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Abstract
This paper introduces a model-free reinforcement learning technique that is used to solve a class of dynamic games known
as dynamic graphical games. The graphical game results from multi-agent dynamical systems, where pinning control is used
to make all the agents synchronize to the state of a command generator or a leader agent. Novel coupled Bellman equations
and Hamiltonian functions are developed for the dynamic graphical games. The Hamiltonian mechanics are used to derive the
necessary conditions for optimality. The solution for the dynamic graphical game is given in terms of the solution to a set of
coupled Hamilton-Jacobi-Bellman equations developed herein. Nash equilibrium solution for the graphical game is given in terms
of the solution to the underlying coupled Hamilton-Jacobi-Bellman equations. An online model-free policy iteration algorithm
is developed to learn the Nash solution for the dynamic graphical game. This algorithm does not require any knowledge of
the agents’ dynamics. A proof of convergence for this multi-agent learning algorithm is given under mild assumption about the
inter-connectivity properties of the graph. A gradient descent technique with critic network structures is used to implement the
policy iteration algorithm to solve the graphical game online in real-time.
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1 Introduction
This paper develops an online model-free policy iteration solution [1, 2] for a class of discrete-time dynamic graphical games developed in [3]. The information flow between the agents is governed by a communication graph. Continuous-time differential graphical
games have been developed in [4]. Novel model-free
policy iteration algorithm is developed to learn Nash solution for graphical game in real-time. This paper brings
together cooperative control, optimal control, game theory, and reinforcement learning techniques to find online solutions for the graphical game.
The optimal control theory uses the Hamilton-JacobiBellman (HJB) equation whose solution is the optimal
cost-to-go function [5,6]. Discrete-time canonical forms
for the Hamiltonian functions are found in [7–9]. The cooperative control problems involve the consensus control problems and the synchronization control problems [10–16]. The agents synchronize to uncontrollable
node dynamics in the cooperative consensus problem.
While in the synchronization control problem, the control protocols are designed such that each agent reaches
the same state [17–21].
Game theory provides a solution framework for multiagent control problems [22]. Non-cooperative dynamic
game theory provides an environment for formulating
multi-player decision control problems [23]. Each agent
finds its optimal control policy through optimizing its
performance index independently [23]. Offline solutions
for the games are given in terms of the respective coupled Hamilton-Jacobi (HJ) equations [23–25].
Approximate dynamic programming (ADP) is an approach to solve the dynamical programming problems
[1, 2, 26–31]. ADP combines adaptive critics and reinforcement learning (RL) techniques, with dynamic programming [2]. ADP techniques are developed to solve
the optimal control problem online in [2] and offline
in [29]. Morimoto et al used the concept of Q-learning
to solve the differential dynamic programming [32]. Landelius, used the action dependent heuristic dynamic
programming (ADHDP) to solve the linear quadratic
optimal control problem and showed that the solution
is equivalent to iterating the underlying Riccati equations [33]. RL is concerned with learning from interaction in a dynamic environment [34, 35]. RL algorithms
are used to learn the optimal control solutions for dynamic systems in real-time [1, 2, 34, 36, 37]. These algorithms involve policy iteration (PI) or value iteration

(VI) techniques [29,36,38–42]. New policy iteration approach employed ADP to find online solutions for the
continuous-time Riccati equations in [43]. Policy iteration solution for the adaptive optimal control problem
can be obtained by relaxing the HJB equation to the
equivalent optimization problem [44]. RL algorithms are
used to solve multi-player games for finite-state systems
in [40–42] and to learn online in real-time the solutions for the optimal control problems of the differential
games in [36–38, 45, 46]. Actor-critic neural network
structures are used to solve the graphical game using
heuristic dynamic programming (HDP) in real-time [3].
In this paper, the dynamic graphical game developed
herein, is a special case of standard dynamic game [23]
and explicitly captures the structure of the communication graph topology. The ADHDP structure for single agent [2] is extended for the case of the dynamic
graphical games and it is used to solve the game in a
distributed fashion unlike [23]. Usually, offline methods
are employed to find Nash solutions for the games in
terms of the coupled HJ equations (which are difficult
to solve) [23–25]. Herein an online adaptive learning
solution for the graphical game is given in terms of the
solution to a set of novel coupled graphical game Hamiltonian functions and Bellman equations. Policy iteration
convergence proof for the graphical game is given under
mild condition about the graph interconnectivity. In [42],
the Q learning update rule will converge to the optimal response Q-function as long as all the other agents
converge in behavior. The developed online adaptive
learning solution allows model-free tuning of the critic
networks, while partial knowledge about the game was
required in [3], [4], and [37].
The paper is organized as follows. Section 2 reviews
the synchronization control problem for multi-agent
systems on graphs. Section 3 formulates the dynamic
graphical game in terms of the coupled Bellman equations and the respective Hamiltonian functions. This section finds the solution for the graphical game in terms of
the solution to a set of coupled HJB equations. Section 4
shows that, the Nash solution for the graphical game
is given in terms of the underlying coupled (HJB) equations. Section 5 develops an online adaptive model-free
policy iteration algorithm to solve the dynamic graphical
game in real-time along with its convergence proof. Section 6 implements the online policy iteration algorithm
using critic network structures.
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2

Synchronization of multi-agent systems
on graphs

This section reviews the synchronization control
problem on communication graphs.
2.1

Graphs

The directed graph Ĝ is defined as the pair Ĝ = (V, E)
with a nonempty finite set of N vertices or agents
V = {v1 , . . . , vN } and a set of edges E ⊆ V × V [15].
The connectivity matrix E is defined such that E = [eij ]
with ei j > 0 if (v j , vi ) ∈ E and eij = 0 otherwise. The set of
the neighbors of every agent vi is Ni = {v j : (v j , vi ) ∈ E}.
Define the diagonal in-degree matrix as D = diag{di },

eij the weighted in-degree of agent i. The
with di =
j∈Ni

graph Laplacian matrix L is defined as L = D − E [15].
2.2

Synchronization and tracking error dynamics

The dynamics of each agent i is given by
xi (k + 1) = Axi (k) + Bi ui (k),

(1)

where xi (k) ∈ Rn is the state vector of agent i, and
ui (k) ∈ Rmi is the control input vector for agent i.
A leader agent v0 has the dynamics [47] x0 (k) ∈ Rn
given by

η [13] is given by
η(k) = (x(k) − x0 (k)) ∈ RnN ,

(5)

where x ∈ RnN is the global state vector with x0 = Ix0 ∈
RnN , I = 1 ⊗ In ∈ RnN×n and 1 is the N-vector of ones.
The graph is assumed to be strongly connected and
the pinning gain is gi > 0 for at least one agent i, then
the graph matrix (L + G) is nonsingular [48]. The synchronization error is bounded such that
η(k) 

ε(k)
,
σ(L + G)

(6)

where σ( · ) and σ̄( · ) denote the minimum and the maximum singular values of a matrix, respectively. For simplifying the notation, xi (k) is written as xik , and so on,
when the time index k is clear.
Our objective is to minimize the local neighborhood
tracking errors εi (k), which in view of (6) will guarantee
approximate synchronization.
The local neighborhood tracking error dynamics for
agent i are given by
εi(k+1) ≡ fi (εik , uik , u−ik )
= Aεik − (di + gi )Bi uik +



eij B j u jk ,

(7)

j∈Ni

x0 (k + 1) = Ax0 (k).

