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Evolutionary strategy of lexicographic order for combinational problem
XIAO Chi-xin1,2, CAI Zi-xing1, WANG Yong1

(1. School of Information Science and Engineering, Central South University, Changsha Hunan 410083, China;

2. Information Engineering College, Xiangtan University, Xiangtan Hunan 411105, China)

Abstract: In order to construct a fast and effective algorithm to solve large-scale combinational problems in desirable

computational time rather than be trapped in weakness as some existing algorithms, a novel encoding approach is proposed

in this paper which applies an one to one mapping from a discrete space to a continuous integer section. Assembled with

successful exploration and exploitation mechanism of evolutionary strategy, the performances of the algorithm are largely

promoted. Since the one to one mapping between codes and combinational vectors, the new scheme only provides feasible

solutions, which can help to avoid redundant computation existing in some algorithms effectively and the search space is

further reduced. Secondly, a queue of elites is added in evolutionary mechanism combined with some particular learning

strategy. The queue is refreshed frequently in evolution. This can help the algorithm to maintain better gene blocks.

Finally, its convergence to global optimal solution with probability one is proved. The numerical experiments based on the

Benchmarks of traveling salesman problem library(TSPLIB) show the effectiveness of algorithm proposed.
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1 (Introduction)
(traveling salesman problem, TSP)

(combinatorial optimiza-

tion problem, COP)[1], n ,

(Hamilton)

. ,

. TSP

, 1)

, 2-Opt,

3-Opt LK [1,2] 2)

, .

,

. ,

.

, order crossover, cycle crossover, partially

matched crossover, edge recombination crossover, ma-

trix crossover, distance preserving crossover edge as-

sembly crossover, natural crossover[3∼6].

(evolutionary algorithms, EAs)
[7,8].
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.

,

: 2008−09−25, 2009−04−02.

: (90820302); ( ) (60805027); (200805330005).
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.

TSP .

,

,

, ,

.
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2 (Basic ideas and analysis)
,

,

. (

TSP), n,

C = {c1, c2, · · · , cn}. C

, n! ,

. ,

, (

H) ( N ).

,

.

. 1 .

1

Fig. 1 Evolutionary algorithm of lexicographic order

2.1 : C =
{c1, c2, · · · , cn}, c1 <

c2 < · · · < cn.

Ck, Cj , Ck = (ck
1 , c

k
2 , · · · , ck

n),

Cj = (cj
1, c

j
2, · · · , cj

n), ck
i , c

j
i ∈ C, 1 � i � n,

1 � k, j � n!. Ck Cj ,

Ck ≺ Cj , b, 1 < b � n,

1 � i < b, c1 � ck
i � cj

i � cn

ck
i < cj

i .

,

c1 ≺ c2 ≺ · · · ≺ cn . , ci(1 � i �
n) , (n − 1)! ,

n! n ,

, ,

. 4 , C = {1, 2, 3,

4}, 1 .

1 (n = 4)

Table 1 Permutations of lexicographic order and

integer code (n = 4)

1 (1, 2, 3, 4) 13 (3, 1, 2, 4)

2 (1, 2, 4, 3) 14 (3, 1, 4, 2)

3 (1, 3, 2, 4) 15 (3, 2, 1, 4)

4 (1, 3, 4, 2) 16 (3, 2, 4, 1)

5 (1, 4, 2, 3) 17 (3, 4, 1, 2)

6 (1, 4, 3, 2) 18 (3, 4, 2, 1)

7 (2, 1, 3, 4) 19 (4, 1, 2, 3)

8 (2, 1, 4, 3) 20 (4, 1, 3, 2)

9 (2, 3, 1, 4) 21 (4, 2, 1, 3)

10 (2, 3, 4, 1) 22 (4, 2, 3, 1)

11 (2, 4, 1, 3) 23 (4, 3, 1, 2)

12 (2, 4, 3, 1) 24 (4, 3, 2, 1)

(1, 2, 3, 4) ≺ (1, 2, 4, 3) ≺ · · · ≺ (4, 3, 2, 1). 1

n = 4 ,

. ,

.

,

.

