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摘要: 将用电磁方法悬浮起来的一对环构成领导者–跟随者系统实现对光滑参考轨线的跟踪要求. 这一任务通过
设计具有对扰动进行在线估计与补偿功能的自抗扰控制器(ADRC)实现. 本文设计方法与传统ADRC的主要不同在
于领导者和跟随者的跟踪控制器设计都是基于平坦输出的线性化近似系统. 超出线性化近似有效区域的大的高度
偏差所导致的未知非线性则被视为扰动, 这个扰动借助于线性扩张观测器进行在线估计并通过线性反馈控制器进
行消除. 实验结果检验了本文所提方法的有效性.
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An active disturbance rejection control
of leader-follower Thomson’s jumping rings
Mario RAMÍREZ-NERIA1† , José L GARCÍA-ANTONIO1 , Hebertt J SIRA-RAMÍREZ2 ,
Martı́n VELASCO-VILLA2 , Rafael CASTRO-LINARES2
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Abstract: A set of two rings, levitated by electromagnetic means, is required to act as a leader-follower system in the
smooth reference trajectory tracking task ascribed to the leader ring. The problem is approached from the perspective of
active disturbance rejection control (ADRC) which entitles on-line disturbance estimation followed by controlled canceling.
The main departure from traditional ADRC is based on the fact that tracking controllers of, both, the leader and the follower
are designed on the basis of flatness combined with the tangent linearization of the corresponding nonlinear system around
a constant equilibrium point. The large height deviations, outside the region of validity of the approximate linearization,
trigger the effect of unknown (endogenous) nonlinearities viewed as perturbations. These disturbances are properly on-line
estimated with the help of linear extended observers feeding a canceling effort on the individual linear output feedback
controllers. Experimental results are presented which validate the effectiveness of the proposed control scheme.
Key words: Thomson’s jumping ring; active disturbance rejection control; generalized proportional integral (GPI)
observers; leader-follower configuration

1

Introduction

Magnetic Levitation (MagLev) systems, have the advantage, besides the fact of low or null collateral friction
effects, of operating with low noise levels and the possibility to work in high vacuum environments. In addition to their possible transport properties, it is possible to
find other kinds of important applications in diverse areas
such as microrobotics[1] , photolithography[2] and launch
systems[3] . In general, a MagLev system can be classified
according to the type of considered forces, as an attractive or repulsive system[4] . These systems are, in general,
highly nonlinear and open loop unstable and therefore they
require a specific control scheme in order to get a stable