(2)

The objective of the synchronization problem is to
design the control inputs ui (k), using local neighbor information, so that all agents synchronize to the leader’s
dynamics, that is lim xi (k) − x0 (k) = 0, ∀i. The leader
k→∞

is pinned to a small percentage of the agents in the
graph.
To study synchronization on graphs, define the local
neighborhood tracking error [48] εi (k) ∈ Rn for each
agent i as

εi (k) =
eij (x j (k) − xi (k)) + gi (x0 (k) − xi (k)), (3)
j∈Ni

where gi is the pinning gain of agent i, which is nonzero
gi > 0 if agent i is coupled to the leader agent x0 [18].
The overall tracking error vector ε = [εT1 εT2 · · · εTN ]T
is given by
ε(k) = −((L + G) ⊗ In )η(k),

(4)

where G = diag{gi } ∈ RN×N is a diagonal matrix of the
pinning gains. The global synchronization error vector

where u−i are the control actions of the neighbors of
each agent i u−i = {u j | j ∈ Ni }.
Define the group of control actions of the neighbors
of each agent i and the control actions of the neighbors to the neighbors of each agent i as u−i,−{−i} =
{u j | j ∈ Ni , N{−i} } and the actions of all the agents in the
graph excluding i as uī = {u j | j ∈ N, j  i}.

3 Multi-player cooperative games on graphs
In this section, solutions for the dynamic games on
graphs are developed. These dynamic interacting games
are based on the error systems (7), which are locally
coupled in the sense that they are driven by the agent’s
control actions and those of its neighbors. The solution
for the dynamic graphical game is given in terms of the
solution to a set of novel coupled Hamiltonian functions
and Bellman equations developed herein. The ADHDP
structure for single agent [2] is extended to solve the
dynamic graphical game without knowing any of the
agents’ dynamics.
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3.1 Graphical games: performance evaluation
Graphical games are based on the interactions of each
agent i with the other players in graph. The local neighborhood dynamics (7) arise from the nature of synchronization problem for dynamic systems on communication graphs. Therefore, in order to define a dynamic
graphical game, the local performance index for each
agent i is written as
∞


Ji =

k=0

Ui (εik , uik , u−ik )

(8)

N are said to be admissible if they stabilize (7) and guarantee that Vi (ε̄ik ), ∀i are finite.
Deﬁnition 2 The dynamic graphical game with local
dynamics (7) and performance indices (8) is well-formed
if Rij  0  ei j ∈ E.
3.2

Hamiltonian function for graphical games

Given the dynamics (7) and the performance indices
(8), define the Hamiltonian function [6] of each agent i
as
Hi (ε̄ik , λi(k+1) , uik , u−ik )

and the utility function Ui for each agent i is given by
Ui (εik , uik , u−ik )
 T
1
= (εTik Qii εik + uTik Rii uik +
u jk Rij u jk ),
2
j∈Ni

(9)

where Qii  0 ∈ Rn×n , Rii > 0 ∈ Rmi ×mi , and Rij > 0 ∈
Rm j ×m j are symmetric time-invariant weighting matrices.
For the multi-player graphical game, it is desired to
determine the optimal non-cooperative solutions such
that the following distributed coupled optimizations are
solved simultaneously,
∗

Ji = min

∞


uik k=0

Ui (εik , uik , u∗−ik ),

∀i ∈ N,

(10)

where u∗−ik denotes the optimal policies in the neighboring policies. In the subsequent sections we will use
information of the neighboring states as well to define a
prototypical game theoretic framework that solves our
desired problem and the optimal policies are proved to
form a Nash equilibrium. Simulation results will show
that this formulation is more effective than just using the
current agent’s state.
Given fixed policies (μil , μ−il ) of agent i and its neighbors, the value function for each agent i is given by
Vi (ε̄ik ) =

∞

l=k

Ui (εil , μil , μ−il ),

(11)

where ε̄ik is a vector of the state εik of agent i and the
states of its neighbors ε−ik .
Remark 1 The performance index (8) measures the
performance of each agent i. The value function for each
agent i (11) captures local information. Thus, the solution structure of the value function will be given in terms
of the local vector ε̄ik . This value structure will be used
in the mathematical setup for the graphical game.
Deﬁnition 1 The control policies ūi = {uik }∞
, ∀i ∈
k=0

= λTi(k+1) (ε̄i(k+1) )ε̄i(k+1) + Ui (εik , uik , u−ik ),

(12)

where λik ≡ λi (k) is ⎡the costate variable
⎤ of each agent
⎢⎢ 0 · · · [In ]ii · · · 0 ⎥⎥
⎥⎥ ε ∈ RnNi,j . N
i, and ε̄ik = Z̃ik εk = ⎢⎢⎢⎣
i,j
⎥ k
0 · · · [In ]ij · · · 0 ⎦
denotes the number of each agent i and its neighbors j.
Denote the stationary admissible policy for each agent
i by uik = πik = πi (ε̄ik ). Thus the Hamiltonian given fixed
stationary policies for the neighbors is written such that
Hiπ (ε̄ik , λi(k+1) , uik , π−ik )
= λTi(k+1) (ε̄i(k+1) ) + Ui (εik , uik , π−ik ).

(13)

The optimal control policy based on the Hamiltonian
(13) is given by applying the stationarity condition [6]
∂Hi
= 0 such that
∂uik
u∗ik = arg min(Hiπ (ε̄ik , λi(k+1) , uik , π−ik )).

(14)

u∗ik = Mi λi(k+1) ,

(15)

uik

Then,

([· · · (gi +di ) · · · −e ji · · · ]⊗BTi ), e ji , j ∈ Ni
where Mi = R−1
ii
are the out neighbors connectivity weights.
∂Hi
Applying the optimality condition
= λik [6] yields
∂ε̄ik
the costate equation such that
λik = ĀTi λi(k+1) + Q̄i ε̄ik ,

(16)

where Āi = diag{A, . . . , A}, Q̄i = diag{. . . , Qii , . . .} ∈
RnNi, j ×nNi,j .
3.3

Bellman equation for graphical games

Herein Bellman optimality equations are developed
to solve the graphical games. The value function (11)
given stationary admissible policies yields the dynamic
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graphical game Bellman equations such that
Viπ (ε̄ik ) =

3.4 Q-function based Bellman equations

 T
1 T
π jk Ri j π jk )
(ε Qii εik + πTik Rii πik +
2 ik
j∈Ni
+Viπ (ε̄i(k+1) )

(17)

with initial conditions Viπ (0) = 0.
Define the difference of the value function ΔViπ (ε̄ik )
as
ΔViπ (ε̄ik ) = Viπ (ε̄i(k+1) ) − Viπ (ε̄ik )

∂Viπ (ε̄i(k+1) )
∂ε̄i(k+1)

.

ui

ui

∞

l=k

(25)

Since the policies π jk , j ∈ Ni are stationary admissible,
this is in fact a best response Bellman equation. Note
that Qπi (ε̄ik , uik ) is defined such that
(19)

The objective of the graphical games optimization
problem is to find for each i the optimal value function
Vio (ε̄ik ) such that
Vio (ε̄ik ) = min(Vi (ε̄ik )) = min(

Qπi (ε̄ik , uik ) = Ui (εik , uik , π−ik ) + Viπ (ε̄i(k+1) ).