2.2 C = {c1, c2,

· · · , cn} H = [C1, Cn!],
N = [1, n!]. f : H

f−→ N ,

. f f−1

:

function f : n

x; : x ,

output .

output=[ ]; Symbles=1 : n; temp=Symbles;

q = x; r = 0
for i = 1 : n

r = mod(q, factorial(n − i)) // q (n − i)

q = floor(q/factorial(n− i)) // q (n− i)

if r == 0 // 0

output(i) = temp(q) // temp q

output i

temp(q) = [ ] // temp q

q =factorial(n−i) //q (n − i)

else // 0

output(i) = temp(q + 1) //temp q + 1
output i
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temp(q + 1) = [ ] // temp q

q = r //q

end

end

disp(output).

function f−1 : n

combination; : combination

[1, n!] x.

Symbles = 1 : n // 1 n

temp = Symbles; x = 0
for i = 1 : n

I = find(temp == combination(i)) //

temp combination(i)

x=x+(I−1)∗factorial(n − i) //factorial(n −
i) (n − i)

temp(I) = [ ] // temp I

end

x = x + 1 // 1

disp(x).

,

.

TSP ,

. 2 Att48[9]48

, 50

.

2 Att48 1 50

Fig. 2 Distance distribution of path corresponding to the

integer codes from 1 to 50 in Att48

2.1 (Space discard)
C = {c1, c2, · · · , cn},

, TSP

ci(1 � i � n) (n − 1)!
.

TSP Hamilton .

Hamilton (c1, c2, · · · , cn, c1),

(c1c2Acnc1), A .

c2 ,

(c2Acnc1c2), . ,

n .

ci 1 � i � n

c1c2Acnc1 ∈
[1, (n − 1)!]. .

2.2 (Space shift)
[1, n!]

,

, .

500 , .

, , .

k(1 � k � n!), I

Ck. Ck

I ′ , k

I ′ . , n! ,

.

3 (Lexicographic order algorithm)
(μ + λ) . ,

μ, λ. 2.1 , n

TSP (n− 1)!
( c1 ) .

[1, (n − 1)!] , n ,

.

, . ,

, .

3.1 (Initialization and elites)
TSP ,

( )

.

n , c1c2Acnc1, c2ciA
′cjc2, · · · ,

ci(1 � i � n) ci.

.

c1 .

n c1 , f−1

n . 36

(36, 44, 31, 38, 9, 1, 8,

22, 16, 3, 23, 11, 12, 15, 33, 46, 40, 20, 47, 21, 13, 25,

14, 34, 41, 29, 5, 48, 39, 32, 24, 10, 42, 26, 4, 35, 45,

2, 30, 6, 37, 19, 27, 43, 17, 28, 7, 18). (1, 8,

22, 16, 3, 23, 11, 12, 15, 33, 46, 40, 20, 47, 21, 13, 25,

14, 34, 41, 29, 5, 48, 39, 32, 24, 10, 42, 26, 4, 35, 45, 2,
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30, 6, 37, 19, 27, 43, 17, 28, 7, 18, 36, 44, 31, 38, 9)

35323197226231168789383325

297315096488667585081870454173390.

10 .

,

, .

3.2 (Crossover)[10]

X ′
k = XS,i +

θ ∗ (XT,j − XS,i), X ′
j ,

S T μ

, θ ∈ [0, 1] ,

0.5.

, . :

10 1 1

, .

function crossover( )
P E ;

for k = 1 to λ do

if (flip(10%))

E XS,i

else

P XS,i

end if

P XT,j

X ′
k = XS,i + θ∗(XT,j − XS,i)

end for

end

flip(P ) ,

P true.

3.3 (Mutation)
M hlenbein Schlierkamp-Voosen[11,12]

BGA . ,
⇀
o BGA

⇀
o
′ = (x′

1,

· · · , x′
r, · · · , x′

s, · · · , x′
λ)

x′
j =

⎧⎨
⎩

xj ± rangj

15∑
k=0

αk2−k, U(0, 1) < 0.97,

xj, j = 1, · · · , λ.

, ± 50% , αk 1/16

1, 0. U(0, 1) 0 1

. rangj , (Ub−
Lb) · (1 − current gen/total gen)6, Ub, Lb

. current gen, to-

tal gen

. [xj − rangj, xj +
rangj] xj ,

.

3.4 (Elites optimized)

. .