closed-loop operation.
An interesting MagLev systems is the ‘ Thomson’s
Jumping Ring’[5–6] , created by Elihu Thomson (1853–
1937). It consists of an induction coil with a core of a
ferromagnetic material and a ring placed in the core (see
Fig.1 for a detailed diagram). When an alternating current circulates in the coil, an electric current is induced in
the ring. The magnetic field, due to this induced current,
opposes the magnetic field induced by the coil producing
a total repulsive force making the ring levitate above the
core of the coil.
Trajectory tracking problems for nonlinear systems,
described in input-output form, require, in general, ex-
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ploitation of active pre-compensation and accurate on-line
state estimation. In general, these two problems are rather
difficult, even if the nonlinear structure of the system is
perfectly known and no external perturbations are present.
For differentially flat systems (see [7] and [8]) the precompensation effort is directly synthesized, provided the
flat output is available for measurement. However, the
problems of reliable on-line state estimation and the handling of exogenous uncertain signals remains a formidable
challenge that needs to be faced. For flat systems, ADRC
simultaneously addresses both problems in rather general
terms. Extended linear observer based output feedback
controllers offer the advantageous possibility of simultaneous state, and disturbance, estimation while actively canceling, in an approximate manner, the combined effects of
unknown nonlinearities and exogenous time-varying disturbances. The trajectory tracking controller designed for
nonlinear uncertain systems, subject to external disturbances, is thus effectively reduced to the problem of controlling a linear system subject to substantially attenuated
additive uncertain signals.
Controllers based on disturbance estimation, followed
by cancelation from control actions, have been developed
in the past along different, but closely related, directions.
The pioneering work of C.D. Johnson, known as disturbance accommodation control (DAC), dates from the
70’s (see [9]). DAC has been extended to nonlinear systems while including estimation of endogenous (i.e., statedependent) perturbations. Related developments, known
as active disturbance rejection control (ADRC), are addressed in the work of J. Han[10] . This includes nonlinear
observers, efficient time derivatives computation, practical relative degree computation and nonlinear PID control
extensions. Han’s contributions include many industrial
and laboratory applications. Z. Gao, and his colleagues
(see [11–15]) have made important contributions in ADRC
and have proposed a new control paradigm, closely related
to Han’s vision (see also Vincent et al.[16] ). In the work
of M. Wu (see [17]) a disturbance estimator called generalized state observer (GSO) is studied. The observer
however is cast into the linear systems framework and it
requires the well-known ‘matching condition’. M. Fliess
and C. Join (see [7] and [18]), recently proposed intelligent
PID control (IPIDC). This method is based on differential
algebra and it implies to resort to low order, phenomenological plant models. The effects of nonlinear uncertain
additive terms, locally modeled as time-polynomials, that
need to be updated, are suitably annihilated. Recently, an
entirely linear active disturbance rejection approach has
been proposed for the control of uncertain non-linear flat
systems (see [19]). Linear generalized proportional integral observers (GPI observers), dual to GPI controllers (see
Fliess et al.[20] ), are used to approximately estimate in a
self-updating manner the aggregate effects of exogenous
and endogenous additive disturbances. The control input
gain is assumed to be known, time varying, and, at most,
output dependent[21] .
On the other hand, coordination and synchronization tasks for dynamic systems have recently received
great attention and several analysis have been proposed
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in the literature based on behavioral theory , graphical
approaches[23–24] , virtual structures[25–26] , leader-follower
strategies[27–30] , or synchronization strategies[31–32] . In particular, the control of two modules of the Thomson ring is
considered in [33] so that both rings move synchronously
via a control strategy initially proposed in the field of mobile robotics[32] , requiring, at the same time, to follow a
prescribed trajectory, despite unmodeled uncertainties and
external disturbances; in order to achieve this objective a
second order sliding mode technique is used together with
the synchronization control strategy.
In this article, we examine, from the perspective of
GPI observer-based ADRC, the problem of linearly controlling the height of a levitated ring in a magnetic circuit
known as ‘ Thomson’s jumping ring’. The problem addressed is that of an output trajectory tracking task for significant, and substantially rapid, time-varying deviations
of the ring from a nominal equilibrium point. Section 2
briefly presents the mathematical model of Thomson’s levitated ring system. Section 3 is devoted to present the design of a GPI observer based ADR control scheme for the
Thomson jumping ring system. The linear synchronization
of the rings is presented in Section 4. Section 5 presents
the details of an experimental prototype and the results
obtained when evaluating the proposed control scheme in
such a laboratory setup. Section 6 presents some conclusions and suggestions for further work in this area.

2 Modeling Thomson’s ring
2.1 The nonlinear model
Consider Thomson’s jumping ring system, shown in
Fig.1, where Y is the distance from the top of the core.
The ring is free to move up and down along the core with
zero friction. The core is made from a solid piece of ferrous metal. The ring is made from a nonmagnetic electrical conductor (aluminium). A sinusoidal input voltage, Vc ,
generates an input current, Ic , on the coil around the core.
As a result, a levitating force is obtained whose average
value may effectively counteract the effect of gravity. It
can be demonstrated (see [5] and [33] for details) that the
dynamics of the controlled ring is governed by the following second order nonlinear differential equation:
m

d2 Y
K
= −mg + 02 Vc2 ,
dt2
Zc Y

(1)

where m is the mass of the ring, g is the acceleration of
gravity, Zc0 is an impedance magnitude related to the ring
and Vc is the amplitude of a sinusoidally modulated input
voltage applied to the circuit. Vc2 acts as the control input
to the system denoted, henceforth by u. The strictly positive parameter K exhibits a complex dependence on the
magnetic field, the dimensions of the circuit and the position of the ring from the end of the coil. In this work, its
value is taken to be a constant, precisely determined at a
nominal equilibrium condition. In actual operation, specially under time-varying trajectory tracking conditions,
the control input gain of the system exhibits a noticeable
variation which cannot be easily measured. The control
scheme to be proposed will be remarkably robust with respect to such unknown variations.
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arbitrary position reference trajectory tracking, beyond the
region of validity of the incremental model. The problem
is formulated as follows:
Given an arbitrary smooth position reference trajectory Y ∗ (t) for the ring position Y , device a linear feedback
control law so that the incremental variable Yδ = Y − Ȳ ,
approximately governed by Eq.(6), tracks the desired incremental reference position, Yδ∗ = Y ∗ (t) − Ȳ , irrespectively of the effects of gravity, and of the exogenous perturbation inputs possibly affecting the ring position.