(18)

and its gradient as
∇Viπ (ε̄i(k+1) ) =

Herein, ADHDP structure for single agent is extended
to formulate and solve the dynamic graphical game without knowing any of the agents’ dynamics where only local measurements are used. The solution for the graphical game is given in terms of the solution to a set of
coupled DTHJB equations.
The Q-function for each agent i is defined as follows:

Ui (εil , uil , u−il )).

Qπi (ε̄ik , uik ) = Viπ (ε̄ik ).

(26)

Therefore, the best response Bellman equation is given
by
Qπi (ε̄ik , uik ) = Ui (εik , uik , π−ik ) + Qπi (ε̄i(k+1) , πi(k+1) )
(27)

(20)

with initial conditions Qπi (0) = 0, ∀i.
Define the difference of the Q-function Qπi (ε̄ik , uik ) as

Given stationary admissible polices for the neighbors of
agent i. Applying the Bellman optimality principle yields

ΔQπi (ε̄ik , uik ) = Qπi (ε̄i(k+1) , πi(k+1) ) − Qπi (ε̄ik , uik ) (28)

Vio (ε̄ik ) = min(Ui (εik , uik , π−ik ) + Vio (ε̄i(k+1) )). (21)

and its gradient as

uik

Consequently, the optimal control policy for each agent
i is given by
uoik

= arg min(Ui (εik , uik , π−ik ) +
uik

Vio (ε̄i(k+1) )).

(22)

∇Qπi (ε̄i(k+1) , πi(k+1) ) =

∂Qπi (ε̄i(k+1) , πi(k+1) )
∂ε̄i(k+1)

.

(29)

The optimal control policy for each agent i is given
such that
πik = ũoik = arg min(Qπi (ε̄ik , uik )).

Then,

(30)

uik

Then,

πik = uoik

T
o
= R−1
ii ([· · · (gi + di ) · · · − e ji · · · ] ⊗ Bi )∇Vi (ε̄i(k+1) )

=

Mi ∇Vio (ε̄i(k+1) ).

(23)

Substituting (23) into (21) yields the graphical game Bellman optimality equations
Vio (ε̄ik )
1
= (εTik Qii εik + ∇Vio (ε̄i(k+1) )T MTi Rii Mi ∇Vio (ε̄i(k+1) )
2

+
∇V oj (ε̄ j(k+1) )T MTj Rij M j ∇V oj (ε̄ j(k+1) ))
j∈Ni

+

Vio (ε̄i(k+1) )

with initial conditions Vio (0) = 0, ∀i.

(24)

Rii ũoik +

∂Qoi (ε̄i(k+1) , πi(k+1) )
∂uik

= 0.

(31)

Therefore, the optimal control policy is given by
T
ũoik =(gi + di )R−1
ii Bi

∂Qoi (ε̄i(k+1) , πi(k+1) )

∂εi(k+1)
∂Qoi (ε̄i(k+1) , πi(k+1) )
T
− R−1
([·
·
·
e
·
·
·
]
⊗
B
)
. (32)
ji
ii
i
∂ε−i(k+1)

Rearranging this equation yields
πik = ũoik =R−1
ii ([· · · (gi + di ) · · · − e ji · · · ]
⊗ BTi )∇Qoi (ε̄i(k+1) , πi(k+1) ),

(33)
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T
∗
∗
= ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1) + Ui (εik , uik , u−ik ) = 0
(39)

which is the same as (23). Then,
πik = ũoik = Mi ∇Qoi (ε̄i(k+1) , πi(k+1) ).

(34)

Thus, the best response Bellman optimality equation
based on the Q-function (25) and optimal policies (34)
is given by
Qoi (ε̄ik , ũoik ) =

 oT
1 T
o
(ε Qii εik + ũoT
ũ jk Rij ũojk )
ik Rii ũik +
2 ik
j∈Ni
+Qoi (ε̄i(k+1) , ũoi(k+1) ),

(35)

or
Qoi (ε̄ik , ũoik )
1
=Qoi (ε̄i(k+1) , ũoi(k+1) ) + (εTik Qii εik
2
o
T
o
o
+ ∇QoT
(
ε̄
,
ũ
i(k+1)
i
i(k+1) )Mi Rii Mi ∇Qi (ε̄i(k+1) , ũi(k+1) )

(ε̄ j(k+1) , ũoj(k+1) )MTj Rij M j ∇Qoj (ε̄ j(k+1) , ũoj(k+1) )),
+ ∇QoT
j
j∈Ni

(36)
which is equivalent to (24).
3.5 Coupled Hamilton-Jacobi-Bellman equations
The Hamilton-Jacobi theory [9] is used to relate the
Hamiltonian functions (13) and the Bellman equations
(27).
Considering the Hamiltonian (13) and the Q-function
Qπi (ε̄ik , uik ) given by (26) or (27). Then, Qπi (ε̄ik , uik ) satisfies the Discrete-Time Hamilton Jacobi (DTHJ) equation

+Hiπ (ε̄ik , ∇Qπi (ε̄i(k+1) , πi(k+1) ), uik , π−ik ) = 0. (37)
This equation provides the motivation for defining the
costate variable λi(k+1) in terms of the Q-function such
that
(38)

The optimal control policy based on the Bellman optimality equation (27) is given by (34). The next result
relates the Hamiltonian (13) along the optimal trajectories and the Bellman optimality equation (36).
Theorem 1 (Discrete-time coupled HJB equation)
(ε̄ik , u∗ik ) ∈ C2 , ∀i satisfy the coupled
a) Let 0 < Qπ∗
i
DTHJB equation
∗
∗
Hiπ (ε̄ik , ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ), uik , u−ik )

πik = u∗ik = Mi ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ).

