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Smooth and time-optimal trajectory planning for
computer numerical control systems

LI Shu-rong, ZHANG Qiang
(College of Information and Control Engineering, China University of Petroleum (East China), Qingdao Shandong 266555, China)

Abstract: On the basis of the control vector parameterization (CVP) method, we investigate the numerical approach for
solving the smooth and time-optimal trajectory planning problem of computer numerical control (CNC) systems. The jerk
constraints are considered in the problem to realize the smooth feeding-rate of the trajectory. By using a time normalization
factor, we reformulate the original jerk constrained time-optimal trajectory planning problem as a time-independent optimal
control problem. The third derivative of the path parameter with respect to time, also known as pseudo-jerk, and the terminal
time are taken as optimization variables. The piece-wise constant approximation method is used to approach the pseudo-
jerk, and the optimal control problem is converted into a general nonlinear programming (NLP) problem. Constraint
aggregation functions are introduced to approximate the process constraints (i.e., jerk and acceleration constraints) as final
time constraints, and the computation load of constraints can be reduced significantly. By constructing the Hamiltonian
functions of objective and constraint functions, and employing the adjoint approach, we obtain the gradients which are
required in the process of NLP solution.
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2 (Problem formulation)
CNC

,
. ,

,
.
C(β) = [x(β) y(β) z(β)]T,

β , β ∈ [0, 1]. θ β

θ′(β), t θ̇(t).

β̇(t) =
dβ

dt
,

β̈(t) =
d2β

dt2
,

···
β(t) =

d3β

dt3
.

,

v(t) = C ′β̇(t), (1)

a(t) = C ′β̈(t) + C ′′β̇2(t), (2)

J(t) = C ′ ···β(t) + 3C ′′β̇(t)β̈(t) + C ′′′β̇3(t), (3)

:

v = [vx vy vz]T, a = [ax ay az]T,

J = [Jx Jy Jz]T,

C ′ =
dC

dβ
, C ′′ =

d2C

dβ2
, C ′′′ =

d3C

dβ3
,

CNC
:

min J =
� tf

t0
1dt,

s.t.

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ẋ(t) = AX(t) + Bu(t),
X(0) = X0, X(tf) = Xf ,

vi,min � vi(t) � vi,max,

ai,min � ai(t) � ai,max,

Ji,min � Ji(t) � Ji,max,

(4)

: i = x, y, z , X = [β

β̇ β̈]T, u =
···
β, vi, ai, Ji (1)--(3)

, vi,max, vi,min , ai,max,

ai,min , Ji,max, Ji,min

,

A =

⎡
⎣0 1 0

0 0 1
0 0 0

⎤
⎦ , B = [0 0 1]T.

min J =
� tf

t0
1dt .

v(0) = 0, v(tf) = 0, a(0) = 0, a(tf) = 0.
(1)--(2) , (4)

X0 = [0 0 0]T, Xf = [1 0 0]T.
(4) TOTP

. (4) ,
,

.
Ċ(t) = C ′(β)β̇(t) C(0) ,

C(t) =
� t

t0
C ′(β)β̇(t)dt + C(0), C ′(β)

,
.

(4) ,
(4)

C(0) , C ′(β) .
, ,

β∗(t) , C(β∗(t))
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3 (Solution strategy)
(4) ,
,

.
.

, ,
.

N , N + 1 ,

t0 = T1 < T2 < · · · < TN < TN+1 = tf . (5)

,

u(t) =
N∑

j=1

ûjψ
(r)
j (t), (6)

: ûj , j ,
N u(t) . B-spline

ψ
(1)
j (t) :=

{
1, Tj � t < Tj+1,

0, ,

ψ
(r)
j (t) :=

t − Tj

Tj+r−1 − Tj

ψ
(r−1)
j (t)+

Tj+r − t

Tj+r − Tj+1

ψ
(r−1)
j+1 (t),

: Tj j , r � 1 ,
r = 1.

.

Tj = t0 + (j − 1)
tf − t0

N

. , CVP
. tf

, CVP ,
.

3.1 (Problem reformulation)
(4) ,

τ ,
.

τ

τ =
1
tf

t. (7)

t ∈ [0, tf ], τ ∈ [0, 1],

min J =
� 1

0
tfdτ .

τ

β̇(τ) = tf β̇(t), β̈(τ) = tf β̈(t),
···
β(τ) = tf

···
β(t),

Ẋ(τ) = tfẊ(t) = tfAX(t) + tfBu(t),

Ẋ(τ) = f(X, tf , u(τ)), X(0) = X0, (8)

f(X, tf , u(τ)) = tfAX(τ) + tfBu(τ).
tf u(τ) , t

TOTP τ

.

min
u(τ),tf

J =
� 1

0
tfdτ ,

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ(τ) = f(X, tf , u(τ)),
X(0) = X0,

vi,min � vi(X) � vi,max,

ai,min � ai(X) � ai,max,

Ji,min � Ji(X, u) � Ji,max,

i = x, y, z,

X(1) = Xf , tf > 0.

(9)

3.2 (Constraints handling)

, .
, [9].

, ,
, . [17] ,

KS ,
, .

,

g(τ) = [g1(τ) g2(τ) · · · gm(τ)], (10)

g(τ) ∈ R
m . x

,

gi(τ) = vx − vx,max, gi+1(τ) = vx,min − vx.

, , , m = 18.

, gk(τ) � 0, k = 1, 2, · · · ,m

max[gk(τ)] � 0.
, max[gk(τ)] ,

, KS [18] .