3 A GPI observer-based ADRC approach
3.1 The ultra local model of the reference trajectory tracking error

Fig. 1 Schematic diagram of Thomson’s ring

2.2

Flatness and the linearized model of Thomson’s jumping ring system

System (1) is flat. Therefore, the control input u = Vc2
is differentially parameterized by Y . Indeed,
mZc02 Y
(Ÿ + g).
(2)
K
The relation Eq.(2) clearly demands that downwards accelerated motions, beyond ‘1g’, are not meaningfully modeled by Eq.(1). The assumption, u > 0, is inherent to the
problem. Note that free fall corresponds with zero applied
input voltage, Vc = 0. Given a nominal reference trajectory, Y ∗ (t), for the flat output, the corresponding nominal
input, u∗ (t), is given by
u=

u∗ =
i.e.
m

mZc02 Y ∗ ∗
(Ÿ + g),
K

d2 Y ∗
K
= −mg + 02 ∗ u∗ (t).
2
dt
Zc Y

(3)

(4)

A constant equilibrium point for the ring’s position is
obtained from Eq.(1) as
mZc02 Ȳ g
Y = Ȳ , Ẏ = Ȳ˙ = 0, ū =
.
(5)
K
The tangent linearization of Eq.(1) around the equilibrium point Eq.(5) is given by
K
K ū
(6)
mŸδ = ( 02 )uδ − ( 02 2 )Yδ ,
Zc Ȳ
Zc Ȳ
with Yδ = Y − Ȳ , uδ = u − ū, being the incremental
variables of the linearized model. Clearly Ẏδ = Ẏ and
Ÿδ = Ÿ . Naturally, higher order terms (h.o.t.) are being
neglected.
The nominal incremental trajectory is given by
K
K ū
(7)
mŸδ∗ = ( 02 )u∗δ − ( 02 2 )Yδ∗ (t).
Zc Ȳ
Zc Ȳ

2.3

Problem formulation

Traditionally, the control objective consists in driving
the incremental output, Yδ , and its time derivative, Ẏδ , to
zero, so that the ring position is regulated towards its nominal equilibrium value (5) and achieves a stable, controlled,
rest condition. Our main departure consists in using the
locally valid tangent linearization model (6) to design an
output feedback control law geared to effectively achieve

From the definition of the incremental position and
that of the desired incremental reference position, given
above, the reference trajectory tracking error: eδ = Yδ −
Yδ∗ (t) precisely coincides with the tracking error Y −
Y ∗ (t). Moreover ëδ = Ÿδ − Ÿδ∗ = Ÿδ − Ÿ ∗ (t). Also,
euδ = uδ − u∗δ = u − ū − (u∗ (t) − ū) = u − u∗ (t). Notice, then, that the tracking error, eδ , satisfies, according to
Eqs.(6) and (4):
K
K ū
ëδ = (
)euδ − (
)(Yδ − Yδ∗ ).
(8)
02
mZc Ȳ
mZc02 Ȳ 2
We consider the following linear ultra local model of the
tracking error dynamics (see Fliess and Join[34] for the use
of the ultra local, fixed order, version of system models).
In this case, the ultra local model of the tracking error dynamics retains only the constant linearization input gain
and the order of the system, i.e.,
K
ëδ = (
)u + ξ(t),
(9)
mZc02 Ȳ
where the time-varying function ξ(t) represents an unstructured version of the endogenous (i.e., state dependent
disturbance input). This quantity is to be treated as an unknown time-varying signal, more precisely
ξ(t) = −

K
K ū
u∗ (t) − (
)eδ + h.o.t. (10)
mZc02 Ȳ
mZc02 Ȳ 2

We point out the fact that the unknown perturbation ξ(t),
in the model (9) is observable from the measurable position coordinate in the sense of Diop and Fliess[35] . Let
p be a given integer (typically, p is a low order integer,
i.e. 3 6 p 6 6). It is assumed that the disturbance input
ξ(t) and its time derivative ξ (k) (t) for k = 1, 2, · · · , p are
uniformly absolutely bounded in an ‘ almost everywhere’
sense where needed. This condition guarantees existence
of solutions for eδ (see Gliklikh[36] ) in Eqs.(8) and (9).