(40)

(ε̄ik , u∗ik ) satisfies the Bellman optimality equaThen, Qπ∗
i
tion (36).
b) Let (A, Bi ), ∀i be reachable for each agent i. Let
(ε̄ik , u∗ik ) ∈ C2 , ∀i satisfy (36). Then Qπ∗
(ε̄ik , u∗ik )
0 < Qπ∗
i
i
satisfies (39).
Proof a) If Qπ∗
(ε̄ik , u∗ik ) satisfies (39) and u∗ik is given
i
π
(ε̄i(k+1) , πi(k+1) ), u∗ik , u∗−ik ) =
by (40), then Hi (ε̄ik , ∇Qπ∗
i
(ε̄ik , u∗ik ) =
0. Then, the DTHJ equation yields ΔQπ∗
i
π∗
T
π∗
∇Qi (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1) . Therefore, Qi (ε̄ik , u∗ik ) satisfies (36).
b) Completing the squares on the Hamiltonian (13)
for arbitrary smooth function Qπi (ε̄ik , uik ) yields
Hiπ (εi , ∇Qπi (ε̄i(k+1) , πi(k+1) ), uik , π−ik )

= Hiπ (εi , ∇Qπi (ε̄i(k+1) , πi(k+1) ), u∗ik , u∗−ik )
1
+ (uik − u∗ik )T Rii (uik − u∗ik )
2
u∗T
R (π jk − u∗jk )
+
jk ij
j∈Ni

+

1 
(π jk − u∗jk )T Rij (π jk − u∗jk )
2 j∈Ni

+ ∇−i Qπi (ε̄i(k+1) , πi(k+1) )T ( ḡi B̄i (ū−ik − ū∗−ik ))

+ ∇i Qπi (ε̄i(k+1) , πi(k+1) )T
eij B j (π jk − u∗jk ),

(41)

j∈Ni

where

ΔQπi (ε̄ik , uik ) − ∇Qπi (ε̄i(k+1) , πi(k+1) )T ε̄i(k+1)

λi(k+1) = ∇Qπi (ε̄i(k+1) , πi(k+1) ).

with initial condition Q∗i (0) = 0, where

ū−ik = [uTj uTc uTc uTj ]T , {j, j } ∈ Ni , c ∈ N j ,
c ∈ N j , {c, c }  i, u∗ik = Mi ∇Qπi (ε̄i(k+1) , πi(k+1) ),
B̄i = diag{B j , Bc , Bc , . . . , B j },
⎤
⎡
⎥⎥
⎢⎢ −(g j + d j ) e jc e jc
e jj
⎥⎥
⎢⎢⎢
⎥⎥
.
.
.
.
..
.. ..
..
⎥⎥ ⊗ In ,
ḡi = ⎢⎢⎢⎢
⎥⎥
⎢⎢
⎥⎦
⎣
e j c e j c −(g j + d j )
ej j
∇i Qπi (ε̄i(k+1) , πi(k+1) ) =

∂Qπi (ε̄i(k+1) , πi(k+1) )

∇−i Qπi (ε̄i(k+1) , πi(k+1) ) =

,
∂εi(k+1)
∂Qπi (ε̄i(k+1) , πi(k+1) )
∂ε−i(k+1)

.

The Hamiltonian with smooth value function
(ε̄i(k+1) , πi(k+1) ) for arbitrary policy uik is given by
Qπ∗
i
Hiπ (εi , ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ), uik , π−ik )
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T
= Ui (εik , uik , π−ik ) + (∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1) )
 ∗T
1
u jk Rij (π jk − u∗jk )
= (uik − u∗ik )T Rii (uik − u∗ik ) +
2
j∈Ni
1 
(π jk − u∗jk )T Rij (π jk − u∗jk )
+
2 j∈Ni
T
∗
+ ∇−i Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ( ḡi B̄i (ū−ik − ū−ik ))

T
+ ∇i Qπ∗
eij B j (π jk − u∗jk ).
i (ε̄i(k+1) , πi(k+1) )

(42)

j∈Ni

Q̃πi (ε̄ik , uik ) = Ui (εik , uik , π−ik )

T
+∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1)

T
−∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1)

+Q̃πi (ε̄i(k+1) , πi(k+1) ).

(43)

Introducing the Hamiltonian (42) into this equation
yields

+Rii (uoik − u∗ik ) = 0.

Then,
(uoik − u∗ik ) = Mi (∇Q̃oi (ε̄i(k+1) , πi(k+1) )

(46)

The hessians of the Hamiltonians (13) and Bellman
equations (27) are positive definite such that ∇2uik (Hiπ ) =
Rii > 0 and ∇2uik (Q̃πi ) = Rii > 0. Therefore, the optimal
control policy is unique, that is u∗ik = uoik , ∀k.
Equations (46) and (16) yield
⎧
⎪
o
−1 T Tp
π∗
⎪
⎨ (gi + di )Rii Bi A (∇i Q̃i − ∇i Qi ) = 0,
⎪
⎪
⎩ e ji R−1 BT ATp (∇ j Q̃o − ∇ j Qπ∗ ) = 0, p = 0, 1, . . . , n − 1.
ii
i
i
i
(47)

Ũi = [Bi ABi A2 Bi · · · An−1 Bi ]

j∈Ni

T
∗
+ ∇−i Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ( ḡi B̄i (ū−ik − ū−ik ))
π∗
T 
+ ∇i Qi (ε̄i(k+1) , πi(k+1) )
eij B j (π jk − u∗jk )
j∈Ni

(48)

under the hypothesis that the reachability matrix Ũi has
(0) = 0 and Q̃oi (0) = 0
full rank. Therefore, since Qπ∗
i
then,
Q̃oi (ε̄i(k+1) , πi(k+1) ) = Qπ∗
i (ε̄i(k+1) , πi(k+1) ), ∀k.

(49)


T
− (∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1) )

+

Rii Mi (∇Q̃oi (ε̄i(k+1) , πi(k+1) ) − ∇Qπ∗
(ε̄i(k+1) , πi(k+1) ))
i

The reachability matrix

1
Q̃πi (ε̄ik , uik ) = (uik − u∗ik )T Rii (uik − u∗ik )
2
1 
(π jk − u∗jk )T Rij (π jk − u∗jk )
+
2 j∈Ni
 ∗T
+
u jk Rij (π jk − u∗jk )

Q̃πi (ε̄i(k+1) , πi(k+1) ).

yields the control policy uoik such that

−∇Qπ∗
i (ε̄i(k+1) , πi(k+1) )).

Let the value function Q̃πi (ε̄ik , uik ) satisfy Bellman
equation (27). Rearranging this equation yields
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(44)

( · ), deAssociated to the optimal value functions Qπ∗
i
fine the optimal performance indices (8) as Ji∗ ( · ) with

Applying the Bellman’s optimality principle, yields that
Q̃oi (ε̄ik , uik ) satisfies the following optimality equation

optimal control policies given by (40).

Q̃oi (ε̄ik , uoik ) = min(Q̃πi (ε̄ik , uik ))

4 Nash solution for the dynamic graphical
game

uik

= min( 12 (uik − u∗ik )T Rii (uik − u∗ik )
uik
 ∗T
+
u jk Rij (π jk − u∗jk )
j∈Ni

1 
(π jk − u∗jk )T Rij (π jk − u∗jk )
+
2 j∈Ni
T
∗
+∇−i Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ( ḡi B̄i (ū−ik − ū−ik ))

T
+∇i Qπ∗
eij B j (π jk − u∗jk )
i (ε̄i(k+1) , πi(k+1) )
j∈Ni

4.1 Nash equilibrium for the graphical games

T
−(∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1) )

+Q̃πi (ε̄i(k+1) , πi(k+1) )).

Applying the stationarity condition

(45)
∂Q̃πi (ε̄ik , uik )
∂uik

The objective of the dynamic graphical game is to
solve the non-cooperative minimization problems (20),
which lead to the Bellman optimality equations (36). In
this section, it is shown that, the solution of the coupled
Bellman optimality equations (36) is a Nash equilibrium
solution for the dynamic graphical game.

