networks.

Motivated by the above discussions, in this paper,
we want to design an adaptive controller and an update
law that ensures the states of each node to reach the
desired manifold. Both the characteristics of the un-
coupled nodes of the network and the coupling matrix
are unknown, but only a periodic time-varying coupling
strength is used. By introducing a periodic update law,
an adaptive control is designed to ensure the asymptotic
convergence of the synchronizing error.

The rest of this paper is organized as follows. The
problem formulation and preliminary are given in Sec-
tion 2. Section 3 gives an adaptive controller and adap-
tive gains. In Section 4, the convergence property of
the proposed adaptive control method is given. In Sec-
tion 5 illustrative examples are provided to verify the
theoretical results. Finally, conclusions are given in
Section 6.

2 Problem formulation and preliminaries

In this section, we introduce the network model
considered in this paper and give some useful mathe-
matical preliminaries.

Consider a dynamical network consisting of N

identical nodes with diffusive couplings, in which each
node is an n-dimensional dynamical system. The state
equations of the networks are

Bl0) = F@0) + () T T (0), 1)

where z;(t) = (21(t), zi(t), -+, zim(t)T € R"
represents the state vector of the ith node, f : R™ x R
— ™ is a smooth nonlinear vector-valued function,
@i(t) = 0 represents the unknown time-varying cou-
pling strength; I' = (7, )nxn € R™ ™ is the constant
inner-coupling matrix of the nodes; A = (a;;)nxn
denotes the outer-coupling matrix of the network, in
which a;; is defined as follows: if there is a connection
between node ¢ and node j(j # i), then a;; = aj; = 1,
else a;; = aj; = 0, and the diagonal elements of matrix

A are defined by
N
Q;; — — E aij<0, i,j:1,2,"',N.
J=1, j#i

The network (1) is said to have achieved asymptotic
synchronization if

where || - || stands for the Euclidean vector norm, syn-
chronous evolution s(t) is an arbitrary desired state,
which is also an isolated node of the network (1) such
that $(t) = f(s(t)). We assume that for the system
5(t) = f(s(t)) exists stable equilibrium point, stable
periodic orbit, or even chaotic attractor.

To obtain the main results, the following assump-
tions and lemmas are needed.

Assumption 1 In the network (1), suppose that
there exists {; > 0, satisfying

[2:(t) — s [f (:(t)) — f(s(2))] <
Llies(t) — (O] [as(t) — s(2), 3
where z;(t) and s(t) are time varying vectors.

Assumption 2 In the network (1), the time-
varying coupling strength o, (¢) satisfy @, (t) = ¢;(t)+
0;, ¢;(t) is unknown periodic time-varying parameter,
that is to say ¢;(t) = ¢;(t — T), ¢:(t) is unknown
continuous function. 6; is unknown time-invariant non-
negative parameter.

Remark 1 Generally, the different ¢;(¢) has dif-
ferent period, we can choose 7' as the least common
multiple of all ¢;(¢). Since p;(t) = ¢;(t) + 6;, ob-
viously ¢;(t) is unknown continuous periodic func-
tion with a known period 7', i.e., for any time in-
stant 7" < t < (i + 1)T where i € N, we have

o) = ¢t —T) = --- = ¢(t —iT). For con-
venience, we denote ¢(t) = (P1(t), -, dn(t))7T,
6 = (01,---,0x)", obviously ¢(t) is unknown con-

tinuous periodic function vector with a known period
T.
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Assumption 3 In the network (1), the inner cou-
pling matrix I" and coupling matrix A satisfy
Il =, C)
la;j| <a, Vi,j=1,2,---,N, 5)
where v, a are positive constants.
Lemma 1 (Young’s inequality) For any vectors

x,y € R", and any ¢ > 0, the following matrix in-
equality holds

1

Ty < cae + —yTy. (6)
4c

Lemma 2 For a positive constant T, if Vt > 0,
T
tlim e(t)dr = 0,
—o0 Jt
then
tlim e(t) =0.

Proof By integral mean value theorem, we have

t+T
L E(r)dr =Te*(&), t <& <t+T,

yields

t+7T
lim ¢*(r)dr = Jim Te*(¢) = lim Te().
—oo Jt —00 t—00

So, tlim e?(t) = 0, we can obtain tlim e(t) =0.

In this paper, ¢;(¢) is unknown periodic time-
varying nonnegative parameter, it is hard to obtain the
condition such that network (1) achieve asymptotically
synchronized. But we use an adaptive controller under
which the solutions of network (1) onto a desired evo-
lution, i.e. achieve asymptotically synchronized.