3.2

A GPI oberver-based ADRC for the jumping
ring

Let p be a given integer as described above. We have
the following result:
Theorem 1 Let {γ1 , γ2 } and {λp+1 , · · · , λ0 } be sets
of real numbers, chosen so that the following polynomials
in the complex variable s:
pc (s) = s2 + γ1 s + γ0 ,
po (s) = s(p+2) + λ(p+1) s(p+1) + · · · + λ1 s + λ0
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are Hurwitz polynomials that exhibit their roots sufficiently far from the imaginary axis in the left half of the
complex plane. Then, the linear feedback controller:
mZc02 Ȳ
ˆ
u = −(
)[γ1 ê2δ + γ0 eδ + ξ(t)]
(11)
K
drives the output reference trajectory tracking error, eδ , and
its time derivative, ėδ , to be ultimately uniformly bounded
around a neighborhood of zero provided the quantities:
ˆ = ẑ1 , are on-line generated by the followê2δ , and ξ(t)
ing linear GPI observer:
˙
ê1δ = ê2δ + λ(p+1) (eδ − ê1δ ),



K



)u + ẑ1 + λp (eδ − ê1δ ),
ê˙ 2δ = (


mZc02 Ȳ



 ẑ˙1 = ẑ2 + λp−1 (eδ − ê1δ ),
(12)
ẑ˙2 = ẑ3 + λ(p−2) (eδ − ê1δ ),



.

..




 ẑ˙

= ẑp + λ1 (eδ − ê1δ ),

 ˙(p−1)
ẑp = λ0 (e1δ − ê1δ ).
The observation error ẽ = eδ − e1δ , and its time derivative
ẽ(j) , j = 1, 2, · · · , p+1, ultimately uniformly converge towards a small as desired neighborhood of the origin of the
observation error phase space. Moreover, the larger, in absolute value, the negative real part of the dominant roots of
po (s), the smaller the radius of the bounding ball of such
a vicinity. As a consequence, the disturbance estimation
ˆ is ultimately uniformly
error ξ(t) − ẑ1 (t) = ξ(t) − ξ(t)
bounded by a small as desired neighborhood of zero.
Proof The proof is based on the fact that the estimation error ẽ = eδ − e1δ satisfies the following perturbed
linear differential equation (see [21]),
ẽ(p+2) + λ(p+1) ẽ(p+1) + · · · + λ1 ẽ + λ0 = ξ (p) (t). (13)
Since ξ (p) (t) is assumed to be uniformly absolutely
bounded then there exists coefficients λk , k = 0, · · · , p+1
such that ẽ and its time derivatives converge to a small
vicinity of the origin, provided the roots of the associated
characteristic polynomial in the complex variable s:
s(p+2) + λ(p+1) s(p+1) + · · · + λ1 s + λ0

(14)

are all located deep into the left half of the complex plane.
The further away from the imaginary axis, of the complex
plane, are these roots located, the smaller the neighborhood of the origin, in the estimation error phase space,
where the estimation error ẽ will remain ultimately uniformly bounded. To prove this last assertion, consider
the state vector χ = (ẽ, · · · , ẽ(p+1) ). Thus χ satisfies
χ̇ = Aχ + bξ (p) (t) with A being a Hurwitz matrix and
b a vector of zeroes with the last entry being 1. Let
P = P T > 0 be a symmetric, positive definite, matrix
in R(p+1)×(p+1) . Consider the Lyapunov function can1
didate: V (χ) = χT P χ. The Hurwitz character of A
2
guarantees the existence of a (p + 1) × (p + 1) symmetric matrix Q = QT > 0, such that AT P + P A = −Q.
Let max{Re[σ(A)]} denote the less negative real part of
the eigenvalues of A in the stable left half of the complex
plane. The time derivative of V (χ) along the trajectories of
1
the perturbed system satisfies: V̇ (χ, t) = − χT (AT P +
2