= 0

Nash equilibrium solution for the game is defined as
follows [23]
Deﬁnition 3 The N-player game with N-tuple of
optimal control policies {u∗1 , u∗2 , . . . , u∗N } is said to have a
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Nash equilibrium solution if for all i ∈ N
Ji∗  Ji (u∗i , u∗ī )  Ji (ui , u∗ī ).

Rearranging (53) yields
(50)

4.2 Stability and Nash solution for the graphical
games
Stable Nash solution for the dynamic graphical game
is shown to be equivalent to the solution of the underlying coupled Bellman optimality equations (24) or (36).
Theorem 2 (Stability and Nash equilibrium solution)
(ε̄ik , u∗ik ) ∈ C2 satisfy the DTHJB (39) or the
Let 0 < Qπ∗
i
Bellman optimality equation (36). Let all agents use the
control policies (40). Then,
a) all agents synchronize to the leader’s dynamics (2);
(ε̄il , u∗il );
b) the optimal performance index is Jil∗ = Qπ∗
i
and
c) the tuple {u∗i , u∗ī } represents the Nash equilibrium
solution for the graphical game.
Proof a) The value function Qπ∗
(ε̄ik , u∗ik ) satisfies the
i
Bellman optimality equation (36) such that
∗
π∗
∗
∗
∗
∗
Qπ∗
i (ε̄i(k+1) , ui(k+1) )−Qi (ε̄ik , uik ) = −Ui (εik , uik , u−ik ) < 0.

(51)
Therefore, Qπ∗
(ε̄ik , u∗ik ) serves as a Lyapunov function,
i
and the error systems (7) are asymptotically stable. Let
the graph have a spanning tree (i.e., the graph is strongly
connected) with the pinning gain into at least one root
agent nonzero. Then according to (6), all agents asymptotically synchronize to the leader’s dynamics (2).
b) Using Theorem 1 and DTHJB (39), then the Hamiltonian (41) for arbitrary control policies is given by
Hiπ (εik , ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ), uik , π−ik )

∗
∗
∗
= Hiπ (εi , ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ), uik , u jk )

1
R (π jk − u∗jk )
+ (uik − u∗ik )T Rii (uik − u∗ik )+ u∗T
jk ij
2
j∈Ni
1 
(π jk − u∗jk )T Rij (π jk − u∗jk )
+
2 j∈Ni
T
∗
+∇−i Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ( ḡi B̄i (π̄−ik − ū−ik ))

T
+∇i Qπ∗
eij B j (π jk − u∗jk ).
i (ε̄i(k+1) , πi(k+1) )
j∈Ni

∞

k=l

k=l

The Hamiltonian for arbitrary control inputs is given
by
Hiπ (εik , ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ), uik , π−ik )
T
= Ui (εik , uik , π−ik ) + (∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1) )|uik ,π−ik .
(55)

The Hamiltonian for optimal control inputs is given
by
∗
∗
∗
Hiπ (εik , ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ), uik , u−ik )
T
∗
∗
∗
= ∇Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ε̄i(k+1) |u∗ ,u∗ + Ui (εik , uik , u−ik )
ik

(52)

Ui (εik , uik , π−ik ). (53)

(ε̄i (∞), πi (∞)) = 0.
The result in part a) yields, Qπ∗
i

−ik

= 0.

(56)

Using (55) and (56) in (54) yields
∗
Jilπ =Qπ∗
il (ε̄il , uil ) +

∞ 1

( (uik − u∗ik )T Rii (uik − u∗ik )
k=l 2

1 
(π jk − u∗jk )T Ri j (π jk − u∗jk )
2 j∈Ni
 ∗T
+
u jk Rij (π jk − u∗jk )

+

j∈Ni

T
∗
+ ∇−i Qπ∗
i (ε̄i(k+1) , πi(k+1) ) ( ḡi B̄i (π̄−ik − ū−ik ))

T
+ ∇i Qπ∗
ei j B j (π jk − u∗jk )). (57)
i (ε̄i(k+1) , πi(k+1) )
j∈Ni

At optimal control policies (uik = u∗ik , π jk = u∗jk ), the optimal performance index (at time index l) (57) is given
by the unique value Qπ∗
(ε̄il , u∗il ) such that
il
∗
Jil∗ = Qπ∗
il (ε̄il , uil ).

(58)

c) Given that the summation of the performance index (54) is always positive for arbitrary control policies
such that
∞

k=l

The performance index at time index l is given by
Jilπ = Qπ∗
i (ε̄i (∞), πi (∞)) +

∗
Jilπ = Qπ∗
il (ε̄il , uil )
∞

+ (Ui (εik , uik , π−ik ) − Ui∗ (εik , u∗ik , u∗−ik )). (54)

Ui (εik , uik , u∗−ik ) − Ui∗ (εik , u∗ik , u∗−ik ) > 0.

(59)

Then, according to (59), the argument of the performance index (57) is positive for arbitrary control policy.
Then, (59) and (54) yield
Jil∗ (u∗il , u∗īl )  Jilπ (uil , u∗īl ).

(60)

Therefore, Nash equilibrium exists according to Definition 3.
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5

Model-free reinforcement learning solution

In this section, an online model-free policy iteration
algorithm is developed to solve the discrete-time dynamic graphical games in real-time. This is a cooperative version of the ADP single agent’s methods introduced in [1, 2]. Specifically, the single agent (ADHDP)
algorithm is extended to solve the multi-player dynamic
graphical game.
The Q-function is expressed in terms of the agent
control input, state of each agent i, and the states of its
neighbors such that
⎡ ⎤
⎢⎢ ε̄ik ⎥⎥
1 T T
Q̃i = [ ε̄ik uik ]H̃i ⎢⎢⎢⎣ ⎥⎥⎥⎦ ,
2
uik
⎡
⎢⎢ H̃i(εik εik ) H̃i(εik εyk ) · · ·
⎢⎢
⎢⎢
⎢⎢ H̃i(εyk εik ) H̃i(εyk εyk ) · · ·
⎢⎢
⎢
..
..
H̃i = ⎢⎢⎢⎢
.
.
⎢⎢
⎢⎢
⎢⎢ H̃i(εrk εik ) H̃i(εrk εyk ) · · ·
⎢⎢
⎣
H̃i(uik εik ) H̃i(uik εyk ) · · ·

(61)
⎤
H̃i(εik εrk ) H̃i(εik uik ) ⎥⎥⎥
⎥⎥
H̃i(εyk εrk ) H̃i(εyk uik ) ⎥⎥⎥
⎥⎥
⎥⎥
..
..
⎥⎥ ,
.
.
⎥⎥
⎥⎥
H̃i(εrk εrk ) H̃i(εrk uik ) ⎥⎥⎥
⎥⎥
⎦
H̃i(uik εrk ) H̃i(uik uik )

where H̃i is the solution matrix for each agent i, H̃i(uik εik )
is a sub-block of the matrix H̃i with the appropriate position indices (uik , εik ). The optimal control policy is given
so that
∂Q̃i
= arg min(Q̃i ) = 0
∂uik
uik
⇒ 2H̃i(uik uik ) uik + 2H̃i(uik εik ) εik +


j∈Ni

2H̃i(uik ε jk ) ε jk = 0.
(62)

Then,
−1
uik = −H̃i(u
H̃i(uik εik ) εik −
ik uik )


j∈Ni

−1
H̃i(u
H̃i(uik ε jk ) ε jk . (63)
ik uik )

The following algorithm solves the Bellman optimality
equations (36) for the optimal game values and policies.
Algorithm 1 (Model-free policy iteration algorithm)
1) Start with arbitrary initial admissible policies u0ik
and values Q̃0i (ε̄ik , u0ik ).
2) Solve for Q̃li (ε̄ik , ulik ), ∀i using
(ul ,ul )

ik −ik
Q̃li (ε̄ik , ulik ) = Ui (εik , ulik , ul−ik ) + Q̃li (ε̄i(k+1)
, uli(k+1) ).