3 Adaptive controller design

To achieve the control objective (2), we need an
adaptive strategy to control nodes in the networks (1).
Then the controlled networks is given by

() = F o) +0:(0) % a,Ta; () +ui(t), ()

where u;(t) = (w1 (), win(t), -+, zin(t))T € R™(4
= 1,2,---,N) are the adaptive controllers to be de-
signed.

We design controllers by

u;(t) = =Nay(¢i(t) + 6:(2))(zi(t) — s(t)), (8)
where v = ||I'||, a > |a;;| are positive constants, NV is
the node number of the network (1), and ¢; (t), 0;(t) are
estimations to ¢;(t), 0; respectively. For convenience,
we denote

3(t) = ¢(t) — (t), 0(t) = 0 — 0(1).

For writing convenience, we let e;(t) = x;(t) —
s(t), i=1,2,--- ,N and

{S(t) =[s7(t) sT(t) --- sT()]T € R,

e(t) = [e1(t) e5(t) -~ ex(t)]T € RN

Then we have the following dynamical error equations:

(€))

(0= 1)~ F(5)+:(8) 35 0T+ u(t), (10)
and the closed loop dynamical systems
éi(t) = f(z:(t)) — f(s(t) + ¢i(t) ; ai;Te;(t) —

Nay(6i(t) + 0i(1)ei(t). (1
To guarantee negative feedback, the time-varying peri-
odic adaptive gains and the time-invariance update law
are designed as follows:

d(t—T)+Qe%e, t e [T, +x),

o()=4 Qe (e(t), te0,T), (12

0, te[-T,0),
0(t) = Re"(t)e(t), (13)
where Q) =diag{qi,--- ,qn} > 0is aconstant adapta-

tion gain matrix, Qo (t) =diag{qo(t), -, qno(t)} >
0, each diagonal element g;o(t) is a continuous and
strictly increasing function satisfying ¢;o(0) = 0,
¢i0(T) = ¢;; R = diag{ry,--- ,rn} is a positive def-
inite diagonal matrix.

Obviously,
qgi(t —T)+qele;, te[T,+0),
Gi(t) =1 qio(t)ef (H)ei(t), te€][0,T), (14)
0, te[-T,0),
éi(t) =rie] (t)e;(t). 15)

Remark 2 We choose the gain matrices in
Eq.(12) is positive diagonal matrix, g;o(t) satisfies di-
agonal elements is strictly monotone increasing contin-
uous function in the first period, but in the second period
diagonal elements are constant which equal the value at
the end of the first period. Such the gain matrices, en-
sure ¢; (t) is continuous in the interval [0, '), ensuring
that the Lyapunov function is boundedness in a period.

Remark 3 The adaptation law is a difference-
type pointwise integration over the period [t — T, t],
which takes the place of the differential-type adapta-
tion law. The fundamental idea of the pointwise in-
tegration based periodic updating can be explained as
follows. Since ¢;(t) = ¢;(t — T'), for any time in-
stant 17" < t < (i + 1)T, wherei = 1,2,--- , N, we
have ¢;(t) = ¢i(t —T) = --- = ¢;(t — iT). This
means that ¢;(t) can be treated as a ‘constant” when it
is sampled at any interval which is the integer multi-
ple of period T'. The periodic updating law (14) in the
interval of one period 7' is a difference-type integrator
for such a ‘constant’. We can easily show that qgl(t) is
continuous.

4 Convergence analysis

The convergence property of the proposed adaptive
control method is summarized in the following theorem.
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Theorem 1 Under Assumptions 1—3, the control
law (8) with the periodic adaptive law (14) and update
law (15) guarantees asymptotic synchronization of the
controlled networks (7), while keeping all closed-loop
signals are L2 bounded.

Proof To facilitate the convergence analysis, let
V(t,ei(t), ¢i(t), 0;(t) = V(t), we choose a
Lyapunov-Krasovskii functional as follows:

! ﬁj efe; + M ivj fot q; @3 (r)dr+
o inN; (N(7)+L)2 te0,7),

p el a ZLTqZ 2(r)dr+

WU ()+L>2 € [T, +oo),

(16)

where L; is sufficiently large positive constant which
will be determined.

Firstly, we will prove that the finiteness of V'(¢) in
[0,T). Secondly, we will prove the asymptotical con-
vergence of e; ().

Let us confirm the finiteness property of V' (¢) for
the first period [0,7"). From the system dynamics (7)
and the proposed control laws (8)(14) and (15), it can
be seen that the right-hand side of Eq.(7) is continuous
with respect to all arguments. In light of the existence
theorem of differential equation, Eq.(11) has a solution
in an interval [0,77) C [0,7), with 0 < T < 7.
Therefore, the boundedness of V' (¢) over [0,77) can
be guaranteed and we need only focus on the interval
[Ty, T).