1( ) 1)

2) ,

a, b

3) n · 30%
A,B(n )

4) A ∩ B �= ∅, A B ,

c dac + dcb < ab ;

5) c , ab

acb.

2( ) 1) n × n ,

kij i j .

2)

. · · · a, b · · · c, d · · · ,

(xa, ya), (xb, yb), (xc, yc),

(xd, yd).

[min (xc, xd) , max (xc, xd)] ∩
[min (xa, xb) , max (xa, xb)] �= ∅,

[min (yc, yd) , max (yc, yd)] ∩
[min (ya, yb) , max (ya, yb)] �= ∅,

a, b c, d . xa �
xc � xb � xd, yd � ya � yc � yb,

,

.

,

, .

(μ + λ) − ES . :

μ λ μ

. (μ )

, .

4 (Algorithm procedure)

1) (μ ) (cur-

rent gen = 0)

2) , 3)

3)
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(λ )

4) (λ )

5) ( ) ,

6)

7) μ + λ μ

,

8) current gen = current gen + 1 2) .

5 (Experiments and results)

(TSPLIB)[9] .

700 , μ =
100, λ = 300, total gen = 1000.

Matlab 2006a ,

Genuine Intel 2140@1.60G, 1G PC

, Matlab2006

(Symbolic Math Toolbox Version 3.1.4)

. .

1 TSPLIB95 Att48 ,

. 3(a)

, 372781085044831

60047173896925400992701832084244808202108386,

11865, (1, 8, 38, 31, 22, 16, 3,

34, 41, 29, 2, 26, 4, 35, 45, 10, 24, 42, 5, 48, 39, 32, 21,

47, 11, 23, 14, 25, 13, 12, 15, 33, 46, 44, 18, 7, 28, 36,

30, 6, 37, 19, 27, 43, 17, 20, 40, 9).

, 3(b)).

37279319749735285213507811329519

563713358680557416718960474, 10481,

( 10628 − 147, 9 1 147),

(1, 8, 38, 31, 44, 18, 7, 28, 6, 37, 19, 27,

17, 43, 30, 36, 46, 33, 20, 47, 21, 32, 39, 48, 5, 42, 24,

10, 45, 35, 4, 26, 2, 29, 34, 41, 16, 22, 3, 23, 14, 25, 13,

11, 12, 15, 40, 9). .

2 (LO-ES)

(IGT)[3] , 2, 2

10 .

3 TSPLIB95

, 20 3 :

p% ; gen

.

3

Fig. 3 Comparison of optimum solutions between greedy method and proposed algorithm

2 (IGT)[3] TSPLIB95 3

Table 2 Comparison with IGT[3] algorithms on 3 benchmark problems in TSPLIB95

[9] TSPLIB [9]
IGT[3] LO-ES

best mean best mean

pr136(EUC 2D) 96772 96770.924122 96770.924122 96772 96772

pr144(EUC 2D) 58537 58535.221761 58542.129537 58537 58537

a280(EUC 2D) 2579 2586.769648 2588.568179 2579 2579
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2 EUC 2D[13] 2

. 3 ATT,GEO[13]

. [17]

, ,

. 2

, 3

IGT[3] . 2 3

300 ,

. 3 U574 gr666[9] ,

500 , ,

. ,

,

, U574(EUC 2D)

6.9 s gr666(GEO)

8.4 s.

[4, 5] .

3 TSPLIB95[9]

Table 3 Results of some others in TSPLIB95[9] benchmark library

[9] TSPLIB [9] best mean p% gen

att48(ATT) 10628 10628 10628 100 85

st70(EUC 2D) 675 675 675 100 156

berlin52(EUC 2D) 7542 7452 7452 100 105

lin105(EUC 2D) 14379 14379 14379 100 180

Line318(EUC 2D) 42029 42029 42029 100 364

U574(EUC 2D) 36905 36905 37028.2 95 392

gr666(GEO) 294358 294358 294436.8 90 399

6 (Conclusion)

. .

,

Agent ,

,

.

.
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, ,

. n ,

S , n!.