(64)

63

3) Find the policy ul+1
using
ik
−1(l)
l
εik
H̃i(u
ik εik )
ik uik )

ul+1
ik = −H̃i(u

−


j∈Ni

−1(l)
l
ε jk ,
H̃i(u
ik ε jk )
ik uik )

H̃i(u

∀i.
(65)

4) On convergence of H̃il+1 − H̃il  End, otherwise repeat steps 2) and 3).
Remark 2 If Algorithm 1 converges to the optimal
(ε̄ik , u∗ik ), ∀i and the optimal policies
value function Qπ∗
i
∗
uik , ∀i then (64) and (65) hold simultaneously. In view of
(ε̄ik , u∗ik ), ∀i
(63) and Theorem 1, the value functions Qπ∗
i
satisfy the coupled Bellman optimality equations (36)
and the coupled DTHJB equations (39).
Remark 3 This algorithm does not require the
knowledge of any of the agents’ dynamics in the systems (7).
Remark 4 The Policy improvement step (65) in Algorithm 1 does not require the graph to be undirected
as previously imposed by the optimal policy structure (34) where the out-neighbor information are required. Thus, step (65) enables Algorithm 1 to solve the
dynamic graphical games with directed or undirected
graph topologies.
Remark 5 To solve the Bellman equations (64), numerous instances of (64) must be obtained at successive
time instants. For these equations to be independent,
a persistence of excitation condition is needed as per
standard usage. This is further discussed in Remark 6
immediately before Section 6.1.
The following theorem provides the convergence
proof for Algorithm 1 when all agents update their policies simultaneously.
Theorem 3 (Policy iteration convergence proof) Let
all agents perform Algorithm 1 simultaneously. Assume
that all the initial policies u0ik , ∀i are admissible. Suppose
R ), ∀i are small. Then,
that σ̄(R−1
jj ij
a) ulik , ∀i, l > 0 are stabilizing and hence admissible
policies.
b) Policy iteration Algorithm 1 generates monotonically decreasing sequence of value functions Q̃lik , ∀i such
l+1
 Q̃lik , ∀i and this sequence conthat 0  . . .  Q̃ik
verges to the best response value functions Q̃∗i , ∀i that
satisfy the coupled DTHJB equations (39).
Proof a) Equations (27) or (64) yield,
(ul ,ul )

(ul ,ul−ik )

ik −ik
Q̃li (ε̄i(k+1)
, uli(k+1) ) − Q̃li (ε̄ik ik

, ulik ) < 0, ∀i, l. (66)
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Thus, the value functions Q̃li , ∀i, l are Lyapunov functions
for arbitrary policies uli , ∀i, l.
Assuming u0ik , ∀i are admissible, then there exist value
functions Q̃li , ∀i that satisfy (26) or (64) such that
(ul ,ul−ik )

Q̃li (ε̄ik ik

, ulik ) =

∞

m=k

Ui (εim , ulim , ul−im )
(ul+1 ,ul−ik )

=Q̃li (ε̄ik ik

where ΔŨk (uli , ul+1
)=
i

l l+1
, ul+1
ik ) + ΔŨk (ui , ui ),
(67)

∞ 1

T
( (ulim −ul+1
) Rii (ulim −ul+1
)+
im
im
m=k 2

(l+1)T

)).
uim Rii (ulim − ul+1
im
l+1
The policies uik , ∀i, l are given by (65). Therefore,
) > 0 and (67) yields
ΔŨk (uli , ul+1
i
(ul ,ul )
Q̃li (ε̄ik ik −ik , ulik )

>

(ul+1 ,ul )
Q̃li (ε̄ik ik −ik , ul+1
ik ).

yield
(ul ,ul−ik )

Q̃li (ε̄ik ik

(ul+1 ,ul−ik )

, ulik ) > Q̃li (ε̄ik ik

(ul+1 ,ul+1
)
−ik

l
ik
, ul+1
ik ) > Q̃i (ε̄ik

)  0 indicates that choosThe assumption ΔŨk (ul−i , ul+1
−i
−1
ing small values of σ̄(R jj Rij ) guarantees that (71) is satisfied. This can be guaranteed for any choice of Rij of agent
, ∀i, l are
i by selecting R jj large enough. Therefore, ul+1
ik
stabilizing policies and hence admissible.
b) Equation (66) yields
(ul+1 ,ul+1 )

(ul+1 ,ul+1
)
−ik

l
ik
−ik
ik
, ul+1
Q̃li (ε̄i(k+1)
i(k+1) ) − Q̃i (ε̄ik

, ul+1
ik ) < 0.

(ul+1 ,ul+1
)
−ik

l+1
ik
−ik
ik
, ui(k+1)
) − Q̃l+1
Q̃l+1
i (ε̄i(k+1)
i (ε̄ik

(68)

, ul+1
ik )

l+1
+Ui (εik , ul+1
ik , u−ik ) = 0.

(75)

Equations (74), (75), and the assumption (72) yield

(ul+1 ,ul ) l+1
Q̃li (ε̄ik ik −ik , uik
)
∞

=
Ui (εim , ul+1
, ul−im )
im
m=k
(ul+1 ,ul+1 )
l
l+1
= Q̃li (ε̄ik ik −ik , ul+1
ik ) + ΔŨk (u−i , u−i ).

The assumption that
(ul+1
,ul−ik )
ik

Q̃li (ε̄ik

l+1
)
ΔŨk (ul−i , u−i

(ul+1 ,ul+1 )

(ul+1 ,ul+1 )

l
, ul+1
ik ) > Q̃i (ε̄ik

, ul+1
ik ).

−

−

uljk )

> 0.