T
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(p)

P A)χ + χ P bξ (t). Let κ be a sufficiently large, positive, real number so that sup |ξ (p) (t)| 6 κ, then, V̇ (χ, t) 6
t

−kχk2 kP k max{Re[σ(A)]} + kχkkP kκ. It follows that
V̇ (χ, t) is strictly negative outside the sphere P = {χ ∈
κ2
}. The state trajecRp+1 | kχ2 k =
| max{Re[σ(A)]}|2
tories, χ(t), converge towards the interior of the sphere P
and those starting inside P never abandon the sphere. The
more negative the quantity max{Re[σ(A)]}, the smaller
the radius of the ultimate bounding sphere for χ(t). We
also have, from Eqs.(12) that the disturbance estimation
ˆ
error ξ(t) − ξ(t),
satisfies
ˆ = ξ(t) − ẑ1 = ẽ¨ + λp ẽ.
ξ(t) − ξ(t)
Given that ẽ¨ and ẽ are forced to converge to a small as
desired vicinity of the origin, the underlying disturbance
estimation error ξ(t) − ẑ1 is ultimately uniformly absolutely bounded by a small neighborhood of zero. This fact
clearly depicts the self-updating character of the implicit
time polynomial model, adopted in ẑ1 , for the lumped disturbance ξ(t). The output tracking error, eδ = Y − Y ∗ (t),
evolves according to the following linear perturbed dynamics:
ˆ
ëδ + γ1 ėδ + γ0 eδ = [ξ(t) − ξ(t)].
(15)
ˆ and ẽ˙ δ are ultimately convergent to
Since ξ(t) − ξ(t)
a small as desired vicinity of zero, the right hand side of
Eq.(15) is, therefore, uniformly absolutely bounded. The
previous result applies. Choose the controller coefficients:
{γ0 , γ1 }, so that the associated closed loop characteristic
polynomial,
pc (s) = s2 + γ1 s + γ0 = s2 + 2ζc ωc s + ωc2
exhibits its roots moderately far from the imaginary axis in
the left half portion of the complex plane. It follows that
the tracking error, eδ , and its first order time derivative, are
guaranteed to asymptotically converge towards a vicinity
of the origin of the tracking error phase space. Their trajectories remain ultimately absolutely uniformly bounded.
The coefficients λk , {k = 0, · · · , p + 1} for GPI observer are chosen according with the procedure developed
in [37]. We now reproduce this procedure for an arbitrary
p + 2-th order polynomial. Let τ be a desired settling time
addressed in [37] as the generalized time constant. Let α1
be the desired damping which will be an adjustable parameter from now on but taken to be a real positive constant
larger than 2, i.e., α1 > 2. Define
π
kπ
)+sin(
)
sin(
p+2
p+2
]α1 , k = 2, 3, · · · , p+1.
αk = [
kπ
2 sin(
)
p+2
(16)
Let a0 be an arbitrary strictly positive constant. Choose
τ a0
λ0 =
,
(17)
ap+2
with
τ p+2 a0
.
(18)
λp+2 =
3
· · · α1p+1
αp+1 αp2 αp−1
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The rest of the λ parameters in po (s) are computed via:
i

λi =

τ a0
, i = 1, 2, 3, · · · , p+1.
· · · α1i−1 λp+2
(19)

2 α3
αi−1 αi−2
i−3

This choice of the observer injection gains produces a suitable transient response of the observer with enhanced low
pass filtering features of the different variables arising from
the observer, in particular those describing the endogenous
disturbance to be rejected and the estimates of the flat output associated phase variables.