KS

KS(g(τ), ρ) =
1
ρ

ln[
m∑

k=1

n∑
j=1

eρgk(τj)], (11)

: ρ , m , n

.
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KS ,
{g(τ)} , :

1) ρ > 0,

max[g(τ)] � KS(g(τ), ρ) � max[g(τ)] +
1
ρ

lnm,

lim
ρ→∞

KS(g(τ), ρ) = max[g(τ)]

.
2) ρ2 > ρ1 > 0,

KS(g(τ), ρ1) � KS(g(τ), ρ2).

KS ,
, :

MKS(g(τ), ρ) =
1
ρ

ln[
m∑

k=1

� 1

0
eρgk(τ)dτ ]. (12)

KS ,
, 1 ,

KS .
KS . ,
MKS .

h, h ∗ n = 1. n = N ,
. KS

, k MKS

MKS(gk(τ), ρk) ≈ 1
ρk

ln[
n∑

j=1

eρgk(τj)h] =

KS(gk(τ), ρk) +
1
ρk

lnh. (13)

KS 1), KS ,
KS(gk(τ), ρk) ≈ max [gk(τ)] � 0, (13)

MKS(gk(τ), ρk) � 1
ρk

lnh. (14)

(14), � 1

0
(eρkgk(τ) − h)dτ � 0. (15)

pk,

ṗk(τ) = fpk = eρkgk(τ) − h, pk(0) = 0, (16)

(15)
� 1

0
ṗkdτ = pk(1) � 0, k

:

pk(1) � 0. (17)

, (4)
:

min
u(τ), tf

J =
� 1

0
tfdτ ,

s.t.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ẋ(τ) = f(X, tf , u(τ)), X(0) = X0,

ṗk(τ) = fpk =eρkgk(τ) − h, pk(0)=0,

pk(1) � 0, k = 1, 2, · · · ,m,

X(1) = Xf , tf > 0.

(18)

3.3 (Gradient formulae)

, (18)
NLP , NLP

. NLP
. 3 :

, , .
. ,

.
.
, ,

[19].

(18), Hamiltonian
H = tf + λTf . (8)

:

λ̇(τ) = −λT ∂f

∂X
, λ(1) = 0. (19)

δJ =
� 1

0
(λT ∂f

∂u
δu + (1 + λT ∂f

∂tf
)δtf)dτ. (20)

,

u(τ) =
N∑

j=1

ûjψ
(1)
j (τ), (21)

J ûj tf

⎧⎪⎪⎨
⎪⎪⎩

dJ

dûj

=
� τj+1

τj

λT ∂f

∂u
dτ,

dJ

dtf
=

� 1

0
(1 + λT ∂f

∂tf
)dτ,

(22)

: τj j , 0 = τ1 <

τ2 < · · · τN < τN+1 = 1.

KS ,
.

, k

:

pk(1) =

pk(1) +
� 1

0
(γT

k (f − Ẋ) + (fpk − ṗk))dτ . (23)

Hamiltonian Γk =γT
k f+fpk,

γ̇k(τ) = −(γT
k

∂f

∂X
+

∂fpk

∂X
), γk(1) = 0. (24)

ûj tf

⎧⎪⎪⎨
⎪⎪⎩

dpk(1)
dûj

=
� τj+1

τj

(γT
k

∂f

∂u
+

∂fpk

∂u
)dτ,

dpk(1)
dtf

=
� 1

0
(γT

k

∂f

∂tf
+

∂fpk

∂tf
)dτ.

(25)
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4 (Optimization algorithm)
CVP ,

NLP . NLP ,
.

(18) (8)(16)
NLP :

min
û

J(û),

s.t.

{
X(1) = Xf , tf > 0,

pk(1) � 0, k = 1, 2, · · · ,m,
(26)

: J , X(1) , pk(1)
, û ,

û = [û1 û2 · · · ûN−1 ûN tf ].

(8)(16) 4
. NLP (26) (SQP) .

SQP 3.3
.

:

Step 1 X(0), pk(0),
û1, ε > 0. i = 1.

Step 2 i J

pk(1) ûj , tf .

Step 3 i QP ,
ûi+1. ‖J(ûi+1) − J(ûi)‖ < ε, ,

. i = i + 1, Step 2 .

5 (Examples)
TOTP ,

. ( 1) [20]
. .

14 5 B .

1

Fig. 1 Test path

, TOTP
, NLP

. ,
[21] , 4

TOTP , ,
3 .

,
,

.

TOTP ,
10000mm/s3. 2

, 3--4 .
3 ,
, . 4 bang-

bang ,
.

2

Fig. 2 Plot of tangential velocity with jerk constraints

3
Fig. 3 Plots of accelerations along X and Y axis with jerk

constraints

4

Fig. 4 Plots of jerks along X and Y axis with jerk constraints
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, TOTP
, 200mm/s2. 5

. 6--7
. 6--7

, .

5
Fig. 5 Plot of tangential velocity with jerk and acceleration

constraints

6
Fig. 6 Plots of accelerations along X and Y axis with jerk and

acceleration constraints

7
Fig. 7 Plots of jerks along X and Y axis with jerk and

acceleration constraints

, TOTP
, 200mm/s2. 8

, 9--10
. 6 9 ,

C0 , (C1 ),

(
9), C0 ( 8). 10

.

8

Fig. 8 Plot of tangential velocity with acceleration constraints

9
Fig. 9 Plots of accelerations along X and Y axis with

acceleration constraints

10
Fig. 10 Plots of jerks along X and Y axis with acceleration

constraints

6 (Conclusions)
CNC ,

CVP ,
, . CVP

NLP
. VLS ,

TOTP
. ,
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