(ul+1 ,ul+1
)
−ik

(70)

∞


(ul+1 ,ul+1 )

k=K̃

<

∞


(ul+1 ,ul+1 )

k=K̃

(ul+1 ,ul+1
)
−ik

(ul+1 ,ul+1
)
−iK̃

, ul+1
) − Q̃li (ε̄iK̃iK̃
i∞

l+1
(ul+1 ,u−i∞
)

i∞
(ε̄i(∞)
< Q̃l+1
i

(ul+1 ,ul+1
)
−i∞

j∈Ni

o∈N j

ul ,ul

(72)

where Δuljk = (uljk − ul+1
).
jk
Under the assumption (72). Inequalities (68) and (70)

, ul+1
)).
ik

This reduces to

i∞
(ε̄i(∞)
Q̃l+1
i

, ul+1
)
iK̃

(ul+1 ,ul+1
)
−iK̃

, ul+1
) − Q̃l+1
(ε̄iK̃iK̃
i∞
i

i∞
Part a) implies that Q̃li (ε̄i(∞)

 1
σ(Ri j )Δuljk 
j∈Ni 2
uljk ,ul−jk

>
(g j + d j )σ̄(R−1
R )((g j + d j )∇ j Ṽ lj (ε̄ j(k+1)
)
jj ij

, ul+1
))
ik

ik
−ik
(Q̃l+1
(ε̄i(k+1)
, ul+1
) − Q̃l+1
(ε̄ik ik
i
i
i(k+1)

(ul+1 ,ul+1
)
−i∞

(71)

(ul+1 ,ul+1
)
−ik

l+1
ik
−ik
(Q̃li (ε̄i(k+1)
, ui(k+1)
) − Q̃li (ε̄ik ik

i∞
Q̃li (ε̄i(∞)

Using the norm properties on this inequality yields

jk −jk
(e jo ∇0 Ṽ lj (ε̄ j(k+1)
)))B jk ,

(76)

Applying the summation on (76) such that

(ul+1 ,ul+1
)
−i∞



, ul+1
ik ).

(69)

 1 l
T
) Rij (uljk − ul+1
)
(u jk − ul+1
jk
jk
2
j∈Ni
(l+1)T
u jk Rij (ul+1
jk

, ul+1
ik )

l+1
ik
−ik
ik
, ul+1
 Q̃l+1
i (ε̄i(k+1)
i(k+1) ) − Q̃i (ε̄ik

> 0, guarantees that

(ul+1
,ul+1
)
ik
−ik

(ul+1 ,ul+1
)
−ik

l
ik
−ik
ik
, ul+1
Q̃li (ε̄i(k+1)
i(k+1) ) − Q̃i (ε̄ik

Thus ΔŨk (ul−i , ul+1
)  0 is a sufficient condition for sta−i
bilization is, which is guaranteed by

+

(74)

Equation (26) or (64) yields
(ul+1 ,ul+1 )

Similarly,

, ul+1
ik ).
(73)

, ul+1
).
iK̃

, ul+1
) → 0 and
i∞

, ul+1
) → 0 such that
i∞

(ul+1 ,ul+1
)
−iK̃

iK̃
Q̃l+1
i (ε̄iK̃

(ul+1 ,ul+1
)
−iK̃

, uil+1
) < Q̃li (ε̄iK̃iK̃
K̃

, ul+1
).
iK̃

(77)

Therefore, by induction (77) yields
0 < . . . < Q̃l+1
< Q̃li < . . . < Q̃0i , ∀i, l.
i

(78)

The stabilizing policies (65) form a Nash equilibrium
tuple for the dynamic graphical game. The decreasing
(u0 ,u00 )

sequence (78) is bounded by {0, Q̃0i (ε̄i0 i0

, u0i0 )}. Then
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the best response value function solutions Q̃∗i , ∀i exist
and satisfy (39) according to Theorem 2 such that

is given by (65) with H̃i = W̃ic such that
−1
ûik = −W̃ic(
ûik ûik ) W̃ic(ûik εik ) εik −

0 < . . . < Q̃∗i . . . < Q̃l+1
< Q̃li < . . . < Q̃0i , ∀i, l. (79)
i

This result shows that Algorithm 1 converges when
the performance indices are suitably chosen.

6

Q̂ik ( · |W̃ic ) =

1 T T
L W̃ Lik ,
2 ik ic

(nNi,j +mi )×(nNi, j +mi )

(80)

, ∀i are the weights
where W̃ic ∈ R
of the approximated structures Q̂ik ( · |W̃ic ), ∀i. Lik =
[εTik · · · εT−ik ûTik ]T is a vector of the state εik and the
control action approximation of each agent i ûik , and the
states of its neighbors ε−ik .
The control policy is given in terms of the structure
Q̂ik ( · |W̃ic ) weights. The update of the control policy ûik


j∈Ni

−1
W̃ic(
W̃
ε ,
ûik ûik ) ic(ûik ε jk ) jk

(81)
where W̃ic(ûik εik ) represents the block matrix defined by
the positions of control action approximation and the
state i.
The policy iteration Algorithm 1 requires that the approximation of the Q-function (80) to be written as

Critic network solutions for the graphical
games

It is not clear how to best implement Algorithm 1. In
the single-agent case the implementation details do not
matter too much. Proper implementation of Algorithm 1
is needed for multi-agent graphical games where numerous agents are learning. There are different methods
that are used to implement Policy Iteration Algorithm 1,
these involve least squares, batch least squares, ActorCritic neural network, etc. Herein, we present a novel
method for implementing Algorithm 1 for multi-agent
learning on graphs, wherein all agents learn simultaneously and computations are reduced. Algorithm 2 will be
formulated such that it uses only critic networks. This
is the easiest way to implement Algorithm 1, without
the difficulties that are associated with the other methods. Algorithm 2 will use gradient descent to tune the
weights of the critic at each iteration.
This section develops an online model-free critic network structure based on the Q-function value approximation (61) that is used to solve the dynamic graphical
games in real-time. This is motivated by the graph games
Algorithm 1. Each agent i has its own critic to perform
the value evaluation using local information. The policy
of each agent i is improved using (65).
The Q-function for each agent i Qi (ε̄ik , uik ) (61) is
approximated by the critic neural network structure
Q̂i ( · |W̃ic ), such that
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Q̂ik ( · |W̄ic ) = W̄icT L̄ik ,

(82)

where L̄i ∈ R(nNi, j +mi )(nNi, j +mi +1)/2×1 denotes the Kronecker product quadratic polynomial basis vector with
elements {(L̄i )q (L̄i )r }q=1:(nNi,j +mi ); r=1:(nNi,j +mi ) and W̄ic =
υ(W̃ic ) with υ( · ) a vector valued matrix function that
acts on the symmetric matrices and returns a column
vector.
Using (82), the Bellman equation (64) is written such
that
W̄icT (L̄ik − L̄i(k+1) )
 T
1
= (εTik Qii εik + ûTik Rii ûik +
û jk Rij û jk ).
2
j∈Ni

(83)

The vectors W̄ic , ∀i are calculated in real-time as will
be shown below.
The critic network structure for each agent i performs
the evaluation (64). The policy improvement (65) depends on the evaluated value function (64).
Q̃ (ε̄ ,û )

Let ε̄iki ik ik be the target value of the neural network
structure Q̃i (ε̄ik , ûik ) = (Q̂ik ( · |W̃ic ) − Q̂i(k+1) ( · |W̃ic )) such
that
Q̃ (ε̄ik ,ûik )

ε̄iki

=

 T
1 T
(εik Qii εik + ûTik Rii ûik +
û jk Ri j û jk ). (84)
2
j∈Ni

The neural network approximation error is given by
Q̃ (ε̄ik ,ûik )

ξε̄iki

Q̃ (ε̄ik ,uik )

= ε̄iki

− Q̃i (ε̄ik , ûik ).