4

Linear synchronization of Thomson’s
jumping rings

Consider the problem of synchronizing two Thomson’s jumping rings (see Fig.2), in a leader-follower formation, it is desired that the leader tracks a given smooth vertical position trajectory while the follower tracks the same
path of the leader with a fixed time-delay, T . The follower
has no information, whatsoever, about the leader control
actions, nor about his state variables, nor his system model.
The follower performs only accurate measurements of the
leader position coordinates[38] . We state, respectively, the
leader and follower’s dynamic models in the Thomson’s
jumping rings
KL
d2 YL
mL 2 = −mL g + 02 uL ,
(20)
dt
ZLc YL
mF

KF
d2 YF
= −mF g + 02 uF .
2
dt
ZFc YF

(21)
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that the incremental variable YLδ = YL − ȲL , tracks the de∗
sired incremental reference position, YLδ
(t) = Y ∗ (t)−YL .
The reference trajectory tracking leader’s error: eLδ =
∗
YLδ − YLδ
(t) precisely coincides with the tracking error
∗
YL − Y (t). Then the tracking error, eLδ , satisfies
KL
d2 eLδ
=(
)uL + ξL (t),
(24)
02 Ȳ
dt2
mL ZLc
L
where ξL (t) represents an unstructured version of the state
dependent disturbance input of the leader ring. This quantity is to be treated as an unknown time-variating signal
ξL (t) = −

KL
KL ūL
u∗L (t) − (
)e + h.o.t.
02
02 Ȳ 2 Lδ
mL ZLc ȲL
mL ZLc
L
(25)

Then, the linear feedback controller for the leader ring:
02
mL ZLc
ȲL
uL = (
)[γ1L ê2Lδ + γ0L eLδ + ξˆL (t)] (26)
KL
drives the output reference trajectory tracking error eLδ and
its time derivative, ėLδ , to be ultimately uniformly bounded
around a small neighborhood of zero provided the quantities: e2Lδ , and, ξˆL (t) = z1L (t), are on-line generated by
the following linear GPI observer:

 ėˆ1Lδ = ê2Lδ + λ7L (eLδ − ê1Lδ ),


KL

 ėˆ

)uL + ẑ1L +
2Lδ = (

02

m

L ZLc ȲL



λ6L (eLδ − ê1Lδ ),
(27)
ˆ1L = ẑ2L + λ5L (eLδ − ê1Lδ ),
ż


 żˆ2L = ẑ3L + λ4L (eLδ − ê1Lδ ),




..



.

ˆ
ż6L = λ0L (eLδ − ê1Lδ ),
and the controller and observer gains are chosen so that
the following characteristic polynomials of the dominantly
linear closed loop and injected dynamics
½
pcL (s) = s2 + γ1L s + γ0L ,
(28)
poL = s8 + λ7L s7 + · · · + λ1L s + λ0L
are Hurwitz and exhibit their roots sufficiently far into the
left half of the complex plane.

4.2 The follower’s tracking problem
Fig. 2 Experimental magnetic levitation platform

4.1

The leader’s tracking problem

It is desired that the leader tracks a given smooth
trajectory specified by a position output reference signal:
Y ∗ (t). A constant equilibrium point for the learder ring’s
position is obtained from Eq.(20) as
02
mL ZLc
gȲL
YL = ȲL , ẎL = Ȳ˙ L = 0, ūL =
. (22)
KL
The tangent linearization of Eq.(20) around the equilibrium point (22) is given by
KL
KL ūL
mL YLδ = ( 02 )uLδ − ( 02 2 )YLδ ,
(23)
ZLc ȲL
ZLc ȲL
with YLδ = YL − ȲL , uLδ = uL − ūL . Being the incremental variables of the linearized model. Given an arbitrary
smooth position reference trajectory Y ∗ (t) for the leader
ring position YL , devise a linear feedback control law so