,

[1, n!], 2.1 Hamilton

[1, (n − 1)!] , S′ .

x(x ∈ S′) Fitness(x),

F = {Fitness(x)|x ∈ S′}, |F | � |S′|,
F = {F1, F2, F3, · · · , F|F |}, F1 > F2 > F3 > · · · >

F|F |. S′

{Si}, Si = {x|x ∈ S′ and

Fitness(x) = Fi, i = 1, 2, 3, · · · , |F |},
|F |P
i=1

|Si| = |S|;

|Si| �= ∅, ∀i = {1, 2, · · · , |F |} ; Si∩Sj = ∅, ∀i �= j;
|F |S
i=1

Si =

S. ,F1 F ∗, S1

F1 .

, ,

,

, p = (x1, x2, · · · , xμ). P

, ,

|P | =

0
@(n − 1)! + μ − 1

μ

1
A .

, . p

: Fitness(p) = max{Fitness(xi)|i =

1, 2, · · · , μ}. F|F | � Fitness(p) � F1, ∀p ∈ P .

P {pi}, pi = {p|p ∈ P and

Fitness(p) = Fi, i = 1, 2, · · · , |F |}. ,
|F |P
i=1

|pi| =

|P ||pi| �= ∅, ∀i = {1, 2, · · · , |F |}pi∩pj = ∅, ∀i �= j
|F |S
i=1

pi =

P. p1 F ∗ . pij pi

j i = 1, 2, · · · , |F |, j = 1, 2, · · · , |Pi|.
, pij pkl pij →

pkl, Pr(pij → pkl) prij,kl.

pij pk pij →
pk , Pr(pij → pk) prij,k,

, pi pk pi → pk

, Pr(pi → pk) pri,k. ,

prij,k =
|pk|P
l=1

prij,kl,
|F |P
i=1

prij,k = 1, pri,k � prij,k.

, [15∼17] ,

.

1 ,

lim
t→∞pr {Fitness (pt) = F ∗} = 1, pr , pt

t .

1 [18] p′ n ,

p′ =

0
@C 0

R T

1
A, C

m R, T �= 0,

p′∞= lim
k→∞

p′k = lim
k→∞

0
B@

Ck 0
k−1P
i=0

T iRCk−i T k

1
CA=

0
@C∞ 0

R∞ 0

1
A

, p′∞ = e′ · p′∞, e =

(1, 1, · · · , 1), p′∞ = p′0 · lim
k→∞

p′k = p′0 · p′∞

p′0 , 1 � i � m , p′i
∞

> 0 m � i �
n , p′i

∞
= 0.

2 , ∀i, k ∈ {1, 2, · · · , |F |},

pri,k

8<
:

> 0, k � i,

= 0, k > i.

μ + λ ,

, , ,

.

. .

. ∀pij ∈ pi ⇒ ∃x ∈ pij ,

Fitness(x) = Fi, j = 1, 2, · · · , |Pi|.
, pij pkl. x ∈ pij

, [14] . x ∈ pkl,

Fitness(pkl) � Fitness(pij) ⇒ k � i∀k > i,
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prij,kl = 0 ⇒ prij,k =
|pk|P
i=1

prij,kl = 0 ⇒ pri,k = 0.

x′ ∈ pkl,

Fitness(x′) = Fk, k � i

x �= x′, x x′ 0.

, pij pk 0,

prij,k � 0, pri,k � prij,k, pri,k > 0, ∀k � i.

.

,

,

. p1

.

3 .

pi, i = 1, 2, · · · , |F |
Markov , 2, Markov

p′ =

0
BBBBBB@

pr1,1 0 · · · 0

pr2,1 pr2,2 · · · 0

...
...

...
...

pr|F |,1 pr|F |,1 · · · pr|F |,1

1
CCCCCCA

=

0
@C 0

R T

1
A ,

T �= 0, C = (pr1,1) = 1 �= 0,

R = (pr2,1, pr3,1, · · · , pr|F |,1)
T > 0.

1

p′∞= lim
k→∞

p′k = lim
k→∞

0
B@

Ck 0
k−1P
i=0

T iRCk−i T k

1
CA=

0
@C∞ 0

R∞ 0

1
A ,

C∞ = 1, R∞ = (1, 1, · · · , 1)T . p′∞

p′∞ =

0
BBBBBB@

1 0 · · · 0

1 0 · · · 0

...
...

...
...

1 0 · · · 0

1
CCCCCCA

.
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