(85)

The square sum of the approximation error for each
neural network i can be written as
1 Q̃i (ε̄ik ,ûik ) T Q̃i (ε̄ik ,uik )
) ξε̄ik
(ξ
2 ε̄ik
1
Q̃ (ε̄ ,û )
= ε̄iki ik ik − W̄icT (L̄i(k,k+1) )22 ,
2

erri =

Q̃ (ε̄ ,û )

(86)

where ε̄iki ik ik ∈ R1×(nNi, j +mi )(nNi,j +mi +1)/2 is a row vector of the target values (84) for (nNi,j + mi )(nNi,j +
mi + 1)/2 samples, and (L̄i(k,k+1) ) is a square matrix
of (nNi,j + mi )(nNi,j + mi + 1)/2 samples of (L̄ik − L̄i(k+1) ).
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The change in the critic neural network weights is
given by gradient descent on this function whose gradient is
−ΔW̄iclT =(

Q̃ (ε̄ik ,ûik )

∂erri
Q̃ (ε̄ik ,ûik )

∂ξε̄iki

)(

Q̃ (ε̄ik ,ûik )

=(ε̄iki

∂ξε̄iki

)|W̄T =W̄lT

∂W̄icT

ic

ic

− W̄iclT (L̄i(k,k+1) ))) × (L̄i(k,k+1) )T .
(87)

Therefore, the update rules for the network weights are
given by
(l+1)T

W̄ic

Q̃ (ε̄ik ,ûik )

= W̄iclT − μ̃ic (ε̄iki

−W̄iclT (L̄i(k,k+1) ))(L̄i(k,k+1) )T ,

(88)

where 0 < μ̃ic < 1 is the network-learning rate.
Remark 6 To solve for the weights W̄ic , ∀i in the approximated Bellman equation (83), numerous instances
of (83) must be obtained at successive time instants.
For these equations to be independent, a persistence
of excitation condition is needed. Our approach uses
the gradient descent algorithm (87) to solve these equations, and hence a PE condition is also needed. This
can be achieved by adding probing noise to the control,
which is decayed to zero with time as the solution to
(83) is learned.
6.1 Network weights online tuning in real-time
The following algorithm is used to tune the critic network weights in real-time using data measured along
the system trajectories.
Algorithm 2 (Network weights online tuning)
1) Initialize the critic weights W̄ic0 .
2) Do Loop (l iterations).
2.1) Start with given initial states ε̄i0 ∀i on the system
trajectory.
Do Loop (s iterations).
a) The network weights are given by W̄ics = W̄icl , ∀i.
b) Calculate ûsi , ∀i using (81).
c) Measure the dynamics ε̄si(k+1) , ∀i.
d) Evaluate the values Q̃si (ε̄ik , ûik ), ∀i using (82).
End Loop when s = (nNi,j + mi )(nNi,j + mi + 1)/2.
2.2) Critic network weights update rule
(l+1)T

W̄ic

Q̃ (ε̄ik ,ûik )

=W̄iclT − μ̃ic (ε̄iki

− W̄iclT (L̄i(k,k+1) ))(L̄i(k,k+1) )T ,
Q̃ (ε̄ik ,ûik )

where ε̄iki

is given by (84).

2.3) On convergence of Q̃l+1
− Q̃li  End, otherwise
i
repeat steps 2.2) (l increment) and 2.3).
Remark 7 Algorithm 2 uses gradient descent technique to tune the critic network weights at each iteration. Theorem 3 proved the convergence of Algorithm 1
at each step. Assuming that the gradient descent algorithms converge exactly at each iteration, then Algorithm 2 at each step solves first the Bellman equation
(64) and then the action update (65). Unfortunately, gradient descent cannot always be guaranteed to converge
to the exact solutions in the approximation structures.
However, simulations have shown the effectiveness of
this algorithm.
6.2

Graphical game example and simulation results

In this section the graphical game problem is solved
online in real-time using Algorithm 2. Simulations are
performed to verify the proper performance of Algorithm 2.
Consider the directed graph with four agents shown
in Fig. 1.
The data of the graph example are given as follows:
Agents’ dynamics:
⎤
⎡
⎤
⎡
⎢⎢ 0.995 0.09983 ⎥⎥
⎢⎢ 0.2047 ⎥⎥
⎥⎥⎥ , B1 = ⎢⎢⎢
⎥⎥
A = ⎢⎢⎢⎣
⎣ 0.08984 ⎥⎦ ,
−0.09983 0.995 ⎦
⎤
⎤
⎡
⎡
⎡ ⎤
⎢⎢ 0.2147 ⎥⎥
⎢⎢ 0.2097 ⎥⎥
⎢⎢ 0.2 ⎥⎥
⎥
⎥
⎢
⎢
⎥⎥ , B3 = ⎢⎢
⎥⎥ , B4 = ⎢⎢⎢ ⎥⎥⎥ .
B2 = ⎢⎢⎣
⎦
⎦
⎣
⎣ 0.1 ⎦
0.2895
0.1897
Pinning gains: g1 = 0, g2 = 0, g3 = 0, g4 = 1 .
Graph connectivity matrix: e12 = 0.8, e14 = 0.7, e23 =
0.6, e31 = 0.8.
Performance index weighting matrices: Q11 = Q22 =
Q33 = Q44 = I2×2 , R11 = R22 = R33 = R44 = 1,
R13 = R21 = R32 = R41 = 0, R12 = R14 = R23 = R31 = 1.
The learning rates are μ̃ic = 0.0001, ∀i.

Fig. 1 Graphical game example.

Fig. 2 shows that, the neighborhood tracing error dynamics go to zero. Fig. 3 shows that, the dynamics of
the agents synchronize to the leader while preserving
the optimal behavior. Fig. 4 shows a 3D phase plane
plot of the agents’ dynamics. This figure shows that,
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the agents synchronize to the leader agent’s dynamics.
These figures show that Algorithm 2 yields stability and
synchronization to the leader’s state. As shown in Remark 7, the gradient descent technique is assumed to
converge at each step. Thus, a slow learning rate is chosen. The Policy Iteration Algorithm 2, guarantees the
convergence of the agents to the leader’s dynamics. For
this graphical example, outer loop iterations in Algorithm 2 l = 60 to l = 70 are enough to maintain the
synchronization.
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7 Conclusions
This paper studies a class of discrete-time dynamical
games known as dynamic graphical games. Novel coupled Bellman equations and Hamiltonian functions are
developed to solve the graphical game. Optimal control
solutions for the dynamic graphical game are given in
terms of the solutions to a set of coupled DTHJB equations. The stability and Nash solutions for the dynamic
graphical game are proved. An online model-free policy
iteration algorithm is developed to solve the dynamic
graphical game in real-time. The developed algorithm
does not require the knowledge of any of the agents’
dynamics. Policy iteration convergence proof for the dynamic graphical game is given. A gradient descent technique with critic network structures is used to implement the online policy iteration algorithm to solve the
dynamic graphical game.
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