The follower is assumed, as already mentioned, to accurately measure the leader position, YL (t), at each instant
of time to asymptotically track the leaders path, with a
fixed time delay, T , given as YL (t − T ).
We concentrate now on the follower’s trajectory tracking problem. We state the problem given the follower’s
Thomson’s jumping ring model. A constant equilibrium
point for the follower ring’s position is obtained from
Eq.(21) as
02
mF ZFc
gȲF
. (29)
YF = ȲF , ẎF = Ȳ˙ F = 0, ūF =
KF
The tangent linearization of Eq.(21) around the equilibrium point Eqs.(29) is given by
K ūF
KF
(30)
mF ŸFδ = ( 02 )uFδ − ( 02 2 )YFδ ,
ZFc ȲF
ZFc ȲF
with YFδ = YF − ȲF , uFδ = uF − ūF being the incremental
variables of the linearized model. Given a measured reference trajectory: YL (t − T ) where T is a fixed, known, time
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delay, it is desired that feedback control actions be specified for the control inputs uFδ , solely, on the tracking error
information eFδ = YFδ − YLδ (t − T ), so that the tracking
error eFδ asymptotically converge to a small vicinity of the
origin. It is therefore specifically assumed that the follower
does not have information about the leader’s Thomson’s
Jumping Ring dynamic model, nor of his control actions.
Let eFδ = YFδ − YLδ (t − T ), the open loop tracking error dynamics is readily obtained by subtracting the delayed
version of Eq.(23) from Eq.(30). One obtains
KF ūF
KF
d2 eFδ
)uFδ − (
)YFδ −
=(
02 Ȳ
02 2
dt2
mF ZFc
m
F
F ZFc ȲF
KL
(
)uLδ (t − T ) +
02 Ȳ
mL ZLc
L
KL ūL
(
)YLδ (t − T ).
(31)
02 Ȳ 2
mL ZLc
L
Clearly, the tracking error dynamics for the follower, depends on the leader’s control actions uLδ (t − T ). According to the previous assumptions; this information is
not available to the follower agent. A control strategy,
that is largely independent of the leader’s state variables
and control inputs, hence robust, is based on considering
the unmeasured additive signals in the right hand side of
Eq.(31) as disturbance inputs. These unknown inputs need
to be rejected, after they are properly identified, or estimated. We thus propose the following simplified tracking
error dynamics model for the follower’s tracking problem:
d2 eFδ
KF
)uF + ξF (t),
=(
02 Ȳ
dt2
mF ZFc
F

(32)

where the time-varying function ξF (t) is obtained from
Eq.(31). The proposed simplified model (32), neglects all
the leader retarded dynamics and considers its influence as
a trivially observable perturbation that can be eliminated
from the local follower controller actions via a suitable online estimation. We state now our main result. This is,
a tracking error based feedback controller with a suitable
cancelation action,
uF = (

02
mF ZFc
ȲF
)[γ1F ê2Fδ +γ0F eFδ + ξˆF (t)],
KF

the Thomson’s ring considered in the prototype are given
in Fig.4. Each main coil has a primary winding of 1200
turns of copper wire AWG(American wire gauge) with
a 0.574 mm of diameter together with a stainless steel
core that has coupled an aluminum ring. The position
of each rings was obtained by means of an array of infrared sensors coupled with a noise filtering stage. All data
was sent to a PC by means of a data acquisition board
(Sensoray: Model 626). The control strategy was implemented on the PC making use of a MATLAB-Simulink
platform and the obtained control signals were injected
to the prototype by considering a previous conditioning
stage made by a pair of power amplifiers (Sanyo: Model
STK4050II), a sampling period of 0.5 milliseconds is considered. Fig.4 shows the experimental platform with the
two modules of the Thomson’s ring. The value of the
gains for leader and follower rings were obtained setting
the nominal equilibrium height to be: ȲL = ȲF = 20 mm,
while using a corresponding constant voltage amplitude
of V̄Lc = V̄Fc = 56 V. The considered parameters for
the ring leader: mass mL = 1.43 × 10−3 kg, the nominal value KL = 2.3275 × 10−4 N · m ·Ω/V and the
impedance ZL0 = 44.74 Ω. The parameters for the ring
follower: mass mF = 1.43 × 10−3 kg, the nominal value
KF = 1.9181 × 10−4 N · m ·Ω/V and the impedance
ZF0 = 44.7870 Ω. The reference trajectory for the leader
ring was implemented as
Y (t) = 10 + 5 sin(2ωt) cos(ωt) +
2 sin(15ωt) + 2 cos(20ωt),
π
where ω =
. The follower ring is required to track the
20
leader trajectory with a time-delay of T = 0.5 s.

(33)

where the variables ê2Fδ = ėFδ and ξF (t) = ẑ1F generated
by the following linear GPI observer:

ėˆ1Fδ = ê2Fδ + λ7F (êFδ − ê1Fδ ),



ˆ
KF



 ė2Fδ = ( mF Z 02 ȲF )uF + ẑ1F + λ6F (êFδ − ê1Fδ ),
Fc
żˆ1F = ẑ2F + λ5F (êFδ − ê1Fδ ),



..


.