For any ¢t € [T, T), the time derivative of V (¢) for
t € [T1,T) is given by

V() = 3T + 2ot S g G0 +
Nay 2o 6,0+ LG0). ¢ € [11.7)

(17)

Taking the first term on the right-hand side of V/(t),
Eq.(11) and Lemma 1, one obtains

2ei (Hei(t)—

1
where c s a positive constant. If we choose ¢ = ia*W,
1
we have Na’c + 4—N72 = Nay, then
c

ie?u)em <

N

L+ Nay(@i(t) + B0l (Bes(t). (8
Using the parametric updating law (15) we have

Ner L0,(t) + L) (1) =

~Nay 300 + Ly e 19)

Let us focus on the second term on the right-hand side
of Eq.(17). Since ¢;o(t) is a continuous function and

strictly increasing in [0, T), ¢; ' < q;g'(t) < oo is
ensured in the interval [T7, T'), and
Nary _ N a’y
a0 < S0 S g 030 <
Nay X

5 1221 o' (D)[B2(1) + 202(t) — 2¢:(t)di(t)] =

Navy X

N
5 2 Qo ()9](8) — Nay 3 dilt)efes.  (20)
i=1 i=1
Substituting Eqs.(18)—(20) into Eq.(17) yields
. N
V(t) < (I — NayLi)ej (t)ei(t) +
i=1
Na~v N
3 2 it (D6F(0). @1

It is obvious that there exist sufficiently large positive
constants L; such that [; — NavyL; < 0. So we have

Nay &, _

S g (16)
i=1

Since ¢;(t) is periodic, it is bounded. The boundedness

of ¢;(t) leads to the boundedness of V'(t), as V (T}) is

bounded, V¢ € [17,T'). The finiteness of V (¢) is obvi-

ous.

V(t) <

(22)

Let us compute the difference of V' (¢) over one pe-
riod for ¢t € [T, 00), which is

AV() = V() = V(E—T) =

;ie?(t)el(t) - ;é Tt —T)e(t—T)+
NS [ ) - B - T+
LS 00 + L)

Nay % r (6i(t = T) + Li)2. (23)

2

Looking into the first two terms on the right-hand side
of AV (t), and using the error dynamics (10), using the

~
Il
—
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Assumptions 1-3 and Lemma 1, we have
1 X 1 X

5 el (bestt) -

i=1 2 i=1

el (t —=T)ei(t —T) <

S 1+ Ny + D))l (e, @)
i=1vt
Using the algebraic relation
(a—b)"H(a—b)—(a—c)"H(a—c) =
(c—b)"H[2(a —b)+ (b— )],

where H is a positive definite symmetric matrix, and
substituting the parameter updating law (14), we have

Na’y -~ -
ZL Ll ¢ ' 2(r) — ¢ ' G (T — T)]dr =
1
—Nay ZI )+ e Teilele;dr. (25)
And since
Nay &, -
LS (i) + L) —
2 =1
N

Nary
2

ri (0t —T) + L;)? =
=1

Nt ~
~Nav Y [ (6:(7) + Loel (Tei(r)dr. 26)
i=17t—
Substituting Eqs.(24)—(26) into Eq.(23), we can attain

Nt
H<-> f (NayLi—1,)er (r)e;(T)dr. (27)
i=1Jt=T
We have
AV (t) < 0. (28)
Applying Eq.(23) repeatedly for any ¢t € [IT, (1 + 1)T],
[=1,2,---,and denoting ty =t — I'T, we have
-1
ST AV(t—4T). (29)
=0
Since tq € [0,T), according to Eq.(29), we obtain

tlim V(t) < max V(ty) —

to€(0,T)

V() = V(ty) +

-1 N t—3T T
lim f NavL; —l;)e; (T)e;(T)dT.
im 5 [ N = el (r)en(r)
Consider the positiveness of V' (), and V (¢,) bounded
in the interval [0, T"), according to the convergence the-
orem of the sum of series, the error e;(t) converges to
zero asymptotically in L2 norm. That is to say, we have

t
. T o
lim LG (T)e;(T)dr = hmf T)dr = 0.

t—oo Jt—
By Lemma 2, we can obtain the asymptotic synchro-
nization of the controlled networks (7).