ˆ
ż6F = λ0F (êFδ − ê1Fδ ),
(34)
asymptotically exponentially drives the follower’s trajectory tracking error to a small as desired vicinity of the
origin of the tracking error phase space coordinates. For,
both, the leader and follower, the linear GPI observers were
implemented setting: p = 6.
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Experimental results

Experiment 1 Figure 3 shows the schematic diagram of the experimental platform and the dimensions of

Fig. 3 Experimental system block diagram

Fig. 4 Prototype main dimensions

The design coefficients for the leader ring control
where set as
wcL = 30, ζcL = 3.
The design coefficients for the leader ring GPI observer,
the gains {λ7L , · · · , λ0L }, were chosen acordingly with
equations (16)–(19) with
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a0 =

2
ωoL
,
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ωoL = 20, α1L = 4.2, τL = 6.

The design coefficients for the follower ring control where
set to be
wcF = 25, ζcF = 2,
and the design coefficients for the follower ring GPI observer, {λ7F , · · · , λ0F }, were obtained by means of the
parameters.
2
a0 = ωoF
, ωoF = 10, α1F = 3.8, τF = 5.
The time evolution of the desired position Y ∗ (t), the leader
YL (t) and the follower YF (t) controlled trayectories are
shown in the Fig.5 from where it becomes evident the suitable tracking quality of the scheme even for a high demanding desired trayectory. The measured output signal
of the leader’s position, received by the follower, exhibits
little noise but one with sporadic bursts. This noisy signal
becomes the actual output reference trajectory for the follower with a known prescribed delay. The follower task is
to track this slightly nosy signal. This last issue is something that the leader does not deal with as compared to the
follower, since he tracks a software prescribed trajectory.
Indeed the controllers thus require different tunings. Both
performances are thus slightly different around the small
noisy bursts. The tracking errors eLδ and eFδ for the leader
and follower are shown in the Fig.6. The control action for
the leader uL and follower uF are depicted in Fig.7 where
the amplitude of the control signal is modulated by a si2π
nusuidal signal with frecuency f = 60 Hz then ωf =
.
60
Finally, the estimated disturbances ξˆL and ξˆF are shown in
Fig.8.

Fig. 7 Control input signal for leader-follower Thomson’s
jumping ring controller

Fig. 8 State dependent on-line estimated disturbance
input signal

Fig. 5 Tracking Performance of the GPI observer based
controller for leader-follower Thomson’s jumping
ring with T = 0.5 s

Experiment 2 To illustrate the robustness of the
proposed strategy, a second experiment was carried out.
An external perturbation was introduced to the system by
forcefully ‘ freezing’ the motions of the leader ring at time
t = 13 s for a period of 8 s. Notice, as depicted in the
Fig.9 , how the follower ring tracks the disturbed trajectory of the leader ring without considering the evolution
of the desired trajectory Y ∗ (t). As it is natural during the
perturbing event the tracking error eLδ of the leader ring
is increased, and it converges again to a neighborhood of
the origin when the disturbance disappears and the tracking error eFδ associated with the follower is not affected
(see Fig.10). The control actions, uL and uF , are shown in
Fig.11 while the estimated disturbance ξˆL and ξˆF are given
in Fig.12.

Fig. 6 Tracking error signals for ADRC leader-follower
Thomson’s jumping ring

Fig. 9 Performance of the GPI observer based controller for
leader-follower Thomson’s jumping ring with
T = 0.5 s
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ing tasks resulting in important time delays that affect the
on-line decisions.
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Fig. 10 Tracking errors for leader-follower
Thomson’s jumping ring controller

Fig. 11 Control input signal for perturbed leader-follower
Thomson’s jumping ring system

Fig. 12 State dependent on-line estimated disturbance
input signals
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Conclusions and future work

In this contribution, a linear output dynamic feedback
control scheme of a leader-follower trajectory tracking task
for two Thomson’s rings is presented. The problem has
been addressed from the perspective of a linear observerbased active disturbance rejection control method. The linear controller design approach, solves the follower reference path tracking problem with a fixed delay, and it only
needs the leaders delayed position measurement. Experimental results that validate the control scheme was also
presented. A possible extension, deals with the inclusion
of retarded control input actions on the part of the follower,
due to communication delays and on-board data process-
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