Finally, we prove all the closed-loop signals are
bounded in L2 norm. V¢ € [T, 00), the derivative of
V(t) is

V(t) =

networks via learning control approach 1021
N . Nary _
;e?(t)ei(t) +— Z g; ' P3(t) —
N ~ .
;72 71¢2( )+NQVZT;1(‘9¢+L¢)‘9i<
i=1 i=1
N _ N
—Navy Y ¢piefe; — S (NayL; — 1;)efe;. (30)

i=1 i=1

By Eq.(30), one can obtain

V() < VT) = Nay & [} 6i(r)el (realr)dr -

z [ (Nar L= e (e 6D

where
V(0= 33t e+ 503 [ gt
Na’y

LT H0:(t) + L), t € [T, +00).

From the boundedness of ¢;(t) and V(t), we can con-
t ~ ~

clude e;, f Tgb?(T)dT, 0;(t) are all bounded. This
t—

further implies the L2 boundedness of ¢;(t) and ;(t),
thereafter the L2 boundedness of the control input
u;(t). This completes the proof.

Remark 4 Note that matries () and R have no ef-
fect on V/ (t), thus one can change the matrix arbitrarily
during control without worrying about the control ro-
bustness.

S Simulation examples
To demonstrate the theoretical result obtained in
Section 3, the Chua’s chaotic circuit is used as a dy-
namical node of the network.
The Chua’s chaotic circuit is described by
Ty = p(—x1 + 22 — g(21)),
Ty =Ty — Ty + T3, (32)
T3 = —qxa,

1
=moz1+ 5 (mi—mo)(Jz1+1]—[z1 —1|)

where g(x;) 5

with p = 10, ¢ = 14.7, my = —0.68 and m; =
—1.27. Fig.1 depicts the chaotic trajectory of Eq.(32)
(—0.2,0.2,0.5)T.

with initial value s(0) =

Fig. 1 The desired orbit, where s(0) = (—0.2,0.2,0.5)T
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We take the system (32) as identical nodes of net-
work, which is given by

Ty p(—2i1 + Ti2 — g(x41))
Tig | = Ti1 — Tz + T3 +
T3 —qT;2
N
pi(t) Zl ai;I'z(t) +ui(t),  (33)
=
where
—-11 0 0 0 O
1 -21 0 0 0
100
01 -32 00
A=l o0 2-411 |°T7 83(1)
0 00 1-514
0 001 4 -5

For simplicity, the parameters are selected as follows:
The parameters are selected as follows:

27t
N=6T=6, ¢ (t) = O.QSin%,

27t
¢2(t) = 2cosmt, ¢3(t) = —sin %,

27t
¢4(t) = cosmt, ¢5(t) = —2sin %,

27t
bo(t) = 2sin%, 0 =(2,10,8,3,2,5)".
The problem can not be solved by the method in Ref.
[38]; however, our proposed synchronization strategy
can solve it. In the following simulations, we choose

Q=
diag{0.001,0.003, 0.002,0.005, 0.001,0.002},

t
Qo = EQ’ R = 0.00051.

The initially estimated value of the unknown parameter
(1) is
$(0) = (0,0,0,0,0,0)",

the initial states are chosen as
21(0) = (2,0,—1)T, 25(0) = (3,1, -2)7,
23(0) = (=3, -2,1)", 24(0) = (—1,0,-2)",
25(0) = (=1,1,0)T, 24(0) = (3,-2,0.8)T,

respectively. According to Theorem 1, the weighted
network (31) can be synchronized by applying the adap-
tive controllers (8)(14)—(15). Fig.2 shows the error
evolutions under the designed controllers. We clearly
see that the states of the network (33) asymptotically
synchronizes with the states of the desired orbit (32).
Furthermore, Fig.3 depicts the time evolution of the
controllers, and Fig.4 shows the evolution of the esti-
mated time-varying parameters. Fig.5 displays the evo-
lution of the estimated constant parameters. Obviously,
Figs.3-5 show that the control signals and estimated pa-
rameters are all bounded.

—_ 2 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
—_ 3 ....................................................................
-4
t/s
Fig. 2 The evaluations of synchronization errors
(Z: 1727'“ 76)
4

N
20 30 40 50 60
t/'s
353‘.
20 30 40 50 60
t/s
&2

Fig. 3 The curve of control inputs u; (i = 1,2, - ,6)
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6 Conclusions

In this paper, we present a new adaptive syn-

chronization approach for the synchronization of time-
varying complex dynamical networks. Both the char-
acteristics of the uncoupled nodes of the network and
the coupling matrix are unknown, and only a periodic
time-varying coupling strength is used in this paper. We
design an adaptive controller and hybrid differential-
periodic adaptation law that ensures the asymptotic con-
vergence of the synchronizing error. Simulations also
verify our theoretical